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Paramagnetic impurities in a quantum spin-liquid give rise to in Kondo effects with highly unusual
properties. We have studied the effect of locally coupling a paramagnetic impurity with the spin—%
honeycomb Kitaev model in its gapless spin-liquid phase. The (impurity) scaling equations are
found to be insensitive to the sign of the coupling. The weak and strong coupling fixed points are
stable, with the latter corresponding to a noninteracting vacancy and an interacting, spin-1 defect for
the antiferromagnetic and ferromagnetic cases respectively. The ground state in the strong coupling
limit in both cases has a nontrivial topology associated with a finite Z3 flux at the impurity site. For
the antiferromagnetic case, this result has been obtained straightforwardly owing to the integrability
of the Kitaev model with a vacancy. The strong-coupling limit of the ferromagnetic case is however
nonintegrable, and we address this problem through exact-diagonalization calculations with finite
Kitaev fragments. Our exact diagonalization calculations indicate that that the weak to strong
coupling transition and the topological phase transition occur rather close to each other and are
possibly coincident. We also find an intriguing similarity between the magnetic response of the

defect and the impurity susceptibility in the two-channel Kondo problem.

I. INTRODUCTION

A study of disorder in condensed matter systems is use-
ful from two perspectives. Disorder is inherent in most
condensed matter systems and often has profound effects
on their properties. Incorporation of small amounts of
paramagnetic impurities in a metallic host can result in
the Kondo effect which gives the well-known logarithmic
temperature dependence of the resistivity upon cooling,
and eventually crosses over to a Fermi-liquid regime with
a characteristic low energy scale, the Kondo tempera-
ture. Conversely, impurities at low concentrations can
act as a probe providing specific signatures of the envi-
ronment they exist in. From the latter perspective, the
Kondo effect is a set of signatures of certain low-energy
excitations of the host lacking long-range magnetic or-
der. For instance, exotic Kondo effects are known to
arise in itinerant electron magnets near criticality! 3 and
in insulating quantum spin-liquid systems*® owing to
the paramagnons and spinonic excitations respectively.

A study of impurity effects in the spin-% honeycomb
Kitaev model” is very appealing in this context. This
Kitaev model is integrable and the ground state is either
a gapless or gapped quantum (Zs) spin-liquid with ex-
tremely short-ranged spin correlations.® The elementary
excitations are not spin-1 bosons that one typically ex-
pects for magnetic systems in two dimensions and higher,
but emergent dispersing Majorana fermions (spinons)
and Zs vortices (m—flux excitations associated with spins
at the vertices of the hexagonal plaquettes) which in the
gapless phase are known to be non-Abelian anyons.” Ex-
perimental realization looks increasingly imminent with
several interesting proposals to realize Kitaev physics in
two-dimensional quantum-compass materials such as the

alkali iridates® and ruthenium trichloride,'® and indepen-
dently in cold-atom optical lattices.!t

Introducing a paramagnetic impurity into the model
through local exchange-coupling of the impurity spin
with a host (Kitaev) spin results in a highly unusual
Kondo effect!? owing to the peculiar elementary exci-
tations in the host. For an S = 1/2 Kitaev model with
an energy scale J coupled locally to a spin-S impurity,
the perturbative scaling equations for the impurity cou-
pling K turn out to be independent of its sign, with an
intermediate coupling unstable fixed point |K| ~ J/S
separating weak and strong coupling regimes. Such scal-
ing differs qualitatively from the Kondo effect in metals
(and graphene'®) where a nontrivial effect is seen only for
antiferromagnetic coupling, but is similar to the Kondo
scaling reported for paramagnetic impurities in certain
pseudogapped bosonic spin-liquids.® The distinguishing
feature of the Kitaev-Kondo problem is that the weak
and strong coupling limits correspond to different topolo-
gies of the ground state.!?

Despite the insensitivity of the scaling equations to the
sign of impurity coupling, the strong coupling limits for
K > 0 and K < 0 are very different physically. In the
antiferromagnetic case (K > 0), the strong-coupling limit
for an S = 1/2 impurity spin corresponds to a spin singlet
at the impurity site - equivalent to the Kitaev model
with a missing site, which is an integrable model. In the
ferromagnetic case, the strong-coupling limit corresponds
to a non-integrable problem where one of the sites has
S =1, while the rest have S =1/2.

