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LOCAL COHOMOLOGY OF MULTI-REES ALGEBRAS, JOINT REDUCTION
NUMBERS AND PRODUCT OF COMPLETE IDEALS

PARANGAMA SARKAR AND J. K. VERMA

ABSTRACT. We find conditions on the local cohomology modules of multi-Rees algebras of admissible
filtrations which enable us to predict joint reduction numbers. As a consequence we are able to prove
a generalisation of a result of Reid-Roberts-Vitulli in the setting of analytically unramified local rings

for completeness of power products of complete ideals.

1. INTRODUCTION

The objective of this paper is to find suitable conditions on the local cohomology modules of
multi-Rees algebras and associated graded rings of multigraded admissible filtrations of ideals in an
analytically unramified local ring (R, m) and apply these to detect their joint reduction vectors and
completeness of products of complete ideals.

Recall that if R is a commutative ring and I is an ideal of R then a € R is called integral over I, if a
is a root of a monic polynomial " + a1z '+ - - 4+ ap_12 +a, for some a; € I' for i = 1,2,...,n. The
integral closure of I, denoted by I, is the set of all elements of R which are integral over I. If I = I,
then I is called complete or integrally closed. O. Zariski [15] proved that product of complete ideals is
complete in the polynomial ring k[z,y] where k is an algebraically closed field of characteristic zero.
This was generalised to two-dimensional regular local rings in Appendix 5 of [16]. This result is known
as Zariski’s Product Theorem. C. Huneke [6] showed that product of complete ideals is not complete
in higher dimensional regular local rings. Since the appearance of this counterexample of Huneke,
several results have appeared in the literature which identify classes of complete ideals in local rings of
dimension at least 3 whose products are complete. The following result due to L. Reid, L. G. Roberts

and M. A. Vitulli [13, Proposition 3.1] about complete monomial ideals is rather surprising:

Theorem 1.1. Let R = k[X1,...,X4] be a polynomial ring of dimension d > 1 over a field k. Let I
be a monomial ideal of R so that I"™ is complete for all 1 < n < d— 1. Then I" is complete for all
n > 1.

This can be thought of as a partial generalisation of the Zariski’s Product Theorem for d = 2. This
theorem was proved using tools from convex geometry. In this paper, we approach this result using
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vanishing of local cohomology modules of multi-Rees algebras and prove the following result about

completeness of power products of m-primary monomial ideals.

Theorem 1.2. Let R = k[Xy,...,X4) whered > 1 andm = (X1, ..., Xy) be the mazimal homogeneous
ideal of R. Let I,...,I; be m-primary monomial ideals of R. Suppose I™ is complete for all n € N
such that 1 < |n| < d — 1. Then I™ is complete for all n € N° with |n| > 1.

We prove the above result as a consequence of a more general result for complete ideals in analytically
unramified local rings. In order to state this and other results proved in this paper, we recall certain
definitions and set up notation.

Throughout this paper, (R, m) denotes a Noetherian local ring of dimension d with infinite residue field.
Let I,...,Is be m-primary ideals of R and we denote the collection of these ideals (I3, ..., Is) by L.
For s > 1,wepute=(1,...,1), 0=(0,...,0) € Z°and foralli =1,...,s,€; = (0,...,1,...,0) € Z*

where 1 occurs at ith position. For n = (nq,...,ns) € Z°, we write I = I} .- I and nt =
(nf,...,nT) where n; = max{0,n;}. For s > 2 and @ = (avy,...,a5) € N°, we put |a| = ag +- -+ a.
We define m = (myq,...,mg) >n=(ny,...,ng) if m; >n; for all i = 1,...,s. By the phrase “for all
large n”, we mean n € N* and n; > 0 for alli =1,...,s.

Definition 1.3. A set of ideals F = {F(n) }nezs is called a Z°-graded I-filtration if for allm,n € Z°,
(i) I" C F(n), (ii) F(n)F(m) € F(n+m) and (iii)) if m > n, F(m) C F(n).

Let t1,...,ts be indeterminates. For n € Z°, we put t" = ¢]*---t?* and denote the N*-graded

Rees ring of F by R(F) = € F(n)t™ and the Z*-graded extended Rees ring of F by R/(F) =
neNs

P F(n)t". For an N*-graded ring S = € Sn, we denote the ideal @@ Sn by Si+. Let G(F) =

nezs n>0 n>e

@ F(n)/F(n+ e) be the associated multigraded ring of F with respect to F(e). For F =

neNs

{In}nezs, we set R(.F) = R(I), R/(.F) = R/(I), G(f) = G(I) and R(I)++ = R++.

Definition 1.4. A 7Z°-graded I-filtration F = {F(n)}nezs of ideals in R is called an I-admissible

filtration if F(n) = F(n'1) for alln € Z° and R'(F) is a finite R'(I) -module.

The principal examples of admissible filtrations with which we are concerned in this paper are (i)
the I-adic filtration {I"},ezs in a Noetherian local ring and (ii) the integral closure filtration {I7},e7s
in an analytically unramified local ring. It is proved in [10, Proposition 2.5] that if 7 = {F(n)}nezs
is an I-admissible filtration of ideals in R then R(F) is a finitely generated R(I)-module.

