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LOCAL COHOMOLOGY OF MULTI-REES ALGEBRAS, JOINT REDUCTION

NUMBERS AND PRODUCT OF COMPLETE IDEALS

PARANGAMA SARKAR AND J. K. VERMA

Abstract. We find conditions on the local cohomology modules of multi-Rees algebras of admissible

filtrations which enable us to predict joint reduction numbers. As a consequence we are able to prove

a generalisation of a result of Reid-Roberts-Vitulli in the setting of analytically unramified local rings

for completeness of power products of complete ideals.

1. Introduction

The objective of this paper is to find suitable conditions on the local cohomology modules of

multi-Rees algebras and associated graded rings of multigraded admissible filtrations of ideals in an

analytically unramified local ring (R,m) and apply these to detect their joint reduction vectors and

completeness of products of complete ideals.

Recall that if R is a commutative ring and I is an ideal of R then a ∈ R is called integral over I, if a

is a root of a monic polynomial xn+a1x
n−1+ · · ·+an−1x+an for some ai ∈ Ii for i = 1, 2, . . . , n. The

integral closure of I, denoted by I, is the set of all elements of R which are integral over I. If I = I,

then I is called complete or integrally closed. O. Zariski [15] proved that product of complete ideals is

complete in the polynomial ring k[x, y] where k is an algebraically closed field of characteristic zero.

This was generalised to two-dimensional regular local rings in Appendix 5 of [16]. This result is known

as Zariski’s Product Theorem. C. Huneke [6] showed that product of complete ideals is not complete

in higher dimensional regular local rings. Since the appearance of this counterexample of Huneke,

several results have appeared in the literature which identify classes of complete ideals in local rings of

dimension at least 3 whose products are complete. The following result due to L. Reid, L. G. Roberts

and M. A. Vitulli [13, Proposition 3.1] about complete monomial ideals is rather surprising:

Theorem 1.1. Let R = k[X1, . . . ,Xd] be a polynomial ring of dimension d ≥ 1 over a field k. Let I

be a monomial ideal of R so that In is complete for all 1 ≤ n ≤ d − 1. Then In is complete for all

n ≥ 1.

This can be thought of as a partial generalisation of the Zariski’s Product Theorem for d = 2. This

theorem was proved using tools from convex geometry. In this paper, we approach this result using
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vanishing of local cohomology modules of multi-Rees algebras and prove the following result about

completeness of power products of m-primary monomial ideals.

Theorem 1.2. Let R = k[X1, . . . ,Xd] where d ≥ 1 and m = (X1, . . . ,Xd) be the maximal homogeneous

ideal of R. Let I1, . . . , Is be m-primary monomial ideals of R. Suppose In is complete for all n ∈ Ns

such that 1 ≤ |n| ≤ d− 1. Then In is complete for all n ∈ Ns with |n| ≥ 1.

We prove the above result as a consequence of a more general result for complete ideals in analytically

unramified local rings. In order to state this and other results proved in this paper, we recall certain

definitions and set up notation.

Throughout this paper, (R,m) denotes a Noetherian local ring of dimension d with infinite residue field.

Let I1, . . . , Is be m-primary ideals of R and we denote the collection of these ideals (I1, . . . , Is) by I.

For s ≥ 1, we put e = (1, . . . , 1), 0 = (0, . . . , 0) ∈ Zs and for all i = 1, . . . , s, ei = (0, . . . , 1, . . . , 0) ∈ Zs

where 1 occurs at ith position. For n = (n1, . . . , ns) ∈ Zs, we write In = In1

1 · · · Ins
s and n+ =

(n+
1 , . . . , n

+
s ) where n

+
i = max{0, ni}. For s ≥ 2 and α = (α1, . . . , αs) ∈ Ns, we put |α| = α1+ · · ·+αs.

We define m = (m1, . . . ,ms) ≥ n = (n1, . . . , ns) if mi ≥ ni for all i = 1, . . . , s. By the phrase “for all

large n”, we mean n ∈ Ns and ni ≫ 0 for all i = 1, . . . , s.

Definition 1.3. A set of ideals F = {F(n)}n∈Zs is called a Zs-graded I-filtration if for all m,n ∈ Zs,

(i) In ⊆ F(n), (ii) F(n)F(m) ⊆ F(n+m) and (iii) if m ≥ n, F(m) ⊆ F(n).

Let t1, . . . , ts be indeterminates. For n ∈ Zs, we put tn = tn1

1 · · · tns
s and denote the Ns-graded

Rees ring of F by R(F) =
⊕

n∈Ns

F(n)tn and the Zs-graded extended Rees ring of F by R′(F) =
⊕

n∈Zs

F(n)tn. For an Ns-graded ring S =
⊕
n≥0

Sn, we denote the ideal
⊕
n≥e

Sn by S++. Let G(F) =
⊕

n∈Ns

F(n)/F(n+ e) be the associated multigraded ring of F with respect to F(e). For F =

{In}n∈Zs , we set R(F) = R(I), R′(F) = R′(I), G(F) = G(I) and R(I)++ = R++.

Definition 1.4. A Zs-graded I-filtration F = {F(n)}n∈Zs of ideals in R is called an I-admissible

filtration if F(n) = F(n+) for all n ∈ Zs and R′(F) is a finite R′(I) -module.

The principal examples of admissible filtrations with which we are concerned in this paper are (i)

the I-adic filtration {In}n∈Zs in a Noetherian local ring and (ii) the integral closure filtration {In}n∈Zs

in an analytically unramified local ring. It is proved in [10, Proposition 2.5] that if F = {F(n)}n∈Zs

is an I-admissible filtration of ideals in R then R(F) is a finitely generated R(I)-module.

Recall that an ideal J contained in an ideal I is called a reduction of I if JIn = In+1 for all large n.