The problem of missing sites (spinless vacancies) in
the Kitaev model has received much attention in recent
times. It was independently reported in Ref. 12 and
Ref. 14 that the ground state of the Kitaev model with



a missing site is associated with a finite Z5 flux through
the defect. That would not be the case, for example in
graphene, where although the Dirac fermions have the
same dispersion as the emergent Majorana fermions in
the Kitaev model, the phases of the intersite hopping
matrix elements in graphene are identical for every bond
and do not change upon the creation of defects. In con-
trast, the phases of the intersite hopping elements of the
Majorana fermions in the Kitaev model are a degree of
freedom and can take values 0 or 7. For the missing site
problem, the magnetic susceptibility is predicted'*' to
have logarithmic singularities both as a function of the
magnetic field as well as the temperature. Some of the
singularities in magnetic susceptibility reported in Refs.
14 and 15 are reminiscent of the two-channel Kondo prob-
lem, and we demonstrate the connection between such
singularities and the presence of bound, zero energy Ma-
jorana fermions in the Kitaev model with a vacancy!'?
as is also the case for the two-channel Kondo model.'6
Vacancy induced spin textures have also been studied by
exact diagonalization!'” of finite clusters of up to 24 spins
described by more general (and nonintegrable) Kitaev-
Heisenberg models in the presence of a small magnetic
field. In Ref. 17, it was reported that a vacancy induces
longer ranged spin-spin correlations that extend beyond
the single bond correlations one has in the defect-free
Kitaev model.® The low-energy properties of the Kitaev
model with a random and dilute concentration of va-
cancies are also quite interesting. Such rare but locally
singular perturbations are predicted to result in qualita-
tively different low-energy properties compared to that
expected for Gaussian white noise type disorder.!?

In contrast to the understanding we currently have on
the effects of single and multiple vacancies in the Kitaev
model, much less is known about the effect of spinful
defects where the defect site has a different (nonzero)
spin compared to the host sites. Part of the reason is
that while the vacancy problem is integrable and affords
a simplification of a difficult problem where interactions
and disorder are both present, the problem with an S =1
defect cannot be reduced to a noninteracting one. Some
progress was made in Ref. 12 where it was explicitly
demostrated that the ground states of both the vacancy
as well as § = 1 defect problems have a two-fold de-
generacy. However, it could not be established whether
the S = 1 defect was also associated with a finite Z5
flux that is the case when a vacancy is present. It was
also not demonstrated whether the strong coupling fixed
points were indeed stable. The stability is an important
issue, for otherwise one would expect new intermediate
coupling stable fixed points and not only would our un-
derstanding of the Kondo effect in the Kitaev model be
incomplete, but also the paramagnetic impurity route for
generating vacancies and spinful defects would no longer
be appropriate. The latter issue is of interest from a
practical point of view too since it would make it pos-
sible to generate nonabelian anyons conveniently using
a spin-polarized STM tip to bind a Kitaev spin ferro-

magnetically or antiferromagnetically. It is also not clear
whether the topological transition and the magnetic tran-
sitions are coincident or occur at the same value of the
impurity coupling strength.

We address the above open questions and make the
following findings. We demonstrate the stability of the
strong coupling limit for the ferromagnetic and antifer-
romagnetic cases which implies stability of the spin-0
vacancies and spin-1 defects created through this route.
We perform exact diagonalization calculations for a finite
fragment of the Kitaev model coupled to a paramagnetic
impurity and show that while for weak impurity coupling,
the ground state corresponds to zero Z; flux at the impu-
rity site, for strong coupling, the ground state has a finite
flux irrespective of the sign of impurity coupling. For the
value of impurity coupling that corresponds to this topo-
logical transition, we also observe the total spin at the
impurity site going to zero or one depending on the sign
of coupling - this establishes that the the topological as
well as the weak coupling to strong coupling transitions
occur very close to each other and possibly at the same
point. As a corollary, we find that the ground state with a
spin-1 defect corresponds to a finite flux at the defect site.
Finally, we identify an intriguing connection between the
susceptibilities of a vacancy in the Kitaev model and of
the magnetic impurity in a two-channel Kondo model.

The rest of the paper is organized as follows. Sec.II
1

provides a brief introduction to the honeycomb spin-3
Kitaev model. In Sec.IIl we study the effect of coupling
an external paramagnetic impurity to the Kitaev host
through a local exchange coupling. A poor man’s scal-
ing analysis of the impurity coupling reveals an unsta-
ble fixed point separating the weak and strong-coupling
regimes. The stability of the strong coupling fixed point
is demonstrated for both ferromagnetic and antiferro-
magnetic impurity couplings. It is also shown that the
strong and weak coupling limits correspond to different
topologies of the ground state. New conserved quanti-
ties are identified which are composite operators of an
impurity spin component and two Kitaev flux operators.
Sec.IV contains the result of exact diagonalization cal-
culations of finite Kitaev fragments coupled to external
spins. The key findings in this section are (a) establishing
that a finite Z5 flux is associated with the ground state of
the spin—% Kitaev model with a spin—1 defect - just as
in the case of a vacancy, and (b) the magnetic (Kondo)
and topological transitions occur very close to each other
and are possibly coincident. In Sec.V we report some in-
triguing parallels between the low-temperature magnetic
response of the Kitaev model with a missing site and the
two-channel Kondo model. Sec.VI contains a discussion
of the results and possible future directions.