Recall that an ideal J contained in an ideal I is called a reduction of I if JI™ = I"*! for all large n.
The role that reductions of ideals play in the study of Hilbert-Samuel functions of m-primary ideals, is

played by joint reductions, introduced by D. Rees in [12], of a sequence of m-primary ideals I, ..., I
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to study the multigraded Hilbert-Samuel function H(I,n) = A(R/I"). Let q = (q1,92,..-,qs) € N*
and |q| =d > 1. A set of elements {a;; € I; |t =1,2,...,s;5 =1,2,...,¢;} is called a joint reduction
of the set of ideals (I1,...,I;) of type q if there exists an m € N*® so that for all n > m € N*

s

qi
N1 gn2 Ni—1 n; —1 yNit+1 ns __ N1 N2 n
>N agItIyr LI I = TR LT

i=1 j=1
The vector m is called a joint reduction vector. We estimate joint reduction vectors using local
cohomology modules of multi-Rees rings. In order to achieve this we need to work with joint reductions
in a more general setting. D. Kirby and Rees [9] generalised it further in the setting of multigraded

rings and modules which we recall next.

Definition 1.5. Let R = € Rn be a standard Noetherian N®-graded ring defined over a local ring
neNs
(Ro,m) and M = @ M, be a finite Z*-graded R-module. A joint reduction of type q of R with
nezs
respect to M is a set of elements

Aq(M) = {a,-j S Rei g=1,...,q;1 = 1,...,8}
generating an ideal J of R irrelevant with respect to M, i.e. (JM )y = My for all large n.

Kirby and Rees [9] proved existence of joint reduction of type q of R with respect to M if |q| >
dim <%> + 1 and the residue field Rg/m is infinite. Here dim R is defined to be max(ht P) where
P ranges over the relevant prime ideals of R if R is not trivial and —1 if R is trivial. For M, dim M
is defined to be dim ( i ) .

Anng M
Let (R,m) be a Noetherian local ring of dimension d > 1, I,...,I; be m-primary ideals of R and

F = {F(n)}nezs be a Z5-graded I-admissible filtration of ideals in R. Let q = (q1,...,qs) € N* such
that |q| = d.

Definition 1.6. A set of elements Aq(F) = {ai; € I; : j =1,...,q;;1 = 1,...,s} is called a joint
reduction of F of type q if the set {a;jt; € R(L)e, : j=1,...,q;;i =1,...,s} is a joint reduction of
type q of R(I) with respect to R(F), i.e. the following equality holds for all n > m for some m € N :

Ziaij}"(n —e;) = F(n).

i=1 j=1

The vector m is called a joint reduction vector of F with respect to the joint reduction Aq(F).

Let I,J be m-primary ideals in a Noetherian local ring (R, m) of dimension d > 2, u, A > 1 and
i+ A = d. For the bigraded filtration F = {I"J*}, scz and a joint reduction A(u, \) = {as,bj,| a; €



LOCAL COHOMOLOGY OF MULTI-REES ALGEBRAS 4

I,bj € J1 <i<p,1 <j <A}, E. Hyry defined the joint reduction number of F with respect to
A(p, A) to be the smallest integer n satisfying

"t = (aq, e )T 4 (b ) T
We adapt this definition to define joint reduction number for multigraded filtrations.

Definition 1.7. Let q = (¢1,...,9s) € N° such that |q| = d > 1. The joint reduction number of
F with respect to a joint reduction Ay(F) ={a;; € L;:j=1,...,¢;;1 =1,...,s} is the smallest
integer n € N, denoted by jr 4 (F), such that for all n € N*,

Ziaijf (Z(n +1l)ex +n— ei> =F <Z(n + ek + n) where A = {i|q; # 0}.

1=1 j=1 keA keA

We define the joint reduction number of F of type q to be
irg(F) = min{jr 4 (F) | Aq(F) is a joint reduction of F of type q}.

A crucial step in our investigations is to establish a connection between joint reduction vectors
and vanishing of multigraded components of local cohomology modules of multi-Rees algebras. The

following result of Hyry plays a crucial role.

Lemma 1.8. [7, Lemma 2.3] Let S be a Noetherian Z-graded ring defined over a local ring (R,m).
Let M be the homogeneous mazimal ideal of S. Let a C m be an ideal. Let M be a finitely generated
Z-graded S-module and ng € Z. Then [H'(M)], = 0 for all n > ng and i > 0 if and only if

[HZGSH(M)]n =0 for alln > ng and i > 0.

For convenience, inspired by the above result, we introduce an invariant of local cohomology modules

of multigraded modules over multigraded rings. Let R = € Ry be a standard Noetherian N*-graded
neNs
ring defined over a local ring (Rg,m). Let M = € M, be a finitely generated Z*-graded R-module.
nezs

Definition 1.9. Let m € Z°. We say that the module M satisfies Hyry’s condition Hg(M, m) if
[Hf%++(M)]n =0 for alli >0 and n > m.