The role that reductions of ideals play in the study of Hilbert-Samuel functions of m-primary ideals, is

played by joint reductions, introduced by D. Rees in [12], of a sequence of m-primary ideals I1, . . . , Is
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to study the multigraded Hilbert-Samuel function H(I,n) = λ(R/In). Let q = (q1, q2, . . . , qs) ∈ Ns

and |q| = d ≥ 1. A set of elements {aij ∈ Ii | i = 1, 2, . . . , s; j = 1, 2, . . . , qi} is called a joint reduction

of the set of ideals (I1, . . . , Is) of type q if there exists an m ∈ Ns so that for all n ≥ m ∈ Ns,

s∑

i=1

qi∑

j=1

aijI
n1

1 In2

2 . . . I
ni−1

i−1 Ini−1
i I

ni+1

i+1 . . . Ins
s = In1

1 In2

2 . . . Ins
s .

The vector m is called a joint reduction vector. We estimate joint reduction vectors using local

cohomology modules of multi-Rees rings. In order to achieve this we need to work with joint reductions

in a more general setting. D. Kirby and Rees [9] generalised it further in the setting of multigraded

rings and modules which we recall next.

Definition 1.5. Let R =
⊕

n∈Ns

Rn be a standard Noetherian Ns-graded ring defined over a local ring

(R0,m) and M =
⊕

n∈Zs

Mn be a finite Zs-graded R-module. A joint reduction of type q of R with

respect to M is a set of elements

Aq(M) = {aij ∈ Rei : j = 1, . . . , qi; i = 1, . . . , s}

generating an ideal J of R irrelevant with respect to M, i.e. (JM)n = Mn for all large n.

Kirby and Rees [9] proved existence of joint reduction of type q of R with respect to M if |q| ≥

dim

(
M

mM

)
+ 1 and the residue field R0/m is infinite. Here dimR is defined to be max(htP ) where

P ranges over the relevant prime ideals of R if R is not trivial and −1 if R is trivial. For M, dimM

is defined to be dim

(
R

AnnR M

)
.

Let (R,m) be a Noetherian local ring of dimension d ≥ 1, I1, . . . , Is be m-primary ideals of R and

F = {F(n)}n∈Zs be a Zs-graded I-admissible filtration of ideals in R. Let q = (q1, . . . , qs) ∈ Ns such

that |q| = d.

Definition 1.6. A set of elements Aq(F) = {aij ∈ Ii : j = 1, . . . , qi; i = 1, . . . , s} is called a joint

reduction of F of type q if the set {aijti ∈ R(I)ei : j = 1, . . . , qi; i = 1, . . . , s} is a joint reduction of

type q of R(I) with respect to R(F), i.e. the following equality holds for all n ≥ m for some m ∈ Ns :

s∑

i=1

qi∑

j=1

aijF(n− ei) = F(n).

The vector m is called a joint reduction vector of F with respect to the joint reduction Aq(F).

Let I, J be m-primary ideals in a Noetherian local ring (R,m) of dimension d ≥ 2, µ, λ ≥ 1 and

µ + λ = d. For the bigraded filtration F = {IrJs}r,s∈Z and a joint reduction A(µ, λ) = {ai, bj , | ai ∈
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I, bj ∈ J, 1 ≤ i ≤ µ, 1 ≤ j ≤ λ}, E. Hyry defined the joint reduction number of F with respect to

A(µ, λ) to be the smallest integer n satisfying

In+1Jn+1 = (a1, . . . , aµ)I
nJn+1 + (b1, . . . , bλ)I

n+1Jn.

We adapt this definition to define joint reduction number for multigraded filtrations.

Definition 1.7. Let q = (q1, . . . , qs) ∈ Ns such that |q| = d ≥ 1. The joint reduction number of

F with respect to a joint reduction Aq(F) = {aij ∈ Ii : j = 1, . . . , qi; i = 1, . . . , s} is the smallest

integer n ∈ N, denoted by jrAq
(F), such that for all n ∈ Ns,

s∑

i=1

qi∑

j=1

aijF

(
∑

k∈A

(n+ 1)ek + n− ei

)
= F

(
∑

k∈A

(n+ 1)ek + n

)
where A = {i|qi 6= 0}.

We define the joint reduction number of F of type q to be

jrq(F) = min{jrAq
(F) | Aq(F) is a joint reduction of F of type q}.

A crucial step in our investigations is to establish a connection between joint reduction vectors

and vanishing of multigraded components of local cohomology modules of multi-Rees algebras. The

following result of Hyry plays a crucial role.

Lemma 1.8. [7, Lemma 2.3] Let S be a Noetherian Z-graded ring defined over a local ring (R,m).

Let M be the homogeneous maximal ideal of S. Let a ⊂ m be an ideal. Let M be a finitely generated

Z-graded S-module and n0 ∈ Z. Then [H i
M(M)]n = 0 for all n ≥ n0 and i ≥ 0 if and only if

[H i
(a,S+)(M)]n = 0 for all n ≥ n0 and i ≥ 0.

For convenience, inspired by the above result, we introduce an invariant of local cohomology modules

of multigraded modules over multigraded rings. Let R =
⊕

n∈Ns

Rn be a standard Noetherian Ns-graded

ring defined over a local ring (R0,m). Let M =
⊕

n∈Zs

Mn be a finitely generated Zs-graded R-module.

Definition 1.9. Let m ∈ Zs. We say that the module M satisfies Hyry’s condition HR(M,m) if

[H i
R++

(M)]n = 0 for all i ≥ 0 and n ≥ m.

Suppose Rei 6= 0 for all i = 1, . . . , s. Let M be the maximal homogeneous ideal of R, for each

i = 1, . . . , s, Mi be the ideal of R generated by Rei and R++ =
⋂
i
Mi.

