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We investigate the action of local and global noise on monogamy of quantum correlations, when monogamy
scores are considered as observables, and three-qubit systems are subjected to global noise and various local
noisy channels, namely, amplitude-damping, phase-damping, and depolarizing channels. We show that the
dynamics of monogamy scores corresponding to negativity and quantum discord, in the case of generalized W
states, as inputs to the noisy channels, can exhibit non-monotonic dynamics with respect to increasing noise
parameter, which is in contrast to the monotonic decay of monogamy scores when generalized Greenberger-
Horne-Zeilinger states are exposed to noise. We quantify the persistence of monogamy against noise via a
characteristic value of the noise parameter, and show that depolarizing noise destroys monogamy of quantum
correlation faster compared to other noisy channels. We demonstrate that the negativity monogamy score is
more robust than the quantum discord monogamy score, when the noise is of the phase-damping type. We
also investigate the variation of monogamy with increasing noise for arbitrary three-qubit pure states as inputs.
Finally, depending on these results, we propose a two-step protocol, which can conclusively identify the type
of noise applied to the quantum system, by using generalized Greenberger-Horne-Zeilinger and generalized W

states as resource states. We discuss a possible generalization of the results to higher number of parties.

I. INTRODUCTION

An important characterization of a composite quantum sys-
tem is by the correlations, both classical and quantum, be-
tween its constituting parts. Quantum information theory pro-
vides a collection of measures of quantum correlations [1-3],
which can broadly be categorized into two classes. One is the
“entanglement-separability” class, encompassing various mea-
sures of quantum entanglement in both bipartite and multipartite
domain [1]. The other is the information-theoretic regime [2, 3],
consisting of quantum correlations such as quantum discord [4],
and various “discord-like” measures [5, 6], that quantify quan-
tum correlations beyond entanglement. Both entanglement as
well as information theoretic quantum correlation measures have
been proposed to be resources for several quantum protocols
[7-18], and have been observed successfully in the laboratory
[19, 20]. However, quantum correlations, especially entangle-
ment, have been found to be fragile under decoherence [21].
Naturally, due to their immense importance in quantum infor-
mation processing tasks, investigating the behavior of quantum
correlations under various kinds of environmental noise has been
a topic of utmost importance in quantum information theory.

Most of the available literature that deals with decoherence
of quantum correlations consider bipartite quantum correla-
tion measures due to their relative computational simplicity
[22, 23, 25-30]. It has been shown that the bipartite entangle-
ment measures tend to decay rapidly with increasing noise, and
vanish when a threshold noise level is crossed. This phenomena
is known as “entanglement sudden death”, and has been studied
extensively in the case of bipartite systems under different types
of environments [22, 23]. In stark contrast to this behavior, infor-
mation theoretic measures, namely, quantum discord, quantum
work deficit, and several geometric measures, have been found
to undergo an asymptotic decay with increasing noise strength
[24-27], indicating a higher robustness against noise than that
of entanglement. It has also been shown that special two- as
well as multiqubit mixed quantum states can be engineered for
which “discord-like” quantum correlations may remain frozen

over a finite range of noise strength [28, 29], while the entan-
glement measures for those states exhibit no such property (cf.
[30]). Although behavior of bipartite quantum correlations un-
der decoherence is a well-investigated topic, similar studies in
the multipartite scenario [31] are limited due to the lack of com-
putable measures of quantum correlations for mixed multipartite
states.

Recent developments on the monogamy relation of quantum
correlations [32-36] have provided an effective tool to investi-
gate the multipartite nature of quantumness present in a com-
posite quantum system. Qualitatively, monogamy of a quan-
tum correlation measure corresponding to a multipartite state
is the property that allows a chosen party to share only lim-
ited amount of quantum correlation with all the other parties
except one, to which it is highly quantum correlated. Inter-
estingly, such monogamy constraints can be quantified via the
“monogamy score” [37], leading to multipartite quantum cor-
relation measures that use bipartite measures of quantum cor-
relations, thereby reducing the difficulty in the computation of
the measures for multipartite states. The monogamy property of
quantum correlations has been shown to be important in several
aspects in quantum mechanics and quantum information, like
foundations of quantum mechanics [38], quantum cryptography
[39], teleportation [40], quantum dense coding [41], quantum
steering [42], many-body physics [43], and black-hole informa-
tion theory [44]. Experimental investigation of this property has
also been initiated [45]. Therefore, it has become important to
investigate the behavior of the monogamy property of quantum
correlations when the system is subjected to noisy environments.

This paper has two different objectives that are complemen-
tary to each other. In one, we study the dynamics of monogamy
of quantum correlations. As measures of quantum correlations,
we use the monogamy scores of two bipartite quantum corre-
lation measures, namely, the negativity [46, 47], a measure of
bipartite entanglement, and quantum discord [4, 48], a quantum
correlation measure from the information-theoretic domain. We
choose a global noise, and three local noisy channels, namely,
the amplitude-damping (AD), the phase-damping (PD), and the



depolarizing (DP) channels as different models of environmen-
tal noise [21, 24, 49-53]. We demonstrate how the dynamics of
monogamy, in the case of three-qubit systems, exhibit qualita-
tively different behavior depending on whether the input quan-
tum state is chosen from the family of generalized Greenberger-
Horne-Zeilinger (gGHZ) state [54], or the generalized W (gW)
states [55-57], which are not equivalent under stochastic local
operations and classical communication (SLOCC). More specif-
ically, we show that monogamy scores of negativity as well as
quantum discord exhibit a monotonic decay with respect to the
corresponding noise parameter, when gGHZ state is subjected
to these noise models, while there exist non-monotonic dynam-
ics when the input state is the gW state. We also investigate
the trends of monogamy scores against noise, when arbitrary
three-qubit pure states belonging to the two inequivalent SLOCC
classes of three-qubit pure states, namely, the GHZ and the W
classes [57], are chosen as inputs. Moreover, we introduce a con-
cept called the “dynamics terminal”, which quantify the dura-
bility of quantum correlation measures under decoherence, and
show that it can distinguish between different quantum corre-
lation measures as well as different types of noise. The study
also reveals that for the PD channel, the negativity monogamy
score can exhibit a more robust behavior against noise strength
than that observed for the monogamy score of quantum discord,
which we call the “discord monogamy score”.

Besides characterizing the dynamical features of quantum
correlations under decoherence, it is also interesting to address
the reverse question as to whether the modes of environmental
noise can be identified by using the properties of quantum corre-
lations. Although a few studies have been motivated by similar
goal [58], the literature regarding this issue is extremely lim-
ited. While most of the studies have tried to distinguish different
types of noise by the different dynamical behavior of different
quantum correlations, concrete protocol to conclusively identify
the type of noise to which the quantum state is exposed is yet
to be introduced. As the second objective of this paper, we use
the highly entangled gGHZ and any gW states as resources, and
design a two-step protocol involving the monogamy relations of
negativity and quantum discord to conclusively distinguish the
type of noise applied to the quantum state, where the noise mod-
els include a global noise, and several local channels, namely,
AD, PD, and DP channels.

The paper is organized as follows. In Sec. II, we discuss
the dynamical behavior of the negativity and discord monogamy
scores, when the gGHZ and the gW states are subjected to dif-
ferent types of noise. The behavior of monogamy against noise,
when arbitrary three-qubit pure states are considered as input, is
also studied in this section. In Sec. III, the two-step channel dis-
crimination protocol with monogamy scores is presented. Sec.
IV presents the concluding remarks.