Suppose Re, # 0 for all ¢ = 1,...,s. Let M be the maximal homogeneous ideal of R, for each
t=1,...,5, M; be the ideal of R generated by Re, and R, = ﬂ./\/ll
Let I be any subset of {1,...,s} and J be a non-empty subset olf {1,...,s}. Then for disjoint I and
J, we define My ; = (ﬂ M) N( E M;). We prove a multigraded version of the above result due to
Hyry‘ il jeJ
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Proposition 1.10. Let R = @ Ry be a standard N*-graded Noetherian ring defined over a local ring
neNs
(Ro,m), Re;, # 0 for alli =1,...,s and M = @ My be a finitely generated N°*-graded R-module.
neNs
Let I be any subset of {1,...,s} and J be a non-empty subset of {1,...,s} such that I and J are

disjoint. Suppose a = (aq,...,as) € Z* and [H'\((M)]n =0 for alli > 0 and n € Z* such that ny > ay
for at least one k € {1,...,s}. Then [ijl S(M)]n =0 for alli >0 and n > a+ e. In particular, M
satisfies Hyry’s condition Hr(M,a + e).

In order to detect joint reduction vectors of multigraded admissible filtrations, we use the theory of

filter-regular sequences for multigraded modules.

Definition 1.11. A homogeneous element a € R is called an M-filter-regular if (0 :p; a)n = 0 for all
large n. Let ay,...,a, € R be homogeneous elements. Then ay,...,a, is called an M-filter-regular

sequence if a; is M/(aq,...,a;—1)M-filter-reqular for alli =1,...,r.

Theorem 1.12. Let (R, m) be a Noetherian local ring of dimension d > 1 and I, ..., Is be m-primary
ideals in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R. Suppose G(F) satisfies
Hyry’s condition Hgq (G(F), m). Let q € N° such that |q| = d and {ai; € I; : j = 1,...,q;51 =
is a G(F)-filter-
is the image of a;; in G(I)e; for all j=1,...,q; andi=1,...,s. Then

1,...,s} be a joint reduction of F of type q such that a3,,... gy s Qgps ey Qg

*

reqular sequence where a;;

s a4
F(n) :Zzaijf(n—ei) for allm > m + q.

i=1 j=1
We can now state the main theorem of this paper which gives a generalisation of Reid-Roberts-

Vitulli Theorem for zero-dimensional monomial ideals.

Theorem 1.13. Let (R, m) be an analytically unramified Noetherian local ring of dimension d > 2 and
I, ..., I be m-primary ideals in R. Let R(I) = @ I" satisfy the condition Hy ) (R(I),0). Suppose
neNs
I" is complete for all n € N* such that 1 < |n| < d — 1. Then I"™ is complete for all n € N* with

n| > 1.

We prove that if R(I) is Cohen-Macaulay then it satisfies Hyry’s condition Hgp)(R(I),0). By
Hochster’s Theorem [2, Theorem 6.3.5] about Cohen-Macaulayness of normal semigroup rings, R(I)

is Cohen-Macaulay if I consists of monomial ideals in a polynomial ring over a field.

2. EXISTENCE OF JOINT REDUCTIONS CONSISTING OF FILTER-REGULAR SEQUENCES

Let R = @ Rn be a standard Noetherian N*-graded ring defined over an Artinian local ring
neNs
(Ro,m). Let M = & My, be a finitely generated N®-graded R-module. Let Proj®(R) denote the set
neNs
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of all homogeneous prime ideals P in R such that Ry, ¢ P and M A= @ Me. By [4, Theorem 4.1],
n>0

there exists a numerical polynomial Py € Q[X7, ..., X;] of total degree dim M A _ 1 of the form

Pum) = 3, <—1>d““”—1—aleaw)(”l+ 0‘1—1>...<ns+as—1>

[0 [0
a=(a,...,as)EN® 1 s
|| <dim M2 —1

such that eq (M) € Z, Py(n) = Ag, (My) for all large n and e, (M) > 0 for all @ € N® such that

|| = dim M» — 1.

Proposition 2.1. Let R= & Ry be a standard Noetherian N*-graded ring defined over a local ring
neNs

(Ro, m) with infinite residue field Ro/m. Let M = @ My be a finitely generated N°*-graded R-module
neNs

and dim M> > 1. Fizi € {1,...,s}. If Re, # 0 then there exists a € Re, such that a is M -filter-reqular.
Proof. Denote M/H%++(M) by M'. Then Ass(M') = Ass(M)\V (R44). Let Ass(M') ={P,..., P}.
Let a; be the ideal of R generated by Re,. Therefore for all j =1,...,k, P; 2 a;. Consider the Rg/m-
vector space Re,/mRe,. Then for each j =1,...,k,

(P] N Rei + mRei)/mRei 7& Rei /mRei'

Since Rg/m is infinite, there exists a € Re, \U?zl(Pj N Re, + mRe,).
By [10, Proposition 4.1], there exists m such that [H%H(M)]n =0 for all n > m. Let n > m and

x € (0 :ps a)n. Then az’ = 0 in M’ where 2/ is the image of z in M’. Since a is a nonzerodivisor of

M e [H%H(M)]nzo. O

Proposition 2.2. Let R= € Rn be a standard Noetherian N°-graded ring defined over an Artinian
neNs

local ring (Rg,m). Let M = €@ My be a finitely generated N°-graded R-module. Let a; € Re, be an
neNs

M -filter-regular element. Then for all large n,

M
)‘Ro <CL7,M71’:1—61> = )‘Ro (Mrl) - )‘Ro (Mn—ei)

and hence for all n € Z°, Pyr/q,01(n) = Py(n) — Py (n — e;).