Let I be any subset of {1, . . . , s} and J be a non-empty subset of {1, . . . , s}. Then for disjoint I and

J, we define MI,J = (
⋂
i∈I

Mi)
⋂
(
∑
j∈J

Mj). We prove a multigraded version of the above result due to

Hyry.
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Proposition 1.10. Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring

(R0,m), Rei 6= 0 for all i = 1, . . . , s and M =
⊕

n∈Ns

Mn be a finitely generated Ns-graded R-module.

Let I be any subset of {1, . . . , s} and J be a non-empty subset of {1, . . . , s} such that I and J are

disjoint. Suppose a = (a1, . . . , as) ∈ Zs and [H i
M(M)]n = 0 for all i ≥ 0 and n ∈ Zs such that nk > ak

for at least one k ∈ {1, . . . , s}. Then [H i
MI,J

(M)]n = 0 for all i ≥ 0 and n ≥ a+ e. In particular, M

satisfies Hyry’s condition HR(M,a+ e).

In order to detect joint reduction vectors of multigraded admissible filtrations, we use the theory of

filter-regular sequences for multigraded modules.

Definition 1.11. A homogeneous element a ∈ R is called an M-filter-regular if (0 :M a)n = 0 for all

large n. Let a1, . . . , ar ∈ R be homogeneous elements. Then a1, . . . , ar is called an M-filter-regular

sequence if ai is M/(a1, . . . , ai−1)M -filter-regular for all i = 1, . . . , r.

Theorem 1.12. Let (R,m) be a Noetherian local ring of dimension d ≥ 1 and I1, . . . , Is be m-primary

ideals in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R. Suppose G(F) satisfies

Hyry’s condition HG(I)(G(F),m). Let q ∈ Ns such that |q| = d and {aij ∈ Ii : j = 1, . . . , qi; i =

1, . . . , s} be a joint reduction of F of type q such that a∗11, . . . , a
∗
1q1

, . . . , a∗s1, . . . , a
∗
sqs is a G(F)-filter-

regular sequence where a∗ij is the image of aij in G(I)ei for all j = 1, . . . , qi and i = 1, . . . , s. Then

F(n) =
s∑

i=1

qi∑

j=1

aijF(n− ei) for all n ≥ m+ q.

We can now state the main theorem of this paper which gives a generalisation of Reid-Roberts-

Vitulli Theorem for zero-dimensional monomial ideals.

Theorem 1.13. Let (R,m) be an analytically unramified Noetherian local ring of dimension d ≥ 2 and

I1, . . . , Is be m-primary ideals in R. Let R(I) =
⊕

n∈Ns

In satisfy the condition HR(I)(R(I),0). Suppose

In is complete for all n ∈ Ns such that 1 ≤ |n| ≤ d − 1. Then In is complete for all n ∈ Ns with

|n| ≥ 1.

We prove that if R(I) is Cohen-Macaulay then it satisfies Hyry’s condition HR(I)(R(I),0). By

Hochster’s Theorem [2, Theorem 6.3.5] about Cohen-Macaulayness of normal semigroup rings, R(I)

is Cohen-Macaulay if I consists of monomial ideals in a polynomial ring over a field.

2. Existence of joint reductions consisting of filter-regular sequences

Let R =
⊕

n∈Ns

Rn be a standard Noetherian Ns-graded ring defined over an Artinian local ring

(R0,m). Let M =
⊕

n∈Ns

Mn be a finitely generated Ns-graded R-module. Let Projs(R) denote the set
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of all homogeneous prime ideals P in R such that R++ * P and M∆ =
⊕
n≥0

Mne. By [4, Theorem 4.1],

there exists a numerical polynomial PM ∈ Q[X1, . . . ,Xs] of total degree dimM∆ − 1 of the form

PM (n) =
∑

α=(α1,...,αs)∈Ns

|α|≤dimM∆−1

(−1)dimM∆−1−|α|eα(M)

(
n1 + α1 − 1

α1

)
· · ·

(
ns + αs − 1

αs

)

such that eα(M) ∈ Z, PM (n) = λR0
(Mn) for all large n and eα(M) ≥ 0 for all α ∈ Ns such that

|α| = dimM∆ − 1.

Proposition 2.1. Let R =
⊕

n∈Ns

Rn be a standard Noetherian Ns-graded ring defined over a local ring

(R0,m) with infinite residue field R0/m. Let M =
⊕

n∈Ns

Mn be a finitely generated Ns-graded R-module

and dimM∆ ≥ 1. Fix i ∈ {1, . . . , s}. If Rei 6= 0 then there exists a ∈ Rei such that a is M -filter-regular.

Proof. Denote M/H0
R++

(M) byM ′. Then Ass(M ′) = Ass(M)\V (R++). Let Ass(M
′) = {P1, . . . , Pk}.

Let ai be the ideal of R generated by Rei . Therefore for all j = 1, . . . , k, Pj + ai. Consider the R0/m-

vector space Rei/mRei . Then for each j = 1, . . . , k,

(Pj ∩Rei +mRei)/mRei 6= Rei/mRei .

Since R0/m is infinite, there exists a ∈ Rei \
⋃k

j=1(Pj ∩Rei +mRei).

By [10, Proposition 4.1], there exists m such that [H0
R++

(M)]n = 0 for all n ≥ m. Let n ≥ m and

x ∈ (0 :M a)n. Then ax′ = 0 in M ′ where x′ is the image of x in M ′. Since a is a nonzerodivisor of

M ′, x ∈ [H0
R++

(M)]n = 0. �

Proposition 2.2. Let R =
⊕

n∈Ns

Rn be a standard Noetherian Ns-graded ring defined over an Artinian

local ring (R0,m). Let M =
⊕

n∈Ns

Mn be a finitely generated Ns-graded R-module. Let ai ∈ Rei be an

M -filter-regular element. Then for all large n,

λR0

(
Mn

aiMn−ei

)
= λR0

(Mn)− λR0
(Mn−ei)

and hence for all n ∈ Zs, PM/aiM (n) = PM (n)− PM (n− ei).