II. MONOGAMY OF QUANTUM CORRELATIONS UNDER
DECOHERENCE

In this section, we investigate the behavior of monogamy
scores corresponding to negativity and quantum discord for
three-qubit quantum states under the influence of global as
well as local noise. Brief descriptions of the quantum corre-
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FIG. 1. (Color online.) (Top panels) Variations of - as functions of the
noise parameter, p, and the state parameter, |ao|, when gGHZ states are
subjected to global noise (left) and DP channel (right). (Bottom panels)
Variations of dp as functions of the noise parameter, p, and the state
parameter, |ao|, when gGHZ states are subjected to AD channel (left)
and PD channel (right). The absolute value of the other state parameter,
|a1|, is determined by normalization. The solid lines in the plots are
the contours obtained by joining the points corresponding to a fixed
value of either dnr, or dp. In the case of dn, the lines, from low to
high values of p, correspond to o5+ = 0.3,0.2, and 0.1, while for ép,
they represent the contours of ép = 0.6,0.3, and 0.15. The regions
marked by “R”, and enclosed by the boxes are defined by the ranges
0.65 < |ao| < 0.7071, and 0.4 < p < 0.6. The implications of these
ranges of values are discussed in Sec. III. All the quantities plotted are
dimensionless, except for dp, which is in bits.

lation measures, namely, negativity and quantum discord, and
monogamy of quantum correlations can be found in [59]. Dis-
cussions on different types of noise considered in this paper are
provided in [59]. Before considering arbitrary three-qubit pure
states, we examine the generalized GHZ (gGHZ), and the gen-
eralized W (gW) states as the input states to various types of
noise.

A. Generalized GHZ states

The generalized GHZ state, shared between three qubits, 1, 2,
and 3, reads as

[W3) = ap|000) + a1]111), (1)

where ag and a; are the complex parameters satisfying |ao|? +
lai|> = 1. In this paper, we consider qubit 1 as the nodal ob-
server while computing monogamy scores for negativity (Jus),
and quantum discord (dp). Note that the monogamy scores for
the gGHZ state, in the noiseless scenario, is always positive for
all quantum correlation measures including negativity and quan-
tum discord. This is due to the fact that the two-qubit reduced
density matrix p12 = pi13 = |ao|?|00)(00| + |ay|?|11)(11

s



obtained from the gGHZ state, is a classically correlated two-
qubit state having vanishing quantum correlations, while the
state |¥3) in the 1 : 23 bipartition always has a non-zero value
of quantum correlation for ag,a; # 0. Even for the noise pa-
rameter p # 0, dx- and p are given by oy = N (p8%y") and
op = D(p%f]zgz) respectively, when the gGHZ state is subjected
to the four types of noise considered in this paper (see [59]).
Hence, both negativity and quantum discord are always monog-
amous in the present scenario, which can be applied to discrim-
inate channels, as we shall see in Sec. III. Note that the entire
discussion also holds for gGHZ states of an arbitrary number of
parties subjected to the different types of local and global noise
considered here.

The above discussion helps one to determine analytical ex-
pressions for negativity monogamy score as a function of the
noise parameter in the case of different types of noise [59]. On
the other hand, analytically determining the discord monogamy
score, dp, for all the types of noise, is in general hard due to the
optimization required to compute quantum discord for p2SHZ in
the 1 : 23 split [60]. So far, analytical determination of quantum
discord has been possible only for very restricted class of mixed
states [61, 62]. Hence, we employ numerical optimization over
the real parameters (0, ¢) of measurement involved in the defini-
tion of quantum discord. The behavior of the monogamy scores
corresponding to negativity and quantum discord for different
types of noise are depicted in Fig. 1, where the top panels are
for d5r, and the bottom panels correspond to dp. For all the
noise models considered in this paper, dor and ép monotoni-
cally decreases with increasing values of p for a fixed value of
|ao|, and vanishes when noise is considerably high, as can be
clearly seen from the figures. The regions (in Fig. 1) marked
by “R”, and enclosed by the boxes are defined by the parameter
ranges 0.65 < |ag| < 0.7071, and 0.4 < p < 0.6, respectively.
Note that in the marked areas, §5 > 0 for global noise, while
dp = 0 under DP channel. On the other hand, in the region R,
op > 0 for both AD and PD channels. The implications of these
values are discussed in Sec. III.

B. Generalized W states

Let us now move to the monogamy scores of negativity and
quantum discord for the gW state, given by

|®3) = ap|001) + a1]010) + a2|100), 2)

where ag,a; and ap are complex numbers, satisfying |ag|? +
la1)? + |az|* = 1. Unlike the gGHZ state, the reduced states
obtained from the gW states with, as well as without, noise, are
quantum correlated states, possessing non-zero values of entan-
glement as well as quantum discord. This makes the evaluation
of monogamy scores, for both negativity and quantum discord,
involved, in comparison to the case of the gGHZ state. However,
analytical expressions for Jx can be determined for the global
as well as the different types of local noise [59]. On the other
hand, the computation of Jp, in case of the gW states under
noise, requires more numerical resources than that in the case of
the gGHZ states, since both D(p%y ) and D(p%y ) do not vanish

for almost all p. In the present case, dp can be written as
op =8 —S(pY) - 8., 3)

where S = S(pfy) + S(pfy) — S(pEV), and S. = S(p§]) +
S (pg\ﬁ) - S (pggvll) The determination of dp for a single three-
qubit state requires, in principle, three separate optimizations for
the terms in S.. However, information acquired via numerical
analysis using constrained optimization [29, 63—-65] may result
in considerable reduction of the computational complexity (see
[59] for a discussion).

Behavior of monogamy under moderate noise. Let us now
quantitatively study the behavior of monogamy scores, 6, and
dp, of the gW states for a fixed noise parameter. We deter-
mine the fractions of the set of p&V, for which the monogamy
score corresponding to the chosen quantum correlation measure
is strictly greater than, equal to, and strictly less than zero. We
study the variation of these fractions with the change in values
of the noise parameter for the specified type of noise. The vari-
ations of the three different fractions, as described above, with
respect to p, are depicted in Fig. 2. Let us now investigate the
effect of moderate noise on the monogamy scores. In the present
study, we choose a range of p given by 0.4 < p < 0.6 (marked
by the shaded regions in the panels in Fig. 2), which is moderate
in comparison to the lower and upper bounds of p. From Fig. 2,
it is clear that for moderate values of p (viz. 0.4 < p < 0.6), in
the case of global noise as well as the AD channel, most of the
states have 05 > 0, while for the DP channel, é5r = 0 for 100%
of the states. Remarkably, for the PD channel, all the states have
& > 0 when the noise parameter is in the moderate range.

The situation is different for discord monogamy score. It is
found that §p > 0 for almost the entire range of moderate values
of p, when gW states are subjected to global noise. In the case
of the AD channel, dp < 0 for the entire range 0.4 < p < 0.6.
In this scenario, ép < 0 for the entire range of p, except only
at p = 1, the fully decohered states. Also, for the PD channel,
dp < 0 for moderate p except when p =~ 0.6. However, in the
case of the DP channel, ép > 0 for 0.4 < p < 0.6. Hence it is
clear that the monogamy of negativity behaves differently than
the monogamy of quantum discord, in the case of global noise,
and local channels considered in this paper. These results are of
prime importance to our goal of channel discrimination, which
will be discussed in Sec. III.