Figure 1. (a) Schematic of a fragment of the Kitaev lattice
showing the A and B sites and the z, y and z types of bonds.
(b) Figure showing the reciprocal lattice vectors for the A sub-
lattice. The Dirac point for the massless Majorana fermions
is denoted by kr and momentum summations are over the
(shaded) half Brillouin zone.

II. THE SPIN-1/2 KITAEV MODEL ON THE
HONEYCOMB LATTICE

Kitaev’s spin—% honeycomb lattice model for a quan-
tum spin liquid is a model of direction dependent nearest
neighbour exhchage interactions on a honeycomb lattice.”
The Hamiltonian for this model is given by

Ho=—J.Y o%of—J, > ool — 1.3 oiof, (1)

z-links y-links z-links

where the three bonds at each site (see Fig.1) are la-
beled as x, y and z. The model is exactly solavable.”
As was shown by Kitaev, the flux operators W, =
otoyoiofolof defined for each elementary plaquette p
are conserved (Fig.1), with eigenvalues £1, and form a set
of commuting observables. The Kitaev spins can be rep-
resented in terms of four Majorana fermions b?, b, b7, ¢;
as o3 = ibfc;. This representation spans a larger Fock
space, and we restrict to the physical Hilbert space of
the spins by choosing the gauge” D; = ib?b?bic; = 1.

For each a—type bond, uj; = ibf'b} is also conserved
and the flux operators W), can be written as a product
of u;;’s on the plaquette II;jycpiaq.uij- The ground state
manifold corresponds to a vortex-free state where all W;
are equal. In the vortex-free state, we can fix all u;; =1
(corresponds to W, = 1) and the Hamiltonian can be
written as a tight-binding model of noninteracting Majo-
rana fermions. The reduced Hamiltonian for this ground
state manifold is given by Hy = &ij Ajrcjcr, where
Aji = 2Jajk if j, k are neighboring sites on an a—bond
and zero otherwise. The excited states (with finite vor-
ticity) are separated from the ground state manifolds by
a gap of order J,.

The free Majorana fermion hopping Hamiltonian can
be diagonalized in momentum space by defining the Bra-

vais lattice with a two-point basis with n; ,ny as lattice
vectors (Fig.1). In momentum space,

1
Ho:Z Z cala)al naq,a; (2)
a>0,a={0,1}
with 60,1(01) = :|:|.f(q)|7 f(q) — Qi(Jzeiaoq.nl 4

Jyei®oanz 4 J ) where ag is the nearest neighbor spin
distance. The eigenstates are aqo = éq,a + Cq,pe "4
and aq1 = éq.a — Cq.pe” %@ with a(q) being the phase
of f(q). éq,4/B is the momentum space representation of
ca/p—Majorana fermions.

The Kitaev model has gapless excitations for a region
of parameter space where J,’s satisfy the triangle in-
equalities |J;| + |Jy| > |J;| etc. and a gapped spectrum
outside this parameter regime. The gapless phase has a
point Fermi surface where ¢(kr) = 0 and €(q) has a lin-
ear dispersion around kp (Fig.1). For simplicity, we will
assume J, = Jy, = J, = J for further analysis. For this
case, the Fermi points are at (£47/3+v/3a0,0).

The ground state of the Kitaev model is a quantum
spin liquid with only nearest neighbor spin-spin corre-
lations.® On an a—bond, only (sy*c§) is non zero and
other two spin correlations are zero. Four spin bond-
bond correlations are long-ranged with power-law decay
in the gapless phase of the Kitaev model.

III. TOPOLOGICAL KONDO EFFECT

Consider a spin S impurity locally (and anisotropi-
cally) exchange-coupled to a host (Kitaev) spin at an
A site (r = 0):

KB
Vi =iy KPSPbPey=iy \/—_Sﬁbﬁ(aq,A +él )
B={z,y,z} q€eHBZ,B 2N

EVLN S QS (agata). ()

a€HBZ,a={0,1},8

where the momentum sums are over half of the Brillouin
zone (HBZ) and Q° = iK?/2/2. We perform a poor
man’s scaling analysis'®!? for the impurity coupling K to
study the screening of the impurity spin by the host exci-
tations. We consider the Lippmann-Schwinger expansion
for the T'—matrix element for scattering of a dispersing
Majorana fermion with momentum q and band index «
into a localized b®-Majorana. Making a perturbation ex-
pansion T'=T™ + T(2) 4 ... in increasing powers of K
and following its variation as a function of the decrease
of the bandwidth from (—D, D) to (=D +dD,D — 6D),
we find that the first correction to the bare T'—matrix
comes from two third order terms T3¢ T®):b (see Fig.
2). The contribution from on-site scattering (Fig.2a) is
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(D=8D)<|ey|,le|<D,a,B,