Proof. Consider the exact sequence of R-modules

0 −→ (0 :M ai)n−ei −→ Mn−ei

ai−→ Mn −→
Mn

aiMn−ei

−→ 0.

Since ai is M -filter-regular, for all large n, we get

λR0

(
Mn

aiMn−ei

)
= λR0

(Mn)− λR0
(Mn−ei)

and hence for all n ∈ Zs, PM/aiM (n) = PM (n)− PM (n− ei). �



LOCAL COHOMOLOGY OF MULTI-REES ALGEBRAS 7

Theorem 2.3. Let R =
⊕

n∈Ns

Rn be a standard Noetherian Ns-graded ring defined over an Artinian

local ring (R0,m) with infinite residue field R0/m and Rei 6= 0 for all i = 1, . . . , s. Let M =
⊕

n∈Ns

Mn

be a finitely generated Ns-graded R-module and dimM∆ ≥ 1. Let eα(M) > 0 for all α ∈ Ns such

that |α| = dimM∆ − 1. Then for any q = (q1, . . . , qs) ∈ Ns such that |q| = dimM∆, there exist

ai1, . . . , aiqi ∈ Rei for all i = 1, . . . , s, such that a11, . . . , a1q1 , . . . , as1, . . . , asqs is an M -filter-regular

sequence and for all large n, Mn =
s∑

i=1

qi∑
j=1

aijMn−ei .

Proof. We use induction on dimM∆ = l. Let l = 1. Then by Proposition 2.1, for each i = 1, . . . , s,

there exists ai ∈ Rei such that ai is M -filter-regular. Since l = 1, PM (n) is polynomial of total

degree zero. Therefore by Proposition 2.2, λR0
(Mn/aiMn−ei) = 0 for all large n and hence we get

the required result. Suppose l ≥ 2 and the result is true for all finitely generated Ns-graded R-module

T such that 1 ≤ dimT∆ ≤ l − 1 and eα(T ) > 0 for all α ∈ Ns such that |α| = dimT∆ − 1. Let M

be finitely generated Ns-graded R-module such that dimM∆ = l and eα(M) > 0 for all α ∈ Ns such

that |α| = l − 1. Fix q = (q1, . . . , qs) ∈ Ns such that |q| = dimM∆. Let i = min{j | qj 6= 0}. By

Proposition 2.1, there exists ai1 ∈ Rei such that ai1 is an M -filter-regular element. Let N = M/ai1M.

Since eα(M) > 0 for all α ∈ Ns such that |α| = dimM∆ − 1, by Proposition 2.2, PN (n) is a

polynomial of degree l− 2 and hence dimN∆ = l− 1. Let β = (β1, . . . , βs) ∈ Ns such that |β| = l− 2

and α = β + ei. Then eβ(N) = eα(M) > 0. Let m = q− ei ∈ Ns, i.e. mi = qi − 1 and for all

j 6= i, mj = qj. Since |m| = l − 1, by induction hypothesis there exist bj1, . . . , bjmj
∈ Rej for all

j = 1, . . . , s such that b11, . . . , b1m1
, . . . , bs1, . . . , bsms is an N -filter-regular sequence and for all large

n, Nn =

s∑

k=1

mk∑

j=1

bkjNn−ek . Let aik = bi(k−1) for all k = 2, . . . , , qi and for all j 6= i, ajk = bjk

for all k = 1, . . . , , qj . Then for all large n, Mn =
s∑

i=1

qi∑

j=1

aijMn−ei . Since ai1 is M -filter-regular,

a11, . . . , a1q1 , . . . , as1, . . . , asqs is an M -filter-regular sequence. �

Theorem 2.4. Let (R,m) be a Noetherian local ring of dimension d ≥ 1 and I1, . . . , Is be m-primary

ideals in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R and q = (q1, . . . , qs) ∈ Ns

such that |q| = d. Then there exists a joint reduction {aij ∈ Ii : j = 1, . . . , qi; i = 1, . . . , s} of F of type

q such that a∗11, . . . , a
∗
1q1 , . . . , a

∗
s1, . . . , a

∗
sqs is a G(F)-filter-regular sequence where a∗ij is the image of

aij in G(I)ei for all j = 1, . . . , qi and i = 1, . . . , s.

Proof. Since F is an I-admissible filtration, G(F) is finitely generated G(I)-module. By [12, Theorem

2.4], there exists a polynomial

PF (n) =
∑

α=(α1,...,αs)∈Ns

|α|≤d

(−1)d−|α|eα(F)

(
n1 + α1 − 1

α1

)
· · ·

(
ns + αs − 1

αs

)
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such that for all large n, PF (n) = λR (R/F(n)) , eα(F) ∈ Z and eα(F) > 0 for all α ∈ Ns where

|α| = d. Hence

λ

(
F(n)

F(n+ e)

)
= λR

(
R

F(n+ e)

)
− λR

(
R

F(n)

)

is a numerical polynomial in Q[X1, . . . ,Xs] of total degree d−1 for all large n and eβ(G(F)) > 0 for all

β ∈ Ns where |β| = d− 1. Therefore by Theorem 2.3, there exist ai1, . . . , aiqi ∈ Ii for all i = 1, . . . , s,

such that a∗11, . . . , a
∗
1q1

, . . . , a∗s1, . . . , a
∗
sqs is a G(F)-filter-regular sequence where a∗ij = aij + Ie+ei ∈

G(I)ei for all j = 1, . . . , qi, i = 1, . . . , s and G(F)n =
s∑

i=1

qi∑

j=1

a∗ijG(F)n−ei for all large n. Hence

F(n) =

s∑

i=1

qi∑

j=1

aijF(n− ei) + F(n+ e) for all large n.