Types of dynamics. In case of the gW state subjected to global
or local noise, the set of different types of dynamics that Jar
and dp undergo is far richer compared to that for gGHZ states.
While only monotonic decay of §xr and dp with increasing p is
found in the latter case, non-monotonic dynamics of monogamy
scores emerges in the former (see [59] for an example). Now
we catalog four “typical” dynamics profiles observed for both
dn and 0p for global noise as well as for AD, PD, and DP local
channels. a. In the first profile, dg(p = 0) > 0, and do(p)
goes to zero non-monotonically as p — 1. b. For the sec-
ond one, dg(p) monotonically goes to zero when p increases,
with dg(p = 0) > 0. c. In contrast to the first two profiles,
do(p = 0) < 0 for the third profile. With an increase of p,
d¢ vanishes non-monotonically. d. Similar to the third profile,
the fourth and the final profile starts with a non-monogamous
scenario (dg(p = 0) < 0). However, with increasing p, do(p)
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FIG. 2. (Color online.) Variations of the percentages of states for which
on and 0p are greater than, equal to, and less than zero, for different
types of noise considered in this paper. The range of moderate noise,
given by 0.4 < p < 0.6, is shown by the shaded region in each figure.
All quantities plotted are dimensionless.
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FIG. 3. (Color online.) Dynamics profiles of jn (solid line) and ép
(dashed line) in the case of the input gGHZ state given by |ag| = 0.7
(left panel), and the input gW state given by ap = —0.287—0.552¢, and
a1 = 0.637+40.23i (right panel). In both the cases, d»r remains positive
for higher values of p (p > 0.6), while §p vanishes. Note that for the
gW states considered here, jn exhibits a type-a dynamics, while that
of dp is of type-c. All the quantities plotted are dimensionless, except
for dp, which is in bits.

goes to zero monotonically as p — 1. Fig. 3 depicts two typ-
ical profiles of type-(a) and type-(c) dynamics for 5 and dp,
respectively. A statistics on the occurrences of the four types of
dynamics in the case of gW states is given in [59].

Dynamics terminal. So far, we have qualitatively discussed and
characterized the dynamics of 65 and dp under the application
of global and local noise to the gW state. It is observed as well
as intuitively clear that the persistence of the monogamy scores,
when subjected to noise, must be different for different types of
noise considered in this paper. To analyze this quantitatively, for
a given state, p, we define the “dynamics terminal”, p;, which
is given by the value of the noise parameter, p, at which the

TABLE 1. The average values of dynamics terminal, (p¢), for oo and
dp, when gW states are subjected to various kinds of noise. The profiles
of the probability density function, P(p;), corresponding to different
types of noise, for both § and dp, are given in [59].

monogamy score vanishes, and remains so for p, < p < 1.
The value of p; is characteristic to the input state, |®), and the
type of noise applied to it. A high value of p; implies a high
persistence of the monogamy score for the state |®) against the
particular type of noise applied to it. It is clear that for gW states
as the input states, p; may assume a range of values since the
dynamics terminal will clearly have different values for different
input gW states, when the type of noise is fixed. However, for a
specific type of noise, the average value of p;, denoted by (p;),
and defined by

1
(pe) :/o peP(pe)dpy, @

provides a scale for the “high” values of the noise parame-
ter. Here, P(p;) is the normalized probability density function
(PDF) such that P(p;)dp; provides the probability that for an
arbitrary three-qubit gW state under the fixed type of noise, the
value of p; lies between p; and p; + dp;. Note that the full range
of the allowed values of p; is given by 0 < p, < 1, which fol-
lows from the definition of the noise parameter. The values of
(pt) corresponding to dxs and dp, calculated from Eq. (4), for
global noise, AD channel, PD channel, and DP channel are given
in Table I (see [59] for the numerical details).

Note. Due to the extensive numerical effort required for deter-
mining the values of D(pS'y;), D(p%y ), and D(py ) in comput-
ing 6p when p > 0, we employ the constrained optimization
technique [29, 59, 63-65] to obtain several important statistics
reported in [59]. However, the error in the various statistics ob-
tained for different channels, due to this approximation, is in-
significant, and does not change the qualitative aspects of the
results. Note that in all the occasions in this paper, where actual
value of dp has been plotted, or reported, exact optimization has
been carried out using numerical techniques.

Robustness of negativity monogamy score. As already men-
tioned in the Introduction, in the bipartite domain, it has been
observed that quantum discord vanishes asymptotically with in-
creasing noise strength, p, when quantum states are exposed to
local noise. On the other hand, entanglement measures undergo
a “sudden death” at a finite value of p under similar noise, indi-
cating a more fragile behavior than quantum discord. Interest-
ingly, an opposite trend is observed when monogamy of quan-
tum correlations are subjected to local noisy channels. The vari-
ation of d,r and dp with |ag| and p in the case of PD channels
with gGHZ states as input states (Fig. 1) indicates that there ex-
ists gGHZ states for which d s persists longer than dp for higher
values of the noise parameter, p (p > 0.8). Our analysis also
shows that the value of (p;) for negativity monogamy score, in
the case of the DP channel, is much larger compared to that of



the discord monogamy score. Also, Fig. 2 indicates that for
higher values of p (0.6 < p < 0.9), 100% of gW states have
dn > 0 when the noise is of PD type. Note that for all such
states, dp < 0. This implies that there is a finite probability
of finding gW states which, when subjected to PD channel, will
evolve into a state p&V with §or > 0, but 6p = 0.

We present two specific examples to establish such obser-
vations. Our first example is the gGHZ states represented by
|ag| = 0.6, while the second example is the gW states given in
Eq. (2) with ap = —0.287 — 0.552%, and a; = 0.637 + 0.23:.
The behavior of §r and dp against p are plotted in Fig. 3, where
the quantum discord components of §p are computed via exact
numerical optimization. It is clear from the figure that in both the
cases, 0 persists longer than §p at higher end of noise param-
eter. One must note here that the quantum discord components
of dp cancel each other at higher noise, while being individually
non-zero. Hence the observation of dpr > 0 in situations where
d0p = 0 is consistent with the fact that entanglement measures
vanish for zero discordant states in bipartite systems. Therefore,
it is evident that negativity monogamy score, in the presence of
PD noise, exhibits a more robust behavior compared to that of
the discord monogamy score. This is in contrast to the usual ob-
servation for bipartite quantum discord and entanglement mea-
sures.

Hitherto, we have investigated gGHZ and gW states, for
which the effects of various noisy channels on monogamy scores
can be addressed analytically up to certain extent. To complete
the investigation for three-qubit states as input, we now consider
the two mutually exclusive and exhaustive classes of three-qubit
states, viz., the GHZ class and the W class [57]. These two
classes, inequivalent under stochastic local operations and clas-
sical communication (SLOCC), together span the entire set of
three-qubit pure states [57]. We perform an analysis similar to
the gW states, and find out how the percentages of states from
each class, for which the monogamy score is greater than, equal
to, or less than zero, varies with increasing noise parameter p
(see [59] for a detailed discussion). The patterns in the W class
states are similar to those in the case of gW states, except for
discord monogamy score under PD channel. While no gW states
have a strictly positive dp for higher values of p, in the case of W
class states, the corresponding fraction increases with increasing
p, reaches a maximum value at moderately high p, and then, as
expected, decreases to zero as p — 1.