Proof. Consider the exact sequence of R-modules

) M,
00— (0:0r Gi)n—e; —> Mn_e; —= My — ——2— — 0.
aiMn—ei

Since a; is M-filter-regular, for all large n, we get

My
ARg (m) = ARy (Mn) — ARo (Mn—e;)

and hence for all n € Z°, Py/q,0(n) = Py (n) — Py (n — €;). O
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Theorem 2.3. Let R = €@ Rn be a standard Noetherian N*-graded ring defined over an Artinian
neNs
local ring (Ro, m) with infinite residue field Ro/m and Re, # 0 for alli=1,...,s. Let M = @ My
neNs
be a finitely generated N*-graded R-module and dim M> > 1. Let ea(M) > 0 for all « € N*¥ such

that || = dim M® — 1. Then for any q = (q1,...,qs) € N° such that |q| = dim M?, there exist

i1, - -5 Qig; € Rey for all it = 1,...,s, such that ai1,..., a1, ,0s1,--.,0sq, 15 an M-filter-reqular
s 4

sequence and for all large n, My = > Y a;jMn_e;.
i=14=1

Proof. We use induction on dim M? = [. Let [ = 1. Then by Proposition 2.1, for each i = 1,...,s,
there exists a; € Re, such that a; is M-filter-regular. Since | = 1, Py(n) is polynomial of total
degree zero. Therefore by Proposition 2.2, Ar, (Mpn/a;Mn—e,) = 0 for all large n and hence we get
the required result. Suppose [ > 2 and the result is true for all finitely generated N®-graded R-module
T such that 1 < dimT? <1 —1 and e,(T) > 0 for all o € N® such that |a| = dim T4 — 1. Let M
be finitely generated N*-graded R-module such that dim M*? =1 and e, (M) > 0 for all & € N°® such
that |a| = — 1. Fix q = (q1,...,¢s) € N° such that |q| = dim M®. Let i = min{j | ¢; # 0}. By
Proposition 2.1, there exists a;; € Re, such that a;; is an M-filter-regular element. Let N = M /a;1 M.
Since eo(M) > 0 for all @ € N* such that |a| = dim M? — 1, by Proposition 2.2, Py(n) is a
polynomial of degree I — 2 and hence dim N® =1 — 1. Let 8 = (f1,...,3s) € N® such that |f| =1 — 2
and @ = 4 ;. Then eg(N) = eo(M) > 0. Let m = q—e; € N*, ie. m; = ¢; — 1 and for all
J # 1, mj = g;. Since |m| = [ — 1, by induction hypothesis there exist bj1,...,bjm; € Re; for all

j=1,...,s such that bi1,...,b1m;,...,bs1,...,bsm, is an N-filter-regular sequence and for all large
S mp

n, N, = ZZbijn_ek. Let ay = bijp—y) for all k = 2,...,,¢; and for all j # i, ajp = bjx
k=1 j=1
s g

for all kK = 1,...,,q;. Then for all large n, M, = ZzaijMn—ei’ Since a;; is M-filter-regular,
i=1 j=1
11,y Qlgyy - -5 sly- - -, Gsqy 15 an M-filter-regular sequence. U

Theorem 2.4. Let (R, m) be a Noetherian local ring of dimension d > 1 and I,...,Is be m-primary
ideals in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R and q = (q1,...,qs) € N°
such that |q| = d. Then there exists a joint reduction {a;; € I; : j=1,...,q;;1=1,...,s} of F of type

*

* * *
q such that ajy,...,aj,,...,a5,...,a i

is a G(F)-filter-reqular sequence where a}; is the image of

54s
aij in G(I)e; forallj=1,...,¢; andi=1,...,s.
Proof. Since F is an I-admissible filtration, G(F) is finitely generated G(I)-module. By [12, Theorem

2.4], there exists a polynomial

P = Y e T (e

(% (%
a=(ai,...,os)EN® ! 5
lal<d
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such that for all large n, Pr(n) = Ag (R/F(n)), eq(F) € Z and ey(F) > 0 for all @« € N* where

la| = d. Hence
(Fnte) o Fmra) ()

is a numerical polynomial in Q[X1, ..., X,] of total degree d—1 for all large n and eg(G(F)) > 0 for all
f € N* where || = d — 1. Therefore by Theorem 2.3, there exist a;1,...,aiq, € I; for all i =1,...,s,

such that ajy,....aj,,....a5, ..., a5, is a G (F)-filter-regular sequence where a;; = aij + Ietei ¢
5 i
G(I)e forall j=1,...,¢;,i=1,...,s and G(F)n = ZZa%G(}")n_ei for all large n. Hence
i=1 j=1
s
F(n) = Z Z ai; F(n — €;) + F(n + e) for all large n.
i=1 j=1
Since F is an I-admissible filtration, by [12], for each i = 1,..., s, there exist an integer r; such that

for all n € Z°, where n; > r;, F(n + €;) = I,F(n), Hence for all large n, we get

s 4 s G
Fm)=> Y ajFn—e)+F(n+e) Y > ajF(n—e)+1I - LF(n).
i=1 j=1 i=1 j=1
s G
Thus by Nakayama’s Lemma, for all large n, F(n) = > > a;; F(n — ;). O
i=1j=1