QPsh = 3 1
= TN ~(Q5)2(Sﬁ)2 <QL/,1aq’,1W
q’,8
D)a?|6D 5 5
~ _2QBS,8P(E)i|D | 7 i y Z(QB)2(56)2-

Here p(D) is the density of states at the band edge, a is
the lattice constant and G{ (F) is the retarded Green’s
funtion (E — Ho + i6)~". |bg), |(q,«)) are the scatter-
ing states corresponding to the external b and dispers-
ing fermion legs respectively in Fig.2. «, & represent the
band indices {0, 1} while 3,8 = {z,y, 2z} are (spin com-
ponent) labels on the b—Majoranas. In the second quan-

0~ €q,1)

1 1
s oat
+ Qg "an/70E _ (HO + 5q’,0)>E — €

tized notation, the scattering states are created from the
vacuum state |2}, which satisfies aq,|©2) = 0. In this no-
tation, the scattering states are |(q,a)) = af ,|Q) and
bs|Q?) = |bg). The angular brackets in the second line of
Eq. 4 denote averaging over the ground state Finally we
note that the energy scale for a b—Majorana excitation
is €p X~ J.
Similarly, the contribution from Fig. 2(b) is

Qﬁgﬁ ~ -
T = =2 3 Q7 () 0 bjlaq.e + 0l 0) G5 (€) bylaq.a + aly &) G5 () ba(aqr o + a5l (a, @)

(D—6D)< ey |,leqn |<D,&,B,6/

p(D)a?|5D| 1

Adding the two contributions (taking E ~ 0),

T7G) ~ 2Q° 5P p(D)

a?6D 3 3 1 1
W @ *{5+3

(6)

Here we have taken F, ¢, < D, J and neglected them.

If either the impurity is a S = % spin, or the Kondo
interaction is rotationally symmetric, the above contri-
bution renormalizes the Kondo coupling constant. How-
ever for S # % with anisotropic coupling, new terms are
generated and one needs to go to higher order diagrams

to obtain the scaling of these new coupling terms. For

T !
E — 26 <aq',1aq 1 (

E-D-J E-2J §(QB)2(SB)2'

(D+J)

+ anOaT

1 1
—€q,1 + €+ €q0) IOE — (€q7,0 + €5 + €4,0) >

S = 1/2 or for symmetric impurity coupling we thus have

} 6K ~ —2K38(5 + 1)p(D)a* 22 {— + 7} .

Just as for the Kondo effect in graphene!?, owing to the
change in the density of states with bandwidth (here
p(e) = (1/2mv2)|e| = Cle|), we also need to consider the
change in K due to the rescaling done in order to keep
the total number of states fixed. This gives a contribu-
tion K — K(D'/D), (D' =D —|6D|). In addition, as
we shall scale the bandwidth D to smaller values, the
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Figure 2. Diagrams contributing to the scaling of Kondo cou-
pling K.

second term in Eq. 7 may be dropped. Thus

5D 5D

~ _oK? 200 o0

0K ~ —2K°S(S + Dp(D)a’ 5= + K
5D

= —K— (2K%*CDS(S +1)/J ~1).  (8)

Thus, as we decrease the bandwidth by integrating out
the high energy excitations, the effective coupling K has
an unstable fixed point at K. = \/J/[2a2p(D)S(S + 1)];
or in other words, K. ~ \/m ~ J/S. Here we
used D < J and C ~ 1/(Ja)?. Clearly for K > K.,
the coupling flows to infinity independent of the nature
of coupling (ferromagnetic or antiferromagnetic), while
for K < K., the coupling flows to zero. For anisotropic
Kondo coupling we can show

2
6K, 1~ —Kz,f—D 2a%p(D)S(S + 1)% -

1
D

(9)
The two-parameter Kondo flow is therefore given by

0K, _ K. = LI const (10)
Ky Ky = Ki '

A comparison of the Kondo effect in graphene!?, a
bosonic spin bath® and the Kitaev model are shown in
Table 1.

A. Stability of strong coupling point

The poor man’s scaling analysis is only valid for small
Kondo couplings as the perturbation theory breaks down
much before the critical value of the coupling. While we
have shown that the coupling flows to larger values above
the critical value K., it remains to be seen whether there
is any other fixed point beyond K, but less than the oco.