III. CHANNEL DISCRIMINATION VIA MONOGAMY

In this section, we investigate the second objective of this pa-
per, and address the question whether monogamy of quantum
correlations can be applied to conclusively detect the type of
noise to which the quantum state is exposed. In particular, we
propose a two-step protocol to discriminate global noise as well
as local channels, namely, AD, PD, and DP channels, via nega-
tivity and discord monogamy score, by using a gW state and a
gGHZ state as resources. The choice of observable in the sec-
ond step is determined according to the outcome of the first step.
The assumptions required for the success of the protocol are (i)
that the strength of the noise is moderate, viz., 0.4 < p < 0.6,
and (ii) that the given noisy channel can be used twice. Below,

|1/j>gw GHZ

I IWZG;TQﬁ )>
-

igw 3,0 0 {%P“’*‘Z> =0

1Y {6 (ng)< 0

-
0.132,(P*K

0.019<6@<ng“2> <0.09

FIG. 4. (Color online.) Schematic representation of the two-step chan-
nel discrimination protocol.
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FIG. 5. (Color online.) Variation of A, the difference between the
values of §p for a fixed gGHZ state under AD and PD channels, with
the state parameter, |ao|, and the noise parameter, p, in the region “R”
marked in Fig. 1. The solid lines are obtained by joining constant
values of A, where from low to high value of p, the lines stand for
A =0.12,0.14,0.16,0.18, and 0.2. All quantities plotted are dimen-
sionless, except for A, which is in bits.

by an unknown channel, we shall mean one of th four channels,
among global noise, AD, PD, and DP channels.

Two-step discrimination protocol. The two steps constituting
the protocol are as follows. 1. Given an unknown channel, the
first step is to send an arbitrary gW state through that channel
and to measure the value of dp for the output state. 2. The
next step is to send a gGHZ state with high entanglement (e.g.,
0.65 < |ag| < 0.7071) through the channel, and to measure the
monogamy score corresponding to either negativity, or quantum



discord, subject to the outcome of the first step. If p > 0 in
the first step, dxr is chosen as the observable, while for dp < 0
in step 1, discord monogamy score can conclusively identify the
type of noise in the channel (as shown schematically in Fig. 4).

Now we explain the implications of the output of the protocol.
If 0p < Oin step 1 for moderate values of p, then the original gW
state was subjected to either the AD, or the PD channel, while a
nonnegative dp implies that the noise was either global, or DP.
This is clear from the variation of the percentages of states for
which dp > 0 and < 0 in the range 0.4 < p < 0.6, as depicted
in Fig. 2. Hence, the first step divides the four types of noise in
a block — the duo of AD and PD channels, and global noise and
DP channel.

First, let us assume that dp > 0 in the first step, which leads
one to choose J s as observable in the second step of the strategy.
For 5 > 0 in the second step, the type of noise that acts on the
gGHZ state is the global noise, while 5+ = 0 implies that the
channel is DP. This can be understood from the boxed regions
marked “R” in Fig. 1, where d5 = 0 for the DP channel, while
on > 0 for global noise. On the other hand, if the outcome
of the first step is dp < 0, the channel is either AD, or PD. In
this situation, dp is always positive when the input state is the
gGHZ state with a specific value of |ag| in the range mentioned
before, and so the discrimination protocol is more involved. In
particular, we observe that in the marked region “R” in Fig. 1,
0.13 < (5%d < 0.3 for the AD channel, while for the PD noise,
0.019 < 6% < 0.09. The variation of A = 8% — 6%, the
difference between the values of discord monogamy score in the
case of AD channel (6%%) and PD channel (§%d), with |ag| and
p in the region “R” in Fig. 1 is plotted in Fig. 5. We notice
that there is no overlap between the allowed ranges of dp for
the two channels (as also indicated by the absence of the value
A = 01in Fig. 5), implying that §p can conclusively distinguish
between the AD and the PD channels. The possible encoding of
the outcomes of the two-step protocol, and their implications are
tabulated in Table II.

Remark 1. The first step of our channel discrimination protocol
requires not the value, but only the sign of ép, while the second
step requires an estimation of the discord monogamy score, dp,
for AD and PD channels.

Remark 2. Although the range of values of dp are non-
overlapping for AD and PD channels when the state parameter
is in the range 0.6 < |ag| < 0.7071, the difference between
the values corresponding to the lower bound of 6%, and upper
bound of 5%‘1 decreases with relaxing the lower bound of |ag].
Hence, the lower bound of the allowed range of |ag| can be re-
laxed depending on the accuracy with which 6% and 6%d can be
estimated with the current technology in hand. The best result is

Step 1: input gW | Step 2: input gGHZ | Conclusion
op >0 on >0 Global noise
op <0 0.13 < ép < 0.3 |AD Channel
op <0 0.019 < 6p < 0.09| PD Channel
op >0 oo =0 DP channel

TABLE II. Encoding of the outcomes of the two-step channel discrimi-
nation protocol using monogamy scores of negativity and quantum dis-
cord.

obtained for the three-qubit GHZ state, for which |ag| = 1/+/2.
Remark 3. In the presence of high noise (p > 0.6), our protocol
may fail to distinguish the type of noise applied to the quantum
state. This is because both §p and - may vanish in the case of
both gGHZ state and gW state when the noise strength is high.
It is also clear that the above distinguishing protocol fails when
p~0.

IV. CONCLUSION

The question that naturally arises from the results reported in
the preceeding sections is whether the dynamical features found
in the case of three-qubit systems is generic for quantum states
with higher number of qubits. The study of the dynamical prop-
erties of monogamy scores in the multipartite domain with more
than three parties is challenging due to computational as well
as analytical difficulties in computing the correlation measures.
In particular, the number of inequivalent SLOCC classes with
higher number of parties becomes much higher [57]. As we
have already mentioned, the monogamy score of gGHZ state
decreases monotonically with the increase of p for an arbitrary
number of parties. And, the non-monotonic behaviour of the
monogamy scores corresponding to both negativity and quan-
tum discord, in the case of the three-qubit generalized W state
under, for example, the AD channel, is found in the case of
higher number of qubits (see [59]). We also find that similar to
the three-qubit scenario, the depolarizing channel destroys the
monogamy scores corresponding to both negativity and quan-
tum discord more rapidly compared to other channels, for four
qubits. We therefore expect that the broad qualitative features
of the results found in the case of three qubits remain unaltered
when the number of qubits is increased.

Summarizing, we have investigated the patterns of the
monogamy property of quantum correlations using monogamy
score as the observable, when three-qubit systems are subjected
to global noise as well as local noisy channels, viz. amplitude-
damping, phase-damping, and depolarizing channels. As the
quantum correlation measures that are used to constitute the
monogamy score, we chose negativity and quantum discord,
and found that the dynamics of monogamy score, when gen-
eralized GHZ states are subjected to different types of noise, is
qualitatively different from that of the generalized W state as in-
put. While monogamy score corresponding to both the quantum
correlation measures exhibit a monotonic decay with increas-
ing noise in the former case, non-monotonic dynamics takes
place in the latter, giving rise to a rich set of dynamical pro-
files. We define a characteristic noise scale, called the “dynam-
ics terminal”, that quantifies the persistence of the monogamy
score corresponding to a particular measure of quantum corre-
lation, when the state is subjected to a specific type of noise.
We show that the dynamics terminal can distinguish between
the different noise models, and indicates that the depolarizing
channel destroys monogamy scores faster compared to the other
types of noise. To investigate how the monogamy property be-
haves against increasing noise, we investigate the variation of
the fraction of states with increasing value of the noise param-
eter, when the input states are chosen from the GHZ and the W
class. We also show that the negativity monogamy score may



exhibit a more robust behavior against phase damping noise,
compared to the discord monogamy score, which is in contrast
to the usual observation regarding bipartite entanglement mea-
sures and quantum discord. As an usefulness of such study,
we propose a two-step channel discrimination protocol that can
conclusively identify the different types of noise by considering
monogamy scores and by using the gGHZ and the gW states as
resources.
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SSEC1. MEASURES OF QUANTUM CORRELATIONS

In this paper, we restrict ourselves to two specific measures, namely, negativity and quantum discord. The first one belongs to
the quantum correlations defined in the entanglement-separability domain, while the second one is an information-theoretic quantum
correlation measure.