3. VANISHING OF LOCAL COHOMOLOGY MODULES OF REES ALGEBRA OF MULTIGRADED

FILTRATIONS

Let R = €@ Ry be a standard N*-graded Noetherian ring defined over a local ring (Rg, m) and
neNs
Re, #0 for all i =1,...,s. For a non-empty subset J of {1,...,s}, we define M; = " M;.
jedJ

Lemma 3.1. Let R = & Ry be a standard N°-graded Noetherian ring defined over a local ring
neNs
(Ro,m), Re;, # 0 for alli =1,...,s and M = @ My be a finitely generated N°*-graded R-module.
neNs
Let a = (a1,...,as) € Z* and J be any non-empty subset of {1,...,s}. Suppose [H'(M)ln =0 for

alli > 0 and n € Z*° such that ny > ay, for at least one k € J. Then [H/Z\A](M)]n =0 for alli >0 and
n € Z° such that Y n; > > aj;.
je =2

Proof. Consider a group homomorphism ¢ : Z°* — Z defined by ¢(n) = 3 n;. Then R = @( @ Ry).
ied n>0 ¢(n)=n
Let S = (R?)g and N be the maximal homogeneous ideal of S. Therefore (R?), is an N-graded ring

defined over the local ring Sy and ((M;)?)x is the irrelevant ideal of (R?),s. Then for all i > 0 and
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m > Z as,
jedJ

Hi o MOWIn = ([Higo )]) = | €D [HOD]n | 5 5
P(n)=m

Since m > ]%;] aj, (n) = m implies n, > a;, for at least one k € J. Hence [H2M¢)N(Mf/)]m = 0 for

all i > 0 and m > ) a;. Then by Lemma 1.8, taking a = 0 we get [H(i(MJ)‘?)N(Md))N]m = 0 for all
jeJ

i>0andm> Y aj. Thus { @ [Hiy,(M)]a | ®s Sy =0 forall i >0 and m > Y a;. Therefore
jed ¢(n)=m jeJ
[Hj\/t](M)]n =0 for all > 0 and n € Z° such that ) n; > > aj. O
‘ jed jed

Proposition 3.2. Let R= & Rn be a standard N°-graded Noetherian ring defined over a local ring
neNs
(Ro,m), Re, # 0 foralli=1,...,s and M = €@ My, be a finitely generated N°-graded R-module.
neNs
Let I be any subset of {1,...,s} and J be a non-empty subset of {1,...,s} such that I and J are

disjoint. Suppose a = (a1,...,as) € Z* and [Hi((M)]n = 0 for alli > 0 and n € Z° such that ny > ay,
for at least one k € {1,...,s}. Then [ijl S(M)ln =0 for alli >0 and n > a+ e. In particular, M
satisfies Hyry’s condition Hr(M,a + e).

Proof. We follow the argument given in [3, Theorem 3.2.6] and use induction on r = |I U J|. Suppose
r = 1. Since I, J are disjoint and |J| > 1, we have I = ) and the result follows from Lemma 3.1.
Suppose r > 2 and the result is true upto r — 1. Let I = {iy,...,ix} and J = {ixs1,...,0}. we
use induction on k. If k& = 0 then again by Lemma 3.1, we get the result. Suppose k£ > 1 and the
result is true upto k — 1. Let Z = I\ {i} and J = J U {ix}. Then Mz ; + Mz, = Mz 7 and

Mz N Mz iy = My, ;. Consider the following Mayer-Vietoris sequence of local cohomology modules
s — Hiy, (M) Hjy, (M) — Hjy, (M) — HYL (M) — -

Using induction on k, we get [Hﬂ;J(M )Jn = 0 for all ¢ > 0 and n > a+ e and using induction
on 7, we get [Hy, (M)ln =0 = [Hj\/lz{- }(M)]n for all ¢ > 0 and n > a+e. For Ry, we take
) Ak

I={1,...,s—1} and J = {s}. O
Let R = @ Rn be a standard N®-graded Noetherian ring defined over a local ring (R, m) and
neNs
let M be the maximal homogeneous ideal of R. Let M = @ M, be a finitely generated Z°-graded
nezs
R-module. For all i = 1,...,s, define [7] the a-invariants of M as

a'(M) = sup{k € Z | [HEM (M)],, # 0 for some n € Z* with n; = k}.

Put a(M) = (a'(M),...,a*(M)). We recall the following result.
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Proposition 3.3. [11, Lemma 3.7] Let (R,m) be a Cohen-Macaulay local ring of dimension d,
L,..., Iy be m-primary ideals of R and F = {F(n)}nezs be an I-admissible filtration of ideals in
R. Then a(R(F)) = —e.