Since F is an I-admissible filtration, by [12], for each i = 1, . . . , s, there exist an integer ri such that

for all n ∈ Zs, where ni ≥ ri, F(n+ ei) = IiF(n), Hence for all large n, we get

F(n) =
s∑

i=1

qi∑

j=1

aijF(n− ei) + F(n+ e) ⊆
s∑

i=1

qi∑

j=1

aijF(n− ei) + I1 · · · IsF(n).

Thus by Nakayama’s Lemma, for all large n, F(n) =
s∑

i=1

qi∑
j=1

aijF(n− ei). �

3. Vanishing of Local cohomology modules of Rees algebra of multigraded

filtrations

Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring (R0,m) and

Rei 6= 0 for all i = 1, . . . , s. For a non-empty subset J of {1, . . . , s}, we define MJ =
∑
j∈J

Mj.

Lemma 3.1. Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring

(R0,m), Rei 6= 0 for all i = 1, . . . , s and M =
⊕

n∈Ns

Mn be a finitely generated Ns-graded R-module.

Let a = (a1, . . . , as) ∈ Zs and J be any non-empty subset of {1, . . . , s}. Suppose [H i
M(M)]n = 0 for

all i ≥ 0 and n ∈ Zs such that nk > ak for at least one k ∈ J. Then [H i
MJ

(M)]n = 0 for all i ≥ 0 and

n ∈ Zs such that
∑
j∈J

nj >
∑
j∈J

aj.

Proof. Consider a group homomorphism φ : Zs → Z defined by φ(n) =
∑
j∈J

nj. ThenRφ =
⊕

n≥0

(
⊕

φ(n)=n

Rn).

Let S = (Rφ)0 and N be the maximal homogeneous ideal of S. Therefore (Rφ)N is an N-graded ring

defined over the local ring SN and ((MJ)
φ)N is the irrelevant ideal of (Rφ)N . Then for all i ≥ 0 and
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m >
∑
j∈J

aj ,

[H i
(Mφ)N

(Mφ)N ]m =
(
[H i

Mφ(M
φ)]m

)
N

=


 ⊕

φ(n)=m

[H i
M(M)]n


⊗S SN .

Since m >
∑
j∈J

aj , φ(n) = m implies nk > ak for at least one k ∈ J. Hence [H i
(Mφ)N

(Mφ
N )]m = 0 for

all i ≥ 0 and m >
∑
j∈J

aj . Then by Lemma 1.8, taking a = 0 we get [H i
((MJ )φ)N

(Mφ)N ]m = 0 for all

i ≥ 0 and m >
∑
j∈J

aj . Thus

(
⊕

φ(n)=m

[H i
MJ

(M)]n

)
⊗S SN = 0 for all i ≥ 0 and m >

∑
j∈J

aj. Therefore

[H i
MJ

(M)]n = 0 for all i ≥ 0 and n ∈ Zs such that
∑
j∈J

nj >
∑
j∈J

aj. �

Proposition 3.2. Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring

(R0,m), Rei 6= 0 for all i = 1, . . . , s and M =
⊕

n∈Ns

Mn be a finitely generated Ns-graded R-module.

Let I be any subset of {1, . . . , s} and J be a non-empty subset of {1, . . . , s} such that I and J are

disjoint. Suppose a = (a1, . . . , as) ∈ Zs and [H i
M(M)]n = 0 for all i ≥ 0 and n ∈ Zs such that nk > ak

for at least one k ∈ {1, . . . , s}. Then [H i
MI,J

(M)]n = 0 for all i ≥ 0 and n ≥ a+ e. In particular, M

satisfies Hyry’s condition HR(M,a+ e).

Proof. We follow the argument given in [3, Theorem 3.2.6] and use induction on r = |I ∪ J |. Suppose

r = 1. Since I, J are disjoint and |J | ≥ 1, we have I = ∅ and the result follows from Lemma 3.1.

Suppose r ≥ 2 and the result is true upto r − 1. Let I = {i1, . . . , ik} and J = {ik+1, . . . , ir}. we

use induction on k. If k = 0 then again by Lemma 3.1, we get the result. Suppose k ≥ 1 and the

result is true upto k − 1. Let I = I \ {ik} and J = J ∪ {ik}. Then MI,J + MI,{ik} = MI,J and

MI,J ∩MI,{ik} = MI,J . Consider the following Mayer-Vietoris sequence of local cohomology modules

· · · −→ H i
MI,J

(M)
⊕

H i
MI,{ik}

(M) −→ H i
MI,J

(M) −→ H i+1
MI,J

(M) −→ · · · .

Using induction on k, we get [H i+1
MI,J

(M)]n = 0 for all i ≥ 0 and n ≥ a+ e and using induction

on r, we get [H i
MI,J

(M)]n = 0 = [H i
MI,{ik}

(M)]n for all i ≥ 0 and n ≥ a+ e. For R++, we take

I = {1, . . . , s− 1} and J = {s}. �

Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring (R0,m) and

let M be the maximal homogeneous ideal of R. Let M =
⊕

n∈Zs

Mn be a finitely generated Zs-graded

R-module. For all i = 1, . . . , s, define [7] the a-invariants of M as

ai(M) = sup{k ∈ Z | [HdimM
M (M)]n 6= 0 for some n ∈ Zs with ni = k}.

Put a(M) = (a1(M), . . . , as(M)). We recall the following result.
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Proposition 3.3. [11, Lemma 3.7] Let (R,m) be a Cohen-Macaulay local ring of dimension d,

I1, . . . , Is be m-primary ideals of R and F = {F(n)}n∈Zs be an I-admissible filtration of ideals in

R. Then a(R(F)) = −e.

Remark 3.4. Let (R,m) be a Noetherian local ring of dimension d and I1, . . . , Is be m-primary ideals

in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R and R(F) be Cohen-Macaulay.

Then by Propositions 3.3 and 3.2, R(F) satisfies Hyry’s condition HR(I)(R(F),0).