Negativity. For a bipartite state p4 g, its negativity [SR1], N (pap), is defined as the absolute value of the sum of the negative
eigenvalues of pi‘}g, where p%g denotes the partial transpose [SR2] of pap with respect to the subsystem A. Alternatively, it is
expressed as

Ta _ 1
N(pap) = % (SEQI)

where || M ||; = trv/ MTM is the trace-norm of the matrix M.

Quantum Discord. Quantum discord [SR3] is defined as the difference between the “total correlation” [SR4] and the “classical
correlation” [SR3] present in the composite system, described by the bipartite state p4 5. The total correlation can be quantified as
the quantum mutual information, and is given by

I(pas) = S(pa) + S(ps) — S(pan), (SEQ2)
where S(g) = —tr(¢log, o) is the von Neumann entropy of o, and p 4(p) are the local density matrices of p4p, obtained as p4(py =
trp(a) [paB]. On the other hand, the classical correlation is defined as

J(pas) = S(ps) — S(pB|a), (SEQ3)

where the conditional entropy, S(ppg|4), is given by
S(ppja) = ?Igi‘r}lZpiS(pBu)- (SEQ4)

Here, S(pp| ) is conditioned over measurement performed on A with a rank-one projection-valued measurements { P }, producing
the states pp|; = ﬁtrA[(Pi ®Ip)pap(P; ® Ip)], with probability p; = tr[(P; ® Ig)pap(P; ® I)], I5 being the identity operator
in the Hilbert space of B. From Egs. (SEQ2) and (SEQ3), quantum discord can be obtained as

D(pas) = Z(pa) — T (paB)- (SEQ5)

Note. The difficulty in the computation of quantum discord arises due to the optimization involved in the definition of classical
correlation of the state p4p [SR5]. In the case of a pure bipartite state p4 5, quantum discord reduces to S(p4), the von Neumann
entropy of the local density matrix p4 [SR6]. On the other hand, there are only a few examples of mixed bipartite states, for which
quantum discord can be obtained analytically [SR7, SR8]. For an arbitrary mixed bipartite state p 4 g, computation of quantum discord
involves adaptation of numerical optimization techniques [SR9]. In the case of a C> @ C? system, if measurement is performed on
the qubit, the rank-1 projectors, { P; = |®;)(®;|,¢ = 1,2}, can be parametrized as

|®1) = cos g|0> + €' Sing|1>7
—ip . O 4
|®3) = —e ¥ sin §|0> + cos §|1> (SEQ6)

The optimization, in this case, is to be performed over the space of the real parameters (0, ¢), where 0 < § < 7 and 0 < ¢ < 27.

SSEC2. MONOGAMY OF QUANTUM CORRELATIONS

Let us now introduce the concept of monogamy [SR10] for a quantum correlation measure, Q. Monogamy helps in exploring the
amount of quantum correlations shared among the subsystems of a quantum system. All the known quantum correlation measures



qualitatively follow a monogamy relation. In the case of a tripartite system, it implies that if two of the parties are maximally
quantum correlated, then there can not be any quantum correlation between either of these two parties with the third one. Importantly,
classical correlations do not have such restrictions. We will now quantify the monogamy constraint for an arbitrary bipartite quantum
correlation measure, say Q. An n-party state, pa, 4,...4,, , shared between the parties, A;, As,--- , A, is said to be monogamous
under the quantum correlation measure Q, if it follows the monogamy inequality given by

n

Qpariasn,) = Y, Qpaa (SEQ7)

Jj=2

where pa, 4, is obtained from p4, a,...a, by tracing out all the parties except A; and A;. Otherwise, it is non-monogamous. Here
we call the party A; as the nodal observer. In this respect, the “monogamy score” with respect to Q, for the n-party state, p4, 4,...4,,
is defined as [SR11]

00 = Qpayiaz-a,) = ) Qpaa,) (SEQS)
j=2

Therefore, positivity of d¢ for a given quantum state implies monogamy of quantum correlation measure Q for that state.

Note. The choice of measurement, in the definition of quantum discord, puts an inherent asymmetry in the measure. In this paper,
unless otherwise stated, the measurement is performed on the first subsystem of the bipartite quantum system. This implies that while
computing D(p4, 4,) to determine do, the measurement is always performed on the nodal observer.

SSEC3. DECOHERENCE UNDER GLOBAL AND LOCAL NOISE

A quantum system inevitably interacts with its environment and eventually decoheres, and looses its quantum correlations. Such a
decohering process can be described by a completely positive trace preserving (CPTP) map, £, which, acting on the quantum system,
p, transforms the state as [SR12-SR18]

p—p = Ep) (SEQ9)

The noise can act either globally, or locally on each subsystem of the system of interest. In the present study, we consider both the
scenarios.

Global noise. In this case, we consider an environment that acts globally on a system of dimension d™ and in the state p, for which
the resulting state is given by

p = d—nl + (1 -p)p, (SEQ10)
where p is the mixing parameter (0 < p < 1), and I is the identity operator in the Hilbert space of the system. Note that p = 0 stands
for the noiseless case, while p = 1 corresponds to the fully decohered state.

Local noise. For a composite quantum system having n spatially separated subsystems, it is reasonable to assume that the environ-
ment acts independently and locally on each of the subsystems. We now briefly describe various such local noisy channels.

The dynamics of a closed quantum system is described by a unitary transformation. To describe the dynamics of an open quantum
system, which is interacting with its environment, one can assume that the system and the environment together form a closed
quantum system, whose state, p, is given by p = ps ® p., with ps and p. being respectively the states of the system and the
environment. The next step would be to apply a unitary transformation to the given composite system and finally trace out the
environment part to obtain the reduced state of the changed system. In this case, quantum operations can be considered in the
operator-sum representation [SR15], written explicitly in terms of operators on the Hilbert space of the system as follows:

Pl = tre[U(ps @ pe)U'] = ZEkps i (SEQ11)

where the operators { E; } are known as Kraus operators [SR12, SR15, SR17, SR18] and satisfy ), El +Er = 1. For a system *“s” of
dimension d, any quantum operation can be represented by at most d Kraus operators.

For an n-partite system, pa, a,...4,,, in arbitrary dimensions, after the actions of the local environments on the subsystems, the
evolved state, p’Al A, A, > CAN be written as

PAsAyn, = Z Ek1k2~--knPA1A2--~AnEllk2...kn7 (SEQ12)
kiskayee sk



with By 1y...k,, = E,(i) ® E,g) ®-® E,(CZ) Here, E,(Ci),j =1,2,--- ,n, are the Kraus operator for the local action on subsystem
A; with dimension d; sothat 0 < k; < d? — 1. Now, we describe the Kraus operators of a number of single-qubit quantum channels,
namely, the amplitude- and phase-damping, and depolarizing channels [SR12, SR18].

Amplitude-damping channel. The AD channel represents a scenario where energy dissipation from a quantum system is allowed.
The Kraus operators for a single-qubit AD channel are given by

(1 0 _ (0 p

with 0 < p < 1, where p corresponds to the strength of the noise acting on the input qubit state.