Below we study the model in the strong coupling limit
and see if it is a stable fixed point. In the strong coupling
limit, K is the largest energy scale and the impurity spins
forms a singlet/triplet with the Kitaev spin at origin.

We consider the Hamiltonian such that the Kondo
term and the Kitaev model with one spin missing (Hy )
constitute the unperturbed Hamiltonian and Kitaev cou-
pling to the site at origin is the perturbation:

Hy=KS 00+ Hg_, (11)
V =J(ofo? + ooy + o5o3). (12)

For antiferromagnetic Kondo coupling (K > 0), the
ground state consists of a Kondo singlet of S and o
and the Kitaev model with one spin missing. The per-
turbation term causes transitions from singlet to triplet
states of the Kondo singlet. We use effective Hamiltonian
scheme?? to include the effects of the perturbation terms
within the projected ground state subspace.

Heg = ¢'“He '@, (13)
where @ is chosen such that the terms which take us out

of the reduced Hilbert space are canceled order by order.
This gives the reduced Hamiltonian as

Hes = Ho+ Hy + Ha + O(V?), (14)
(alH1]B) = (|V]B), (15)
(alfalf) = 3 StV VIS (5 + 5 )

Y#a,B * v A (’;6)

where «, 8 belong to the ground state manifold and
belongs to the excited state manifold. The eigenstates
of the Kondo term are singlet |s) and triplet states
|t, (0,£1)):

1
|S>:E(|T,U>—|¢,ﬂ>)v (17)
[t,1) =1, 1),
1
t,0) = E(IT,UHILM),
t,-1) =11, 4). (18)

Here 7 refers to the Kitaev spin and {} refers to the im-
purity spin state.

Antiferromagnetic Kondo coupling

For the antiferromagnetic Kondo coupling case, the im-
purity forms a singlet state with the host spin at the ori-
gin. We project the Hamiltonian to the singlet subspace.



Graphene

Z2 bosonic spin bath with
pseudogap density of states

ple) = Clel.

Kitaev, honeycomb lattice

Kondo
scaling

Unstable intermediate
coupling fixed pt. only for

flows to strong coupling
above unstable fixed pt.

and AFM.

Flow direction is independent of|Scaling same as Z> bosonic
the sign of magnetic impurity
AFM coupling. Only AFM |coupling. Unstable intermediate |topological transition is
coupling fixed pt. for both FM

spin bath case. However a

associated with the
unstable fixed point.

Table I. Comparison of Kondo effect in graphene, a Z> bosonic spin bath with a pseudogap density of states and the Kitaev

model on the honeycomb lattice.

It is easily seen that (s|V|s) = 0 and

1
<57K—|H2|87KL> = 9 Z

a={+1,0},K”

(5, K_|V]|ta, K"")

1 ! 1 1
x (ta, K"|V]s, K" ) <E0 ETE R
(19)

The labels K_, K’ and K” refer to the eigenstates of
the Kitaev Hamiltonian with a vacancy and t, denotes
the triplet states defined in Eq.(18). Since the energies
of the Kitaev part are of the order of J < K, we ignore
their contribution in the energy denominators of the per-
turbation term. The matrix elements of Ho are then

(s, K_|Hs|s, K")

J2
= Eo— E,
x> (sloglta) (talog [s) (K -|of K" ) (K" |0} | K”)
a,f={z,y,z},a,K"
J? ,
~ ——5 ) (slog (1~ |s)(sl)og ols)(K-|of o)) |K”)
o,
3J2
S5 (K - K')=-—— 20
Z aslK lof,of |K1) = =22 (20)
Here, in o , the subscript %4, ig refers to the position

of a nelghborlng site of the origin in the direction of the
a—bond (i = 1,4, = 2, i, = 3). It is evident that in
the antiferromagnetic coupling case, the Kondo singlet
decouples from the rest of the Kitaev model and a small
interaction (J?/K < J) is generated between the Kitaev
spin at the origin and the spins at the three neighboring
sites in the second order of perturbation in the hybridiza-
tion J. The strong coupling fixed point is thus stable and
is equivalent to the Kitaev model with one site missing.

Ferromagnetic Kondo coupling

In the ferromagnetic Kondo coupling case, the triplet
states form the ground state manifold. We perform de-
generate perturbation theory to get the effective Hamil-

tonian:

(to, K" |Hilta, K_) = J{to, K |V|te, K_)

=D (talofta)(KL|o7 |K-).

[e3

(21)

Here t,,t,, stand for the various triplet states. If we
calculate the matrix elements (t,|c§|ts ), these matrices
are just the spin—1 matrices:

1
0
aw=1vz Y 5|
0 5 0
2
0 -5 0
=1 ¥ "%
OEO
10 0
oi=100 0
00 -1

and the Hamiltonian in the reduced subspace becomes
Hy = JSgoy . (22)

where Seg represents the effective spin-1 at the origin.