The next theorem is a generalisation of a result due to Hyry [8, Theorem 6.1] for Zs-graded admis-

sible filtration of ideals.

Theorem 3.5. Let (R,m) be a Noetherian local ring of dimension d and I1, . . . , Is be m-primary ideals

in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R and let R(F) satisfy Hyry’s

condition HR(I)(R(F),0). Then

(1) PF (n) = HF (n) for all n ∈ Ns,

(2) for all α = (α1, . . . , αs) ∈ Ns such that |α| = d,

eα(F) =

α1∑

n1=0

· · ·
αs∑

ns=0

(
α1

n1

)
. . .

(
αs

ns

)
(−1)d−n1−···−nsλ

(
R

F(n)

)

where n = (n1, . . . , ns).

Proof. (1) SinceR(F) satisfies Hyry’s condition HR(I)(R(F),0), by [10, Theorem 4.3], we get PF (n) =

HF (n) for all n ∈ Ns.

(2) Consider the operators (∆iPF )(n) = PF (n+ei)−PF (n) for all i = 1, . . . , s. Then (∆αs
s · · ·∆α1

1 PF )(0) =

eα(F) for α = (α1, . . . , αs) ∈ Ns, |α| = d. By [14, Proposition 1.2],

(∆αs
s · · ·∆α1

1 PF )(0) =

α1∑

n1=0

· · ·
αs∑

ns=0

(
α1

n1

)
. . .

(
αs

ns

)
(−1)d−n1−···−nsPF (n)

where n = (n1, . . . , ns). Thus from part (1) we get the required result. �

Lemma 3.6. Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring

(R0,m) and M =
⊕

n∈Zs

Mn be a finitely generated Zs-graded R-module. Let a ∈ Rm be an M -filter-

regular where m 6= 0. Then for all n ∈ Zs and i ≥ 0, the following sequence is exact

[H i
R++

(M)]n −→

[
H i

R++

(
M

aM

)]

n

−→ [H i+1
R++

(M)]n−m.

Proof. Consider the following short exact sequence of R-modules

0 −→ (0 :M a) −→ M −→
M

(0 :M a)
−→ 0.
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Since a is M -filter-regular, (0 :M a) is R++-torsion. Hence

H i
R++

(M) ≃ H i
R++

(
M

(0 :M a)

)
for all i ≥ 1.

Therefore the short exact sequence of R-modules

0 −→
M

(0 :M a)
(−m)

a
−→ M −→

M

aM
−→ 0

gives the desired exact sequence. �

Lemma 3.7. Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring

(R0,m) and M =
⊕

n∈Zs

Mn be a finitely generated Zs-graded R-module. Suppose M satisfies Hyry’s

condition HR(M,m). Let a1, . . . , al ∈ Rej be an M -filter-regular sequence. Then M/(a1, . . . , al)M

satisfies Hyry’s condition HR(M/(a1, . . . , al)M,m+ lej).

Proof. We use induction on l. Let l = 1. By Lemma 3.6, for all i ≥ 0, we get the exact sequence

[H i
R++

(M)]n −→

[
H i

R++

(
M

a1M

)]

n

−→ [H i+1
R++

(M)]n−ej .

Since for all i ≥ 0 and n ≥ m+ ej, [H
i
R++

(M)]n = 0, we get

[
H i

R++

(
M

a1M

)]

n

= 0 for all i ≥ 0 and

n ≥ m+ ej. Hence the result is true for l = 1.

Suppose l ≥ 2 and the result is true upto l − 1. Let N = M/(a1, . . . , al−1)M. Then

[H i
R++

(N)]n = 0 for all i ≥ 0 and n ≥ m+ (l − 1)ej.

Since al is N -filter-regular, using l = 1 case, we get

[
H i

R++

(
N

alN

)]

n

= 0 for all i ≥ 0 and n ≥

m+ lej. �

Proposition 3.8. Let R =
⊕

n∈Ns

Rn be a standard Ns-graded Noetherian ring defined over a local ring

(R0,m) and M =
⊕

n∈Zs

Mn be a finitely generated Zs-graded R-module. Suppose M satisfies Hyry’s

condition HR(M,m). Let q = (q1, . . . , qs) ∈ Ns, aj1, . . . , ajqj ∈ Rej for all j = 1, . . . , s such that

a11, . . . , a1q1 , . . . , as1, . . . , asqs be an M -filter-regular sequence. Then M/(a11, . . . , a1q1 , . . . , as1, . . . , asqs)M

satisfies Hyry’s condition HR(M/(a11, . . . , a1q1 , . . . , as1, . . . , asqs)M,m+ q).

Proof. Define N0 = M and Nj = Nj−1/(aj1, . . . , ajqj)Nj−1 for all j = 1, . . . , s. Since aj1, . . . , ajqj ∈ Rej

is an Nj−1-filter-regular sequence for all j = 1, . . . , s, by Lemma 3.7, we get the required result. �

Theorem 3.9. Let (R,m) be a Noetherian local ring of dimension d ≥ 1 and I1, . . . , Is be m-primary

ideals in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R. Suppose G(F) satisfies

Hyry’s condition HG(I)(G(F),m). Let q ∈ Ns such that |q| = d and {aij ∈ Ii : j = 1, . . . , qi; i =
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1, . . . , s} be a joint reduction of F of type q such that a∗11, . . . , a
∗
1q1 , . . . , a

∗
s1, . . . , a

∗
sqs is G(F)-filter-

regular sequence where a∗ij is the image of aij in G(I)ei for all j = 1, . . . , qi and i = 1, . . . , s. Then

F(n) =

s∑

i=1

qi∑

j=1

aijF(n− ei) for all n ≥ m+ q.