Remark 3.4. Let (R, m) be a Noetherian local ring of dimension d and I3, ..., I be m-primary ideals
in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R and R(F) be Cohen-Macaulay.
Then by Propositions 3.3 and 3.2, R(F) satisfies Hyry’s condition Hp ) (R(F),0).

The next theorem is a generalisation of a result due to Hyry [8, Theorem 6.1] for Z*-graded admis-

sible filtration of ideals.

Theorem 3.5. Let (R, m) be a Noetherian local ring of dimension d and I, ..., Is be m-primary ideals
in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R and let R(F) satisfy Hyry’s
condition Hg 1) (R(F),0). Then

(1) Pr(n) = Hr(n) for alln € N,

(2) for all o = (aq,...,as) € N° such that |a| = d,

wlF)= Y E_Z R O A )

where n = (nq,...,ng).

Proof. (1) Since R(F) satisfies Hyry’s condition Hg ) (R(F),0), by [10, Theorem 4.3}, we get Pr(n) =
Hz(n) for all n € N°.

(2) Consider the operators (A, Pr)(n) = Pr(n+e;)—Pr(n) foralli =1,...,s. Then (Ags --- AT* Pr)(0) =
eq(F) for a = (aq,...,as) € N°, |a| = d. By [14, Proposition 1.2],

(A% AT PO = 3 - Z:O <Z1> (O‘) (—1)d=m= ()

n
n1=0 s

where n = (nq,...,ns). Thus from part (1) we get the required result. O

Lemma 3.6. Let R = @ Ry, be a standard N°-graded Noetherian ring defined over a local ring

neNs
(Ro,m) and M = € My be a finitely generated Z*-graded R-module. Let a € Ry, be an M-filter-
nezs
reqular where m # 0. Then for all n € Z° and i > 0, the following sequence is exact

(e, 00— |, (37) | — L 0Dl

Proof. Consider the following short exact sequence of R-modules

M
0 0: M P E— 0.
—)( Ma)—> —>(0:Ma)—>
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Since a is M-filter-regular, (0 :ps a) is Ry -torsion. Hence

i i M
HR++(M) ~ Hp <(OT

> for all 7 > 1.
a)

Therefore the short exact sequence of R-modules
M
0—>7(—m)i>M—>—M—>0
gives the desired exact sequence. O

Lemma 3.7. Let R = @ Ry, be a standard N°-graded Noetherian ring defined over a local ring
neNs
(Ro,m) and M = @ My be a finitely generated Z°-graded R-module. Suppose M satisfies Hyry’s
nezs
condition Hr(M, m). Let ay,...,a; € Re; be an M-filter-reqular sequence. Then M/(ay, ..., a;))M

satisfies Hyry’s condition Hr(M/(ax, ... ,a;) M, m + le;).

Proof. We use induction on [. Let [ = 1. By Lemma 3.6, for all 1 > 0, we get the exact sequence
i i M i1
[Hg, ,(M)ln — |Hg, | M . — [HRH(M)]n—ej-

M

Since for all ¢ > 0 and n > m + e;j, [H}i%H(M)]n =0, we get [H}éH <—M
ai

)} =0 for all # > 0 and
n > m + e;. Hence the result is true for [ = 1. B

Suppose | > 2 and the result is true upto I — 1. Let N = M/(aq,...,a;—1)M. Then

[Hf%++(N)]n =0foralli>0andn>m+ (I —1)e;.

N

Since a; is N-filter-regular, using | = 1 case, we get [H}% - <—N
aj

ﬂ =0foralli>0and n>

m + le;j. "

Proposition 3.8. Let R= @ Ry be a standard N*-graded Noetherian ring defined over a local ring
neNs

(Ro,m) and M = & My be a finitely generated Z°-graded R-module. Suppose M satisfies Hyry’s

nezs
condition Hp(M, m). Let q = (q1,...,q9s) € N°, aj1,..., a5y € Re; for all j = 1,...,s such that

115y Qs -5 Qsls .-, Gsq, be an M-filter-reqular sequence. Then M/(ai1,...,G1q,,- -, Gs1;- -, Gsq. )M

satisfies Hyry’s condition Hr(M/(ai1,...,Q1gys---,as1,- -, Gsq, )M, m + q).

Proof. Define Ng = M and N; = N;j_1/(aj1,...,ajq;)Nj—1 forall j =1,... 5. Since aji,...,ajq € Re,

is an N;_j-filter-regular sequence for all j = 1,...,s, by Lemma 3.7, we get the required result. [

Theorem 3.9. Let (R, m) be a Noetherian local ring of dimension d > 1 and I, ..., Is be m-primary
ideals in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R. Suppose G(F) satisfies
Hyry’s condition Hgq (G(F), m). Let q € N° such that |q| = d and {a;; € I; : j = 1,...,q;51 =
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.8} be a joint reduction of F of type q such that ajy,...,a3,,...,a%, .. a5, is G(F)-filter-

reqular sequence where a; is the image of a;; in G(I)e, for all j=1,...,q; andi=1,...,s. Then

]
s 4
= ZZaij]—'(n—ei) for alln > m+ q.
i=1 j=1
Proof. By Proposition 3.8, we get