Thus for ferromagnetic impurity coupling, the new
terms which couple the triplet and the rest of the Kitaev
model are similar to the original Kitaev coupling and of
the same strength. We get a Kitaev-like model with a
spin—1 at the origin and spin—1/2 elsewhere. Here the
Kondo triplet does not decouple from rest of the Kitaev
model in the strong coupling limit and does not lend itself
to a simple treatment, unlike the corresponding antifer-
romagnetic case.

Strong coupling expansion to O(1/K) is not sufficient
for determining the ground state flux, for which one needs
to go to high order in perturbation theory involving a
loop of spins around the defect. Instead of taking this
route, below we present analytic arguments and numer-
ical calculations showing a nonzero ground state flux in
the strong coupling limit. A finite ground state flux in



the strong coupling limit also has implications for the
perturbative scaling analysis of the impurity coupling
(which determines the magnetic impurity binding transi-
tion), for the orthogonality of states of different topology
means that the impurity coupling scaling from the weak
or strong coupling ends cannot be taken across a topo-
logical transition. In Sec.IV we show that to numerical
accuracy, the magnetic and topological transitions coin-
cide.

B. Topological transition

A remarkable property of the Kondo effect in Kitaev
model is that the unstable fixed point is associated with
a topological transition from the zero flux state to a finite
flux state. The strong antiferromagnetic coupling limit
amounts to studying the Kitaev model with a missing site
or cutting the three bonds linking this site to the neigh-
bors. It was shown in Kitaev’s original paper” that such
states with an odd number of cuts are associated with
a finite flux, and also that these vortices are associated
with unpaired Majorana fermions and have non-abelian
statistics under exchange. It has also been shown nu-
merically for the gapless phase!? that the ground state
of the Kitaev model with one spin missing has a finite
flux pinned to the defect site. We argue the existence
of a localized zero energy Majorana mode from the de-
generacy of the ground state in presence of impurity spin
and elucidate on the nature of this zero mode.

For the Hamiltonian H = Hy + Vi, the three plaque-
ttes Wi, Wy and W3 (Fig. 3) that touch the impurity
site are no longer associated with conserved flux oper-
ators, while the flux operators that do not include the
origin remain conserved. The three plaquette operator
Wy = WiWoWs is still conserved and Wy = 1 in the
ground state of the unperturbed Kitaev model.

We now define composite operators 7% = WyW35%,
7Y = W3W15Y and 7% = W1 W5S5* ( .S¢ are the Pauli spin
matrices corresponding to the impurity). Remarkably,
these composite operators represent conserved quantities
for arbitrary values of the impurity coupling. The 7%’s
do not commute with each other and instead obey an
SU(2) algebra, [r%, 7] = 2ieap,77. This SU(2) sym-
metry, which is exact for all couplings is realized in the
spin-1/2 representation ((TO‘)2 = 1). Clearly, all eigen-
states, including the ground state are doubly degenerate
(corresponding to 7% = +1), and this applies also to the
strong coupling limit.

In the strong antiferromagnetic coupling limit K — oo,
the low energy states will be the ones in which the spin
at the origin forms a singlet |0) with the impurity spin,
|) = [ K_) ®|0). Here | K_) represents the low en-
ergy states of the Kitaev model with the spin at the ori-
gin removed. To see the action of the SU(2) symmetry
generators on these states, we note that they can be writ-
ten as 7¢ = W* ® of ® S and W* do not involve the

Figure 3. Schematic of the three unpaired b—Majorana
fermions formed as a result of cutting the links to the Ki-
taev spin at the origin. Any two of the three can be given an
expectation value (dotted bond).

components of the spin at the origin, of. We then have
7)) = —(W*[pK_)) @ |0). So, in the strong coupling
limit, the symmetry generators act non-trivially only in
the Kitaev model sector, implying that the low energy
states of the Kitaev model with one spin removed are all
doubly degenerate, with the double degeneracy emerging
from the Kitaev sector. This is also true for the zero-
energy mode in the single particle spectrum: the two
degenerate states correspond to the zero mode being oc-
cupied or unoccupied. The 7 operators discussed above
were obtained for the first time in Ref.12. Operators sim-
ilar to our 7 have also been constructed in the context
of the Kitaev model with a vacancy.?!