Proof. By Proposition 3.8, we get

[
H i

G(I)++

(
G(F)

(a∗11, . . . , a
∗
1q1

, . . . , a∗s1, . . . , a
∗
sqs)G(F)

)]

n

= 0

for all i ≥ 0 and n ≥ m + q. Since {aij ∈ Ii : j = 1, . . . , qi; i = 1, . . . , s} is a joint reduction of F ,

G(F)/(a∗11, . . . , a
∗
1q1 , . . . , a

∗
s1, . . . , a

∗
sqs)G(F) is G(I)++-torsion. Thus

H0
G(I)++

(
G(F)

(a∗11, . . . , a
∗
1q1

, . . . , a∗s1, . . . , a
∗
sqs)G(F)

)
=

G(F)

(a∗11, . . . , a
∗
1q1

, . . . , a∗s1, . . . , a
∗
sqs)G(F)

.

Hence for all n ≥ m+ q, we have

F(n) =

s∑

i=1

qi∑

j=1

aijF(n− ei) + F(n+ e). (3.9.1)

Now for all k ≥ 0 and n ≥ m+ q,

F(n+ ke) =

s∑

i=1

qi∑

j=1

aijF(n+ ke− ei) + F(n+ (k + 1)e) ⊆
s∑

i=1

qi∑

j=1

aijF(n− ei) + F(n+ (k + 1)e).

Since F is an I-admissible filtration, by [12], for each i = 1, . . . , s, there exists integer ri ∈ N such that

for all n ∈ Ns, where ni ≥ ri, we have F(n+ ei) = IiF(n). Let r = max{ri : i = 1, . . . , s}. Therefore

F(n+ e) ⊆
s∑

i=1

qi∑

j=1

aijF(n+ e− ei) + F(n+ 2e) ⊆
s∑

i=1

qi∑

j=1

aijF(n− ei) +F(n+ 2e)

⊆
...

⊆
s∑

i=1

qi∑

j=1

aijF(n− ei) + F(n+ (r + 2)e) ⊆
s∑

i=1

qi∑

j=1

aijF(n− ei) + I1 · · · IsF(n).

Hence by using Nakayama’s Lemma, from the equality (3.9.1) we get the required result. �

Lemma 3.10. Let (R,m) be a Noetherian local ring of dimension d ≥ 1 and I1, . . . , Is be m-

primary ideals in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R. Suppose

R(F) satisfies Hyry’s condition HR(I)(R(F),m) where m ∈ Ns. Then G(F) satisfies Hyry’s condition

HG(I)(G(F),m).
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Proof. Denote R′(F)/R′(F)(e) by G′(F). Consider the short exact sequence of R(I)-modules

0 −→ R′(F)(e) −→ R′(F) −→ G′(F) −→ 0. (3.10.1)

This induces the long exact sequence of R-modules

· · · −→ [H i
R++

(R′(F))]n+e −→ [H i
R++

(R′(F))]n −→ [H i
R++

(G′(F))]n −→ [H i+1
R++

(R′(F))]n+e −→ · · · .

Hence by [10, Proposition 4.2] and change of ring principle, we get the required result. �

Theorem 3.11. Let (R,m) be a Noetherian local ring of dimension d ≥ 1 and I1, . . . , Is be m-

primary ideals in R. Let F = {F(n)}n∈Zs be an I-admissible filtration of ideals in R and R(F) satisfy

Hyry’s condition HR(I)(R(F),0). Let q ∈ Ns such that |q| = d. Then there exists a joint reduction

{aij ∈ Ii : j = 1, . . . , qi; i = 1, . . . , s} of F of type q such that

F(n) =

s∑

i=1

qi∑

j=1

aijF(n− ei) for all n ≥ q and

jrq(F) ≤ max{qi | i ∈ A} − 1 where A = {i | qi ≥ 1}.

Proof. Since R(F) satisfies Hyry’s condition HR(I)(R(F),0), by Lemma 3.10, G(F) satisfies Hyry’s

condition HG(I)(G(F),0). Therefore by Theorem 2.4, there exists a joint reduction {aij ∈ Ii : j =

1, . . . , qi; i = 1, . . . , s} of F of type q such that such that a∗11, . . . , a
∗
1q1

, . . . , a∗s1, . . . , a
∗
sqs is a G(F)-

filter-regular sequence where a∗ij is the image of aij in G(I)ei for all j = 1, . . . , qi, i = 1, . . . , s. Hence

by Theorem 3.9, for all n ≥ q,

F(n) =

s∑

i=1

qi∑

j=1

aijF(n− ei).

�

Example 3.12. Let R = k[|X,Y |]. Then R is a regular local ring of dimension two. Let I =

(X,Y 2) and J = (X2, Y ). Then I, J are complete parameter ideals in R. Consider the filtration

F = {IrJs}r,s∈Z. Since I, J are complete ideals, by [16, Theorem 2′, Appendix 5], Ir, Js and IrJs

are complete ideals for all r, s ≥ 1. By [10, Proposition 3.2] and [10, Proposition 3.5], for all r, s ∈ N,

H1
R++

(R(I, J))(r,s) = 0. Note that (X3 + Y 3,XY ) is a minimal reduction of IJ and

(X3 + Y 3,XY )IJ = I2J2.

Thus r(IJ) ≤ 1 and hence e2(IJ) = 0. Therefore using [10, Theorem 4.3] and [10, Lemma 2.11], we

get [H2
R++

(R(I, J))](r,s) = 0 for all r, s ∈ N. Hence R(F) satisfies Hyry’s condition HR(I)(R(F),0).

Note that A = {X,Y } is a joint reduction of (I, J) of type e and

XIrJs+1 + Y Ir+1Js = Ir+1Js+1 for all r, s ∈ N.
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Thus jre(F) = jrAe
(F) = 0.

Theorem 3.13. Let (R,m) be an analytically unramified Noetherian local ring of dimension d ≥ 2

and let I1, . . . , Is be m-primary ideals in R. Let R(I) =
⊕

n∈Ns

In satisfy Hyry’s condition HR(I)(R(I),0).