Phase-damping channel. As an example of a non-dissipative channel, we consider the PD channel. A state, after passing through
the PD channel, or the “dephasing” channel, decays its off-diagonal elements, resulting in information loss about its coherence. The
single qubit Kraus operators for the PD channel are given by

—J1-pl, E, = ‘[ (I+ 03), Ey = g, (I—03), (SEQ14)
where [ is the identity matrix in the qubit Hilbert space, and p is again the noise-strength.

Depolarizing channel. In the case of the DP channel, the input qubit is depolarized, that is, replaced by the completely mixed state
é, with probability p and is left unaltered with probability (1 — p). Such an operation on the single-qubit state p is represented by

o= §1+ (1—p)p. (SEQ15)

Note that the form in Eq. (SEQI5) is not in the operator-sum representation. The operation given in Eq. (SEQIS5) is often
parametrized as

L (0101 + 02p05 + 03p03), (SEQ16)

=1 -pp+3

leading to single qubit Kraus operators of the form given by

Bo=/1—pl, By = \/gol, By = \/202, By = \/gag. (SEQ17)

Remark. Similar to the case of global noise, in the case of local noisy channels also, the noiseless case is denoted by p = 0, while
p = 1 represents maximal disturbance of the state.

SSEC4. NEGATIVITY MONOGAMY SCORE UNDER DECOHERENCE
A. Generalized GHZ state

Let us first consider the case of global noise acting on the gGHZ state. The final state, p2°HZ, as a function of the mixing parameter,

p, can be obtained following the methodology described in SSEC3, which leads to two-party reduced states pﬁ(Q}HZ and p‘%gHZ of the
osGHZ _  gGHZ __

form py " = pi3 ~ = (1—p)(|ao|?|00)(00| +|a1|?|11)(11])+ £ 1, with I being a 4 x 4 identity matrix. They still remain classically
correlated with vanishing entanglement and quantum discord. In case of AD, PD, and DP channels, the resulting states ngHZ are
obtained as (see SSEC3) pEGHZ — S™1_ 14,12 (u?|0)(0] + vP|1)(1])®° + wP (apaj|000)(111| + h.c.). Here the functions u?, v, and
wP, for the three channels, are given by

AD channel : u!’ = d¢; + pdy;, ¥ (1 —p)or, wP = (1-— )%
PD channel : u? = dp;,v! = 61;,w? = (1 — )3
DP channel : uf = qdo; + (1 — q)5h, f = (1 — q)doi + qd14,
wP = (2 — 1)3, (SEQ18)
with ¢ = 1 — ==, From the above expressions, it can be shown that the two-qubit reduced density matrices, in case of the PD channel,
do not depend on the noise parameter p, and remain classically correlated. On the other hand, ngHZ and ngH remains diagonal

in the computational basis {|00),]01),]10),|11)}, resulting in vanishing entanglement as well as quantum discord for the other two
channels also. In effect, even for p # 0,  and §p are given by 57 = N (p%GQ}éZ) and dp = D(p%%%z) respectively, when the gGHZ
state is subjected to these four types of noise. Hence, both negativity and quantum discord are always monogamous in the present



scenario, which can be applied to discriminate channels. Note that all the above discussions hold for the gGHZ state of arbitrary
number of parties subjected to different types of local and global noise considered in this paper.

Using the expression for pHZ, analytical expressions of Jr, as functions of the noise parameter, p, and the state parameter, |ao|,
can be obtained for different types of noise. In the case of the global noise, it is given by

0% = | min [Oé{fz’ — 2Jaolar|(1 - p) }] | (SEQ19)
while in the case of PD channel,
3R = laol|ar|(1 — p)*. (SEQ20)
The expressions of negativity monogamy score in the case of AD channel (64f ) and DP channel (5 ) are given by
6% = ‘mm[ {|a1| p(1—p) — 4/ fd—I—fQ”dH , (SEQ21)
o3 = | min 0, %{q(l —a) =P+ ), (SEQ22)

with the functions fo, f9e, £ and f9 defined as f2¢ = |a1|*(4p® — 12p° + 13p* — 6p°® + p?), = 4lag|?|a1|*(1 — p)3,
fldp =q¢?(1—-q)*(1— ) ,and fgp = 4|ap|*|a1]?(1 —29)*(1 -3¢ +34¢%)(1 —5q + 54> ).Noteherethatrn all the above expressions,
one can replace la1| by /1 — |ag|?.

B. Generalized W state

When the gW state is subjected to global noise, the evolved three-qubit state, p&% leads to the two-qubit reduced density matrix,
Py, of the form p§y = 214+ (1—p) (|ao|>P[|00)] + P[|4)]) in the computational basis, where P[|z)] = |2)(z|, and 1)) = a1]01)+
a2|10). The reduced state of qubits 1 and 3 can be determined from pfg‘/ by interchanging ag and a;. One should note here that unlike
the gGHZ state, the reduced states with, as well as without, noise in the current case, are no more “classical-classical” states, and
possess non-vanishing entanglement as well as quantum discord For the AD channel, the three-qubit resulting state, starting from
|®), is given by p£V = pP[|000)]+(1—p)P[|®)]. leading to p2) = [p+(1—p)|ao|2]P[|00)]+(1—p) P[|4))], while p%) is obtained by
interchanging ag and a; in py . In case of the PD channel, we define the states |¢)) = (1 — p)(hoao|001) + hya1[010) + hoaz|100)),
and |¢) = h1a1|01) + hoaz|10), so that hih; = (1 — p)~2if i = j, and 1 0therw1se In terms of [¢)) and |¢), p2V = P[], and
P8y = |ag|2P[|00Y] + (1 —p) P[|¢)], respectively. Again, plgv can be obtained from p%) by interchanging ag and a;. The form of p£%
in the case of the DP channel is given by p&V = 57 | |a;_1[20®0 Y @' @ 0®G =9 4 (2¢—1)? [(GOGTQ +apasse +a1a§g3) Jrh-C.] ,
where ¢ = ¢P[|0)] + (1 — ¢)P[[1)], ' = (1 = @)P[|0)] + ¢P[[1)], with ¢; = ¢ @ |0)(1] @ [1){0], 2 = |0)(1] @ o @ [1){0],
63 = |0)(1] ® [1)(0] ® o. The two-qubit reduced states, p%5 and p%y, can be obtained from the form of p£V by tracing out qubit 3
and 2 respectively. As in the case of global noise, local density matrices, up to certain value of the noise parameter, remains quantum
correlated.

In case of the global noise, negativity score, 5Jg\,, is given by
— ‘min [07 55172} ‘ — ’min [0, 851]3] ,

5%, = ’ min [o, sg} (SEQ23)

with 9 = & — (1 — p)|az|y/1 — |az|?, and s{, = [p +2(1 = p)(lao|*> — /]aol* + 4|a1|2|a2|2)} , while for the PD channel, 6}'(}1 is
obtained as

1
0 = 7= 5 (s88 + s8 + ool — 1), (SEQ24)

where 57 = (1 — p)2|ag|([1 — |az|?)?, *9 = [Jag|? + 4|a1|?[az|?(1 — p)*]=. In both the cases, 595 and 573 are obtained from s7,
and sfg, respectively, by interchanging |ag| and |a;|. The expressions for negativity score, 3%¢, in the case of AD channel, is given
by

1 ad

5 [(s —p) = (514 — o) — (s34 — ). (SEQ25)
where s = \/p? 4 1(1 — ool [aa (1 = p)P, and s = /7 + ar Plaalo (1 — pIP, with s = p-+ (1= ) Gyl + s ).
Here also, the function s¢¢ is obtained from s{¢ by interchanging a¢ and a;. The expression for §ip v » in the case of the DP channel,
can also be obtained following the same procedure as in the cases of other three types of noise. However, the expression is rather
involved, and to keep the text uncluttered, we choose not to include the expression.