Let us examine the structure of the zero mode. Re-
moving a Kitaev spin creates three unpaired b—Majorana
fermions at the neighboring sites, say, b3, b and b3 (Fig.
3). Now ibjby is conserved and commutes with all the
conserved flux operators W; but not with the two other
combinations ib4b3 and ib3b7. So, we can choose a gauge
where the expectation value of ibb} is equal to +1 such
that these two b—modes drop out of the problem and
we equivalently have one unpaired b—Majorana fermion.
The unpaired b3 Majorana has dimension /2 and there-
fore, there must be an unpaired Majorana mode in the
c—sector (again of dimension v/2) so that together these
two give the full (doubly degenerate) zero energy mode.
Also, while the b5 mode is sharply localized, the wave
function of the ¢ mode can be spread out in the lattice.

For the ferromagnetic case, while the strong coupling
limit also leads to a model with doubly-degenerate levels,
we are unable to explicitly identify a zero energy unpaired
Majorana fermion. Therefore to address the question
if a nontrivial Z; flux is associated with closed paths
enclosing the S = 1 defect, we perform a numerical exact
diagonalization calculation.



IV. NUMERICAL STUDIES

We have used a modified Lanczos algorithm to calcu-
late the ground state properties of a finite Kitaev frag-
ment exchange-coupled to an external spin-1/2 impurity
spin as discussed in the previous sections.

For the antiferromagnetic case, where we already know
that the strong-coupling limit K/J — oo is associated
with a nontrivial flux Wy = —1 at the defect site,
an exact-diagonalization calculation with a fragment as
small as three hexagons (open boundary conditions, im-
purity spin coupled to central site) is sufficient to con-
firm Wy = —1. Figure 4 shows the expectation value
of the flux operator W and the square of the total spin
Stot =S + 0p as a function of the impurity coupling K.
It is seen that Wy =1 for K = 0 (i.e in the pure Kitaev
case) as it should be, since the ground state of Kitaev
model is flux free, whereas it changes to -1 as K is in-
creased, implying a finite Zs flux at the origin. Within
numerical accuracy, it also appears that the topological
transition from Wy = 1 to Wy = —1 practically occurs
at the same value of K at which a bound singlet state is
formed between the impurity spin and the Kitaev host.
For negative values of K for this three-hexagon fragment,
Wy appears to stay close to one implying a flux-free state
even as the total spin at the defect site begins approach-
ing Stot = 1. We suspect this anomalous result is not
generally true for larger fragments and may have origi-
nated from the presence of boundary spins. We thus per-
formed exact-diagonalization calculations with a larger
fragment with six hexagons (open boundary conditions,
impurity spin coupled to central site). As we increase the
ferromagnetic impurity coupling, we clearly observe the
Wo =1 to Wy = —1 topological transition. Once again,
the topological phase transition and the magnetic tran-
sition (at which the total spin at the defect site becomes
Stot = 1, are practically coincident.

Since the numerical exact-diagonalization calculations
can only be performed for small Kitaev fragments with
discrete spectra, it is not possible to make a direct com-
parison with the poor man’s scaling results which rely on
successively integrating out (continuum) states in small
energy ranges. Moreover, the scaling calculations are per-
turbative. Nevertheless, some common traits are evident.
For S = 1/2, the scaling analysis suggests the formation
of a bound spin state for K/J ~ 1, which is in agreement
with the numerical results in Fig.4. Another check can
be made by observing the manner in which the total spin
at the impurity site evolves as K/J increases from zero.
Numerically, S%_, evolves linearly from the K = 0 value
of 3/2 and tends to saturate around |K/J| ~ 1. The same
behavior is seen in the scaling equations for the impurity
coupling: for small K/J, the correction is linear in K but
for |K/J| ~ 1, the cubic corrections become important.

The following physical picture emerges from the scal-
ing analysis and numerical calculations. From the weak
coupling side, scaling is performed in the zero flux sector
which indicates a crtical impurity coupling at which the
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Figure 4. (Color online) (Top) Evolution of expectation values
of the flux operator (Wy) and the square of the total spin
Stot = S + 00 at the impurity site with K/J evaluated on
a three hexagon fragment. The impurity spin (indicated by
the red circle) is coupled to the central spin and the flux is
calculated over the boundary. When K = 0, (S%,,) = S(S +
1)+o00(o0o+1) = 3/2. For K/J 2 1, the formation of a bound
singlet state means (S%,,) — 0. The inset shows the slight
decrease of Wy from 1 for ferromagnetic coupling whereas
for antiferromagnetic coupling Wy changes to -1. (Bottom)
Wy and total spin at the impurity site evaluated for a six
hexagon fragment showing the transition to Wy = -1 state for
ferromagnetic coupling. Formation of a bound spin-1 state for
K/J ~ —1 is evident from the saturation of (S%,,) towards
2. Up to numerical accuracy, it appears that the topological
transition and the magnetic transition occur around the same
value of K/J.

magnetic binding transition takes place. Upon magnetic
binding, the ground state acquires a finite flux at the
defect site. Thus in our picture, the topological transi-
tion is a consequence of the magnetic transition, and in
this sense we differ from a recent preprint, Ref.22 where
a scaling approach to the transition has been criticised
on grounds that on the two sides of the transition, the
topology of the ground states is different.