: G(F)
H} =0
[ GD++ ((a’fl,...,a’{ql,...,azl,...,azqs)G(}")>]n
for all i > 0 and n > m + q. Since {a;; € [; : j =1,...,¢;;1 = 1,...,s} is a joint reduction of F,
G(F)/(aiy, - aig - A1y o5 a5, )G(F) is G(I)44-torsion. Thus

G(F) G(F)
H = :
GO+ ((a’l‘l, e ,a’l‘ql,...,a’s‘l,...,a’;qs)G(}')> (a3y,... N PN TR , 0k, )G(F)

Hence for all n > m + q, we have

ZS:ZCL” —e)+F(n+e). (3.9.1)

=1 j=1
Now for all £k > 0 and n > m + q,
F(n+ ke) = ZZ% (n+ke—e;)+ F(n+ (k+1)e CZZ% )+ Fn+ (k+1)e).
i=1 j=1 =1 =1

Since F is an I-admissible filtration, by [12], for each i = 1,. .., s, there exists integer r; € N such that
for all n € N*, where n; > r;, we have F(n + €;) = I;F(n). Let r = max{r; : i = 1,...,s}. Therefore

S S
Fn+e) C ZZGU (n+e—e)+ F(n+2e) CZZQU n—e;) + F(n+ 2e)
i=1 j=1 =1 j=1
C:
S S
C ZZ% )+ Fn+ (r+2)e CZZ% n—ej)+ 1 - I,F(n).
i=1 j=1 i=1 j=1
Hence by using Nakayama’s Lemma, from the equality (3.9.1) we get the required result. g
Lemma 3.10. Let (R,m) be a Noetherian local ring of dimension d > 1 and I,...,I; be m-

primary ideals in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R. Suppose
R(F) satisfies Hyry’s condition Hy 1) (R(F), m) where m € N°. Then G(F) satisfies Hyry’s condition
He @) (G(F), m).
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Proof. Denote R'(F)/R'(F)(e) by G'(F). Consider the short exact sequence of R(I)-modules
0— R'(F)e) — R(F) — G'(F) —0. (3.10.1)
This induces the long exact sequence of R-modules

o [Hy (RN(F))nve — [Hi,  (R'(F)la — [Hi,  (G'(F))ln — [HE (R'(F))nte — .

R+

Hence by [10, Proposition 4.2] and change of ring principle, we get the required result. O

Theorem 3.11. Let (R,m) be a Noetherian local ring of dimension d > 1 and I,...,Is be m-
primary ideals in R. Let F = {F(n)}nezs be an I-admissible filtration of ideals in R and R(F) satisfy
Hyry’s condition Hy ) (R(F),0). Let q € N° such that |q| = d. Then there exists a joint reduction
{faijeli-j=1,...,q;;1=1,...,s} of F of type q such that

S qi

F(n) = Z Zaij}'(n —e;) foralln>q and

i=1 j=1

jrg(F) <max{q; | i€ A} —1 where A={i|q >1}.

Proof. Since R(F) satisfies Hyry’s condition Hg)(R(F),0), by Lemma 3.10, G(F) satisfies Hyry’s
condition Heq)(G(F),0). Therefore by Theorem 2.4, there exists a joint reduction {a;; € I; : j =
is a G(F)-

is the image of a;; in G(I)e, for all j =1,...,¢;,i=1,...,s. Hence

1,...,q;1 = 1,...,s} of F of type q such that such that Alpseee s Qlgyseee s Qapye s Qg

*

filter-regular sequence where a;;
by Theorem 3.9, for all n > q,

F(n) = Z i:aijf(n —ej).

i=1 j=1
O

Example 3.12. Let R = k[|X,Y|]. Then R is a regular local ring of dimension two. Let I =
(X,Y?) and J = (X2Y). Then I,J are complete parameter ideals in R. Consider the filtration
F = {I"J*}, sez. Since I,J are complete ideals, by [16, Theorem 2’, Appendix 5], I", J* and I".J*
are complete ideals for all r, s > 1. By [10, Proposition 3.2] and [10, Proposition 3.5], for all r,s € N,
H712++(R(I, J))(rs) = 0. Note that (X® +Y? XY) is a minimal reduction of I.J and

(X2 4+ Y3, XY)IJ =I?J%

Thus r(IJ) < 1 and hence ez(I.J) = 0. Therefore using [10, Theorem 4.3] and [10, Lemma 2.11], we
get [H723++ (R(I,J))l(r,sy = 0 for all r, s € N. Hence R(F) satisfies Hyry’s condition Hg 1) (R(F),0).
Note that A = {X,Y} is a joint reduction of (I, .J) of type e and

X1yttt yrtigs = st for all s € N.
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Thus jro(F) = jrg (F) = 0.

Theorem 3.13. Let (R,m) be an analytically unramified Noetherian local ring of dimension d > 2

and let I, . . ., Iy be m-primary ideals in R. Let R(I) = @ I™ satisfy Hyry’s condition Hy (R(I),0).
neNs

Suppose I™ is complete for all n € N* such that 1 < |n| < d — 1. Then I™ is complete for all n € N*

with [n| > 1.