5ad _




(@) % of states € S, (D) % of states € S, (IID) % of states ¢ S|(IV) Values of €4z
Noise-types P P P oy PEhsl oy A
Global 13.4 x 10~2] 76.632 99.866 23.367 0 [1x1073 0 [1.23x 1073
AD 99.937 [99.9027]|[6.3 x 1072{9.73 x 1072 0 0 0 0
PD 9.73 x 1072] 9.617 99.9027 90.373 0 [1x1072 0 [2.75x 1073
DP 96.479 | 95.735 3.521 4.265 0 0 0 0

TABLE ST1. Percentages of the states of the form pgw and p%;v, belonging to the sets S, and S., are given in the columns (I) and (II) for gW
states subjected to different noise models. The fraction of states of the form pgw and p‘%\;v, which do not belong to either of S, or S, are given in
the column (III). The upper bound of the absolute error, €mq2, is given in column (IV) for different types of noise considered in this paper. In each
column, the first sub-column corresponds to the states of the form pgw, while the second is for pfg‘/.

SSEC5. COMPUTATION OF DISCORD MONOGAMY SCORE FOR GENERALIZED W STATES: NUMERICAL ANALYSIS

The computation of dp, in case of the gW states under noise, requires more numerical resources than that in the case of the gGHZ
states, since both D (p%v) and D(pﬁv) do not vanish for almost all p. In the present case, dp can be written as dp = S —S( pgiw) —Se,
where S = S(p%y ) + S(p%% ) — S(p=V), and S. = S (pi\ﬁl) +S (pi\ﬁ) - S (pggv‘l). The determination of dp for a single three-qubit
state requires, in principle, three separate optimizations for the terms in S.. However, information acquired via numerical analysis
using constrained optimization [SR9] may result in considerable reduction of the computational complexity.

Let us first concentrate on the computation of D( p‘?&) under four types of noise considered in this paper. We perform extensive
numerical search by Haar uniformly generating a set of 3 x 10° random three-qubit states of the form p’ for each of the types of noise
considered in this paper. We find that for all such states, considering two sets of values of the real parameters, (6, ¢), in projection
measurements involved in D(p%?&), is enough. These sets are given by (i) § = 7/2,0 < ¢ < 27, and (ii)) 0 = 0, 7,0 < ¢ < 27,
which correspond to projection measurements on the (z,y) plane, and along the z axis of the Bloch sphere, respectively. Without
any loss of generality, one can consider a projection measurement corresponding to the observable o, in the former case, while a
projection measurement corresponding to o, in the latter. We refer to the set of states of the form p&%, for which measurement
corresponding to o, or o, provides the optimal measurement, as the “special” set, denoted by S. In the present case, the set S
represents the set of all states of the form pW, for each of the types of noise, according to our numerical analysis. The set of states
for which the optimization occurs for o, is denoted by S,, while S, represents the set of p&V for which optimal measurement
corresponds to o,. Note that S = S, U S,, while S, NS, = ®, the null set.

The situation is a little different in the case of the two-qubit states p%5 and py , obtained from pV. We generate 3 x 10 states
Haar uniformly, which are of the form p%‘;v, and we find that, like in the case of (p’iz?,), there exists, for each type of noise, a “special”
set, S, of states p%\zv, for which optimization occurs corresponding to either o,, or o,. However, in the case of global noise and PD
channel, a small fraction of p"ig‘/ does not belong to S, and the optimization of D(p“ﬁv), for these states, occur for other values of
(0, ¢). Let the maximum absolute error, resulting from the assumption that all the three-qubit states of the form p%’v belong to S, in
the case of the global noise and PD channel, is . Our numerical analysis provides an upper bound of e, denoted by €44, Which is
of the order of 10~2 in the case of both types of noise. Table ST1 displays our findings regarding the percentages of states of the
form p&% and p%v;, that belong to the sets S, S, and do not belong to S for all the four types of noise. The last column (column
(IV)) tabulates the values of £,,,x in the relevant cases. From now on, unless otherwise mentioned, we determine the values of ép by
computing quantum discord with the assumption that the states either belong to S, or S.,.

SSEC6. TYPES OF DYNAMICS WITH GENERALIZED W STATES AS INPUT

In case of the gW state subjected to global or local noise, the set of different types of dynamics that jnr and dp undergo is far
richer compared to that for gGHZ states. While only monotonic decay of d»r and dp with increasing p is found in the latter case,
non-monotonic dynamics of monogamy scores emerges in the former. As an example, consider the set of gW states having a fixed
value of |as|. The states in the set can be represented by the different allowed values of the absolute value of the free parameter, ag.
Fig. SF1 depicts the landscapes of d, in the case of global noise, and of dp, in the case of the AD channel, as functions of |ag| and
p, for |ag| = 0.7. The solid lines in the figures represent contours obtained by joining the points having a constant value of either
o, or 0p. Note that the contours form closed curves, and from outside to inside, the lines represent increasing values of s and dp.
The dashed lines in the plots represent the dynamics of d, in the case of global noise, and dp, in the case of the AD channel, when
the input gW state is taken with |ag| = 0.5. The behavior of the monogamy scores with increasing values of p are non-monotonic,
as clearly indicated from the values of o and dp, represented by different shades in Fig. SF1. An increase in the monogamy scores
can be argued to be a signature of increase in quantumness. Although noise destroys quantum correlations, here we see the opposite
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FIG. SF1. (Color online.) Variation of monogamy score corresponding to (a) ds in the case of global noise, and (b) dp in the case of amplitude
damping channel, as functions of the state parameter |ao|, and the noise parameter p, when gW state is subjected to noise. The value of |az| is
fixed at 0.7, while the value of |a| is determined via normalization. The dynamics of monogamy score along the dashed line at |ag| = 0.5 is
non-monotonic in both the cases. The solid lines represent the contours obtained by joining the points at which dr, or ép has a fixed value. From
outside to inside, the closed contours correspond to (a) - = 0.05,0.10,0.15,0.18, and (b) )p = —0.05, —0.10, —0.15, —0.18. All the quantities
plotted are dimensionless, except p, which is in bits.

a b c d
Noise-types N op N op N op ON op
Global 75.009(13.330 | 0.186 |0.003 | 24.805|83.536 | 0.000| 0.131
AD 17.532(13.321 | 57.663(0.012 | 23.964|82.902 | 0.841| 3.765
PD 56.145(13.323 | 19.050|0.010 | 24.784153.272 | 0.021{33.395
DP 53.531| 8.708 | 21.664|4.625 | 24.802(68.710 | 0.003|17.957

TABLE ST2. The percentage of gW states exhibiting a, b, ¢, and d-type dynamics for jn- and dp under the application of different types of noise.

by obtaining non-monotonicity of monogamy score with the increase of p.

Types of dynamics. Now we catalog four “typical” dynamics profiles observed for both §r and dp for global noise as well as for
AD, PD, and DP local channels. a. In the first profile, dg(p = 0) > 0, and dg(p) goes to zero non-monotonically as p — 1. b. For
the second one, dg(p) monotonically goes to zero when p increases, with dg(p = 0) > 0. c. In contrast to the first two profiles,
do(p = 0) < 0 for the third profile. With an increase of p, g vanishes non-monotonically. d. Similar to the third profile, the
fourth and the final profile starts with a non-monogamous scenario (6o (p = 0) < 0). However, with increasing p, o (p) goes to zero
monotonically as p — 1.