V. TWO-CHANNEL KONDO BEHAVIOR

In Ref. 14, the temperature and magnetic field depen-
dences of the magnetic susceptibility of the Kitaev model
with a missing site were obtained as Ximp(T') ~ In(1/T")
and Ximp(h) ~ In(1/h), respectively, which bears strik-



ing resemblance to the low-temperature impurity suscep-
tibility in the two-channel Kondo model.2%-24 This is not
a mere coincidence. In the two-channel Kondo prob-
lem, it is long known'® that the low energy physics is
described by a model of a localized, zero energy Majo-
rana fermion interacting with a band of dispersing Majo-
rana fermions with a finite density of states at the Fermi
energy. Likewise, in the Kitaev model with a missing
site, we can clearly identify a localized zero energy Ma-
jorana b—fermion coexisting with dispersing Majorana
c—fermions with a nonvanishing density of states!? at
zero energy. A nonvanishing density of states for the
dispersing Majoranas is a very unusual result for a hon-
eycomb lattice, and is associated with the fact that the
missing site is associated with a finite Zy flux. If one
instead estimates the density of states for the dispers-
ing fermions in the absence of a mw—flux, the density of
states would vanish!® at the Fermi energy; indeed, this
would be the case in graphene. To compute the magnetic
susceptibility, we choose a gauge where b3 is the zero en-
ergy localized Majorana fermion. Using S5 = ic3b3 the
magnetic susceptibility of the defect can be expressed as

1 1
imp — . . Nl 1 ) 23
Ximp = 1 n§k i — € it n(1/T) (23)

where (i, — €;) "' and 1/iv, are respectively the Green
functions of the dispersing and the (zero-energy) local-
ized Majorana fermions and we used the fact that the
density of states of the dispersing Majorana fermions
does not vanish at zero energy. For finite fields h in
the low temperature limit, the logarithmic divergence of
Eq.23 gets cut off by the field, and one obtains Ximp(h) ~
In(1/h). For the ground state entropy, one notes that the
dispersing Majorana fermions have zero entropy at T = 0
while the localized zero energy Majorana fermions has a
finite entropy S = (1/2)In(2). It has been recently ar-
gued?? that the ground state entropy is larger than the
two-channel Kondo result?® Siy,, = 1/21n(2) because of
the difference in the number of localized zero energy Ma-
jorana modes.

VI. DISCUSSION

In summary, we analyzed the problem of spinless and
spinful defects in the honeycomb S = 1/2 Kitaev model
from a more general “Kondo perspective” of local ex-

change coupling of external paramagnetic impurities with
a host spin. On one hand, such an approach gives us a
new class of Kondo effects where the magnetic binding-
unbinding transition is accompanied by a change of topol-
ogy of the ground state. On the other hand, some intrigu-
ing recent observations, such as logarithmic singularities
in the magnetic response of Kitaev models with vacan-
cies, are now recognizable as familiar Kondo stories - in
this case, we note a remarkable similarity with the two-
channel Kondo problem. NMR and Knight shift probes
could provide a possible way to detect such behavior?®
just as they have been done in the context of defects
in correlated metals and superconductors.?6 It would be
interesting to study a lattice of vacancies in the Kitaev
model from a two-channel Kondo lattice viewpoint. We
would like to better understand the Kitaev model with a
S =1 defect. This nonintegrable nature of this problem
prevents us from repeating the kind of analysis one could
make for the vacancy case where similarity with the two-
channel Kondo problem was observed. Our numerical
approach, based on exact diagonalization calculations of
relatively small fragments, cannot answer questions such
as the density of states of low energy excitations.
Another direction for future study would be to con-
sider spin inhomogeneities in more general models where
Kitaev interactions compete with Heisenberg-type and
other anisotropic exchange. Depending upon the rel-
ative strength and sign of competing interactions, the
Kitaev spin liquid phase is known to become unstable
to phase transitions to a variety of magnetically ordered
phases?”?8 What makes such systems very exciting from
a Kondo perspective is that the nature of elementary ex-
citations changes qualitatively from being spinful bosons
(magnons) in the magnetically ordered phases to Ma-
jorana fermions in the Kitaev phase. Understanding the
behavior of the Kondo effect at the quantum critical point
separating the Kitaev spin-liquid phase from the magnet-
ically ordered phases would be particularly interesting.
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