Suppose In is complete for all n ∈ Ns such that 1 ≤ |n| ≤ d − 1. Then In is complete for all n ∈ Ns

with |n| ≥ 1.

Proof. We use induction on |n|. By given hypothesis the result is true upto 1 ≤ |n| ≤ d− 1. Suppose

n ∈ Ns with |n| ≥ d and the result is true for all k ∈ Ns such that 1 ≤ |k| < |n|. Let m =

(m1, . . . ,ms) ∈ Ns such that m ≤ n and |m| = d. Consider the filtration F = {In}n∈Z. By [12], F is

an I-admissible filtration. Then by Theorems 2.4 and 3.9, there exists a joint reduction {aij ∈ Ii : j =

1, . . . ,mi; i = 1, . . . , s} of F of type m such that

Ir =

s∑

i=1

mi∑

j=1

aijIr−ei for all r ≥ m.

Thus In =
s∑

i=1

mi∑
j=1

aijIn−ei . By induction hypothesis, In−ei is complete for all i ∈ A := {i|ni ≥ 1}.

Hence

In =

s∑

i=1

mi∑

j=1

aijIn−ei =

s∑

i=1

mi∑

j=1

aijI
n−ei ⊆ In.

�

As a consequence of the above theorem we obtain a generalisation of a theorem of Reid, Roberts

and Vitulli [13, Proposition 3.1] about complete monomial ideals.

Theorem 3.14. Let R = k[X1, . . . ,Xd] where d ≥ 1 and m = (X1, . . . ,Xd) be the maximal homo-

geneous ideal of R. Let I1, . . . , Is be m-primary monomial ideals of R. Suppose In is complete for all

n ∈ Ns such that 1 ≤ |n| ≤ d− 1. Then In is complete for all n ∈ Ns with |n| ≥ 1.

Proof. If d = 1 then R is a PID and hence normal. Therefore every ideal is complete since principal

ideals in normal domains are complete. Let d ≥ 2. Since I1, . . . , Is are monomial ideals, R(I) is Cohen-

Macaulay by [2, Theorem 6.3.5]. Let W = R \ m. Then S = W−1R(I) is Cohen-Macaulay. Since for

any ideal I, W−1I = W−1I, we have

W−1R(I) =
⊕

n∈Ns

W−1In =
⊕

n∈Ns

(W−1(In)) = R(W−1I1, . . . ,W
−1Is).

Therefore S satisfies Hyry’s condition HQ(S,0) where Q = W−1R(I). Replace R by W−1R. Therefore

by Theorem 3.13, W−1(In) is complete for all n ∈ Ns such that |n| ≥ 1. Since m is the maximal

homogeneous ideal of R and W−1
(
In/In

)
= 0, we get the required result. �
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We end the paper with three examples illustrating some of the results proved above.

Example 3.15. Let S = Q[[X,Y,Z]], f = X2 + Y 2 + Z2. Then R = S/(f) is analytically un-

ramified Cohen-Macaulay reduced local ring of dimension 2. Set m = (X,Y,Z)/(f). Since Gm(R) =
⊕
n≥0

m
n/mn+1 ≃ Q[X,Y,Z]/(f) is reduced, mn is complete for all n ≥ 1.

Consider the m-admissible filtration F = {mn}n∈Z. The Hilbert polynomial of the filtration F is

PF (n) = 2
(n+1

2

)
− n. Set R = R(m). Since R is Cohen-Macaulay, H0

R++
(R(F)) = 0. By [1, Theorem

3.5], [H1
R++

(R(F))]n = m̃
n/mn for all n ≥ 0 where {m̃n}n∈Z is the Ratliff-Rush closure filtration of

F . Therefore by [10, Proposition 3.2], [H1
R++

(R(F))]n = 0 for all n ≥ 0. By [1, Theorem 4.1], we

get [H2
R++

(R(F))]0 = 0. Hence by [1, Lemma 4.7], [H2
R++

(R(F))]n = 0 for all n ≥ 0. Hence R(F)

satisfies the condition HR(m)(R(F), 0).

The following examples show that Hyry’s condition HR(I)(R(I),0) is sufficient but not necessary in

Theorem 3.13.

Example 3.16. Let S = Q[[X,Y,Z]], g = X3 + Y 3 + Z3. Then R = S/(g) is analytically un-

ramified Cohen-Macaulay reduced local ring of dimension 2. Set m = (X,Y,Z)/(g). Since Gm(R) =
⊕
n≥0

m
n/mn+1 ≃ Q[X,Y,Z]/(g) is reduced, mn is complete for all n ≥ 1.

Consider the m-admissible filtration F = {mn}n∈Z. The Hilbert polynomial of the filtration F is

PF (n) = 3
(n+1

2

)
− 3n+1. Set R = R(m). Since R is Cohen-Macaulay, H0

R++
(R(F)) = 0. By [1, Theo-

rem 3.5], [H1
R++

(R(F))]n = m̃
n/mn for all n ≥ 0 (here {m̃n}n∈Z is the Ratliff-Rush closure filtration of

F). Therefore [H1
R++

(R(F))]0 = 0 for all n ≥ 0. By [1, Theorem 4.1], we get λ
(
H2

R++
(R(F))

)
0
= 1.

Hence R(F) does not satisfy Hyry’s condition HR(m)(R(F), 0).

Example 3.17. Let R = k[x, y, z] where k is a field of characteristic not equal to 3 and I = (x4, x(y3+

z3), y(y3 + z3), z(y3 + z3)) + (x, y, z)5. In [5, Theorem 3.12], S. Huckaba and Huneke showed that

ht(I) = 3, I is normal ideal, i.e. In = In for all n ≥ 1 and H2(X,OX ) 6= 0 where X = ProjR(I).

Hence H3
R++

(R(I))0 6= 0. Thus R(I) does not satisfy Hyry’s condition HR(I)(R(I), 0).
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