Evidently, the frequencies of occurrence of the dynamics types a, b, ¢, and d must vary for different types of noise, and for different
observables, viz., x, and dp. To estimate these, we prepare a sample of 10° Haar-uniformly generated gW states as input, which
can be subjected to each of the types of noise, and study the dynamics profiles of the states. We find that at p = 0, 75.195% of the
gW states are monogamous when negativity is considered, while only 13.333% of them are monogamous with respect to quantum
discord. When the value of p is increased, the four types of dynamics are found to occur with different frequencies in the case of the
global noise and the local channels (see Table. ST2). Note that for s, type-a is more frequent in the case of global noise as well as
for the PD and DP channels, while type-b occurs mostly in the case of the AD channel. The frequency of occurrence of d is much
less compared to that of a, b, and ¢ for the negativity monogamy score. Among all the noisy channels, the non-monotonic decay
of dr occurs close to 100% of times when global noise acts on the gW state, irrespective of the sign of dxr at p = 0. On the other
hand, in the case of dp, frequency of occurrence of ¢ and d is high in the cases of global noise and the AD channel, while the same
is moderate in the case of the PD and the DP channels.

SSEC7. DYNAMICS TERMINAL FOR GENERALIZED W STATES

To check whether the dynamics terminal, (p;), can distinguish between different types of noise, one has to determine the value
of (p;) for different types of noise with gW states as input states, which, in turn, requires the determination of P(p;). In order to
determine P(p;), we Haar uniformly generate 10° gW states for each of the four kinds of noise, and study their dynamics profiles to
determine (p;). The variations of P(p;) against p; are given in Fig. SF2. It is clear from the figure that the maximum possible value
of p; is considerably different in the case of d5r and dp, when the type of noise is fixed. The values of (p;) corresponding to d,r and
dp, for global noise, AD channel, PD channel, and DP channel are given in Table I. Note that the dynamics terminal corresponding
to dp is higher than that corresponding to s in the case of the global noise, AD channel, and the DP channel, while the trend is
reversed in the case of the PD channel.
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FIG. SF2. (Color online.) Variations of the normalized probability density function, P(p;), against the dynamics terminal, p, for dor and dp, when
gW states are subjected to different types of noise. All quantities plotted are dimensionless.
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FIG. SF3. (Color online.) Variations of the percentages of arbitrary three-qubit pure states chosen from GHZ class (continuous lines) and W class
(broken lines), for which monogamy scores corresponding to negativity and quantum discord are strictly greater than, equal to, and strictly less than
zero (denoted by different types of points), with the noise parameter, p. All quantities plotted are dimensionless.

SSECS8. DYNAMICS OF MONOGAMY SCORE IN ARBITRARY TRIPARTITE PURE STATES

Hitherto, we have investigated gGHZ and gW states, for which the effects of various noisy channels on monogamy scores can
be addressed analytically up to certain extent. To complete the investigation for three-qubit states as input, we now consider the
two mutually exclusive and exhaustive classes of three-qubit states, viz., the GHZ class and the W class [SR19]. These two classes,
inequivalent under stochastic local operations and classical communication (SLOCC), together span the entire set of three-qubit
pure states [SR19]. An arbitrary three-qubit pure state from the GHZ class, up to local unitary operations, can be parametrized
as [Yauz) = VEK(cs|000) + s5e%]pa)|ps)|@-)), where @) = cx|0) + si|1) with ¢ = cosk, s, = sink, k = «, 8,7,
and K = (1 + 2c585¢acacyc,) "1 € (%, 00) is the normalization factor. Here, the ranges for the five real parameters are § €
(0,7/4], a0, B,y € (0,7/2] and ¢ € [0,27). On the other hand, a three-qubit pure state from the W class, up to local unitaries, can

be written in terms of three real parameters as [¢y) = 1/a|001) + v/5|010) + 1/¢[100) 4 /1 — (a + b + ¢)|000), where a, b, ¢ > 0.
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FIG. SF4. (Color online.) Variation of monogamy scores corresponding to (a) d» and (b) dp in the case of the amplitude damping channel, as
functions of the state parameter |ag|, and the noise parameter p, when the four-qubit gW state is subjected to the noise. The value of |az| and
|as| are fixed at 0.5 and 0.7, respectively, while the value of |a1]| is determined via normalization. The dynamics of monogamy scores along the
thick solid lines at |ag| = 0.35 are non-monotonic in both the cases. The thin dashed lines represent the contours obtained by joining the points
at which §nr, or dp have a fixed value. From outside to inside, the closed contours correspond to (a) d»» = 0.01,0.015,0.02,0.025, and (b)
op = —0.05, —0.15, —0.2, —0.25. All the quantities plotted are dimensionless, except dp, which is in bits.

Due to higher number of state parameters in arbitrary three-qubit pure states chosen from these classes, determining compact forms
for oo as well as Jp is difficult. Also, the constrained optimization is not applicable due to the high absolute error in the value of
quantum discord. Therefore, we employ exact numerical optimization technique to compute quantum discord in discord monogamy
scores of these states. We Haar-uniformly generate 10* states from each of the two classes — the GHZ class and the W class — for
a chosen value of the noise parameter, p, when a specific type of noise is applied to it. We then determine the percentage of states
for which negativity and discord monogamy scores are greater than, equal to, and less than zero, and study the variation of these
percentages with varying noise parameter.

The variation of the percentages of three-qubit pure states from the GHZ and W classes, for which §xr and ép are >, =, and < 0,
against p is given in Fig. SF3. The percentages vary non-monotonically with varying noise parameter, and the percentage of states
for which the monogamy scores corresponding to negativity and quantum discord are equal to zero, for both classes of states, tend to
become 100% with increasing p, as expected. For both the classes, this trend is considerably slower in the case of global noise, AD
channel, and PD channel, in comparison to that for the DP channel. The patterns in the W class states are similar to those in the case
of gW states, except for discord monogamy score under PD channel. While no gW states have a strictly positive dp for higher values
of p, in the case of W class states, the corresponding fraction increases with increasing p, reaches a maximum value at moderately
high p, and then, as expected, decreases to zero as p — 1.

SSECY9. DYNAMICS OF MONOGAMY SCORE FOR HIGHER NUMBER OF PARTIES

The question that naturally arises from the results reported in the preceeding sections is whether the dynamical features found in the
case of three-qubit systems is generic for quantum states with higher number of qubits. As we have already mentioned, the monogamy
score of gGHZ state decreases monotonically with the increase of p for an arbitrary number of parties. And, the non-monotonic
behaviour of the monogamy scores corresponding to both negativity and quantum discord, in the case of the three-qubit generalized W
state under, for example, the AD channel, is found in the case of higher number of qubits. This can be clearly seen in Fig. SF4, where
the variations of §x and dp, in the case of the four-qubit generalized W state |®4) = ag|0001) + a1]|0010) + a2]|0100) + a3|1000),
is depicted as functions of the noise parameter p, and the state parameter, |ag|. We fix |az| = 0.7 and |az| = 0.5 for demonstration,
where |aq] is fixed by normalization. We also find that similar to the three-qubit scenario, the depolarizing channel destroys the
monogamy scores corresponding to both negativity and quantum discord more rapidly compared to other channels, for four qubits.
We therefore expect that the broad qualitative features of the results found in the case of three qubits remain unaltered when the
number of qubits is increased.
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