Proof. We use induction on |n|. By given hypothesis the result is true upto 1 < |n| < d — 1. Suppose
n € N° with |[n| > d and the result is true for all k € N® such that 1 < |k| < |n|. Let m =
(m1,...,ms) € N® such that m < n and |m| = d. Consider the filtration F = {I®},ez. By [12], F is
an I-admissible filtration. Then by Theorems 2.4 and 3.9, there exists a joint reduction {a;; € I; : j =
1,...,myi=1,...,s} of F of type m such that

s

m;
Ir = Z Z a;;I*—¢ for all r > m.
i=1 j=1

_ S my .
Thus I = > 3 a;;I?~%. By induction hypothesis, I"~% is complete for all ¢ € A := {i|n; > 1}.
i=1j=1
Hence

I_n = Zs: iaijﬁ = Zs:iaijln_ei - i

i=1 j=1 i=1 j=1
O

As a consequence of the above theorem we obtain a generalisation of a theorem of Reid, Roberts

and Vitulli [13, Proposition 3.1] about complete monomial ideals.

Theorem 3.14. Let R = k[X1,...,X4] where d > 1 and m = (X1,...,Xy) be the mazimal homo-
geneous ideal of R. Let I1,...,1Is be m-primary monomial ideals of R. Suppose I™ is complete for all

n € N® such that 1 < |n| < d — 1. Then I" is complete for all n € N° with |n| > 1.

Proof. If d = 1 then R is a PID and hence normal. Therefore every ideal is complete since principal
ideals in normal domains are complete. Let d > 2. Since I, ..., I, are monomial ideals, R(I) is Cohen-
Macaulay by [2, Theorem 6.3.5]. Let W = R\ m. Then S = W~IR(I) is Cohen-Macaulay. Since for
any ideal I, W~1T = W—1I, we have
WIRM =P W' = P W I(T) =RW 'I,..., W L)
neNs neNs

Therefore S satisfies Hyry’s condition Hg (.S, 0) where Q = W~R(I). Replace R by W 1 R. Therefore
by Theorem 3.13, W~1(I®) is complete for all n € N* such that |n| > 1. Since m is the maximal
homogeneous ideal of R and W ™! (I_n/ In) = 0, we get the required result. O
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We end the paper with three examples illustrating some of the results proved above.

Example 3.15. Let S = Q[X,Y,Z]], f = X? + Y2 + Z2 Then R = S/(f) is analytically un-
ramified Cohen-Macaulay reduced local ring of dimension 2. Set m = (X,Y, Z)/(f). Since Gn(R) =

@ m*/m"*t! ~ Q[X,Y, Z]/(f) is reduced, m" is complete for all n > 1.
n>0

Consider the m-admissible filtration F = {m"},cz. The Hilbert polynomial of the filtration F is
Pr(n) = 2("'2“) —n. Set R = R(m). Since R is Cohen-Macaulay, H%++(R(]:)) = 0. By [1, Theorem
3.5], [H71€++(R(]: )] = m?/m™ for all n > 0 where {m"},cz is the Ratliff-Rush closure filtration of
F. Therefore by [10, Proposition 3.2], [H712++(R(]:))]n = 0 for all n > 0. By [1, Theorem 4.1], we

get [H%++(R(]:))]o = 0. Hence by [1, Lemma 4.7], [H%++(R(}"))]n = 0 for all n > 0. Hence R(F)
satisfies the condition Hyp(m)(R(F),0).

The following examples show that Hyry’s condition Hgr) (R(I),0) is sufficient but not necessary in
Theorem 3.13.

Example 3.16. Let S = Q[[X,Y,Z]], g = X3 + Y3 + Z3 Then R = S/(g) is analytically un-
ramified Cohen-Macaulay reduced local ring of dimension 2. Set m = (X,Y, Z)/(g). Since Gn(R) =

@ m?/m" ! ~ Q[X,Y, Z]/(g) is reduced, m" is complete for all n > 1.
n>0

Consider the m-admissible filtration F = {m"},cz. The Hilbert polynomial of the filtration F is
Pr(n) = 3(";1) —3n+1. Set R = R(m). Since R is Cohen-Macaulay, H703++ (R(F)) = 0. By [1, Theo-
rem 3.5], [H71z++ (R(F))]n = m™/m™ for all n > 0 (here {m™}, ¢z is the Ratliff-Rush closure filtration of

F). Therefore [H712++(R(]:))]0 =0 for all n > 0. By [1, Theorem 4.1], we get A <H722++(R(]:))>0 =1
Hence R(F) does not satisfy Hyry’s condition Hg ) (R(F),0).

Example 3.17. Let R = k[x, vy, 2] where k is a field of characteristic not equal to 3 and I = (z*, z(y>+
2), 9y + 2%),2(y% + 23)) + (z,9,2)°. In [5, Theorem 3.12], S. Huckaba and Huneke showed that
ht(I) = 3, I is normal ideal, i.e. 1™ = I" for all n > 1 and H*(X, Ox) # 0 where X = ProjR(I).
Hence H%++(R(I))0 # 0. Thus R(I) does not satisfy Hyry’s condition Hp ) (R(I),0).
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