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ABSTRACT: Extremal black branes are of interest because they correspond to the ground
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such a brane need not be translationally invariant in the spatial directions along which it
extends. A less restrictive requirement is that of homogeneity, which still allows points
along the spatial directions to be related to each other by symmetries. In this paper, we
find large new classes of homogeneous but anisotropic extremal black brane horizons, which
could naturally arise in gauge/gravity dual pairs. In 44 1 dimensional spacetime, we show
that such homogeneous black brane solutions are classified by the Bianchi classification,
which is well known in the study of cosmology, and fall into nine classes. In a system of
Einstein gravity with negative cosmological term coupled to one or two massive Abelian
gauge fields, we find solutions with an additional scaling symmetry, which could correspond
to the near-horizon geometries of such extremal black branes. These solutions realize many
of the Bianchi classes. In one case, we construct the complete extremal solution which
asymptotes to AdS space.

KEYWORDS: Gauge-gravity correspondence, AdS-CFT Correspondence, Holography and
condensed matter physics (AdS/CMT)

ARrRX1v EPRINT: 1201.4861

OPEN ACCESS doi:10.1007/JHEP07(2012)193


mailto:norihiro.iizuka@cern.ch
mailto:skachru@stanford.edu
mailto:nilay.tifr@gmail.com
mailto:prithvi.narayan@gmail.com
mailto:nilanjan@theory.tifr.res.in
mailto:trivedi.sp@gmail.com
http://arxiv.org/abs/1201.4861
http://dx.doi.org/10.1007/JHEP07(2012)193

Contents

Introduction

Generalised translations and the Bianchi classification
2.1 The Bianchi classification

General set-up and a simple example
3.1 A simple example based on Type VII
3.1.1 Some concluding remarks

Solutions of other Bianchi types

4.1 Type II
4.2 Type VI, IIT and V
4.2.1 TypeV

4.2.2 Type III
4.3 Type IX and Type VIII

An extremal brane interpolating from Type VII to AdSs
5.1 The system and the essential idea
5.2 Type VII solutions
5.2.1 The limit
5.3 Extremal RN brane
5.4 The perturbation in Type VII
5.5 The interpolation

Generalised translations involving time and closed time-like curves
Discussion
Three dimensional homogeneous spaces

Gauge field equation of motion
B.1 Gauge field with components along spatial directions
B.2 Gauge field with components only along time

Lifshitz solutions

Extremal RN solution

10

11
12
13
14
15
15

16
17
18
20
21
22
23

26

29

31

33
34
35

36

37




1 Introduction

Nature can exist in many varied and beautiful phases. String theory too has many varied
and beautiful phases, which correspond to the huge landscape of vacua in the theory. It is
natural to hope that some of the phases of string theory might help describe those in Na-
ture. This hope has spurred recent progress attempting, for example, to build connections
between string theory and condensed matter physics.

Some of the work in this direction has involved the study of black branes in gravity
theories, with a particular focus on their role as holographic duals to field theories at finite
temperature and/or chemical potential. Extremal branes are particularly interesting, since
they correspond to zero temperature ground states. Without a temperature quantum
fluctuations come into “their own”, especially in strongly correlated systems, leading to
interesting and novel phenomena like quantum phase transitions. The description of these
ground states in terms of an extremal brane allows such effects to be studied in a non-trivial
and often tractable mean field approximation.

So far only a few different kinds of extremal brane solutions have been found. The
analogy with the phases of matter, mentioned above, would suggest that many more should
exist. The main point of this paper is to show that this expectation is indeed true. We
will argue below that the known types of extremal black branes are only the “tip of the
iceberg”, and that there is a much bigger zoo of solutions, obtainable in theories of gravity
with reasonable matter, waiting to be discovered.

Symmetries are a good place to start in classifying the solutions of general relativity
and also in classifying the phases of matter. The known extremal solutions mostly have
the usual translational symmetries along the spatial directions in which the brane extends.
The solutions we consider here differ by having a generalised version of translational in-
variance. Any two points along the spatial directions can still be connected by a symmetry
transformation, but the generators of the symmetries now do not necessarily commute
with each other. This generalised notion of translations is well known in general relativity.
Space-times with such symmetries are said to be homogeneous.

To be more precise, we will study brane solutions of the form

ds? = dr?® — goodt® + gijda:ida:j (1.1)

where 7,5 = 1,---d — 1 are the spatial directions along which the brane extends. We will
find that often, for reasonable matter Lagrangians, there are brane solutions where the
coordinates span a homogeneous space with isometries which do not commute. Most of our
discussion will be for the case d = 4 where the brane extends in 3 space dimensions.! The
different kinds of generalised translational symmetries that can arise along three spatial
directions are well known in general relativity. They lie in the Bianchi classification and
fall into 9 different classes, e.g., see [1, 2]. These classes therefore classify all homogeneous
brane solutions of the type eq. (1.1).

Towards the end of the paper we will briefly discuss examples where the time direction could also be
involved in the generalised translations.



Of particular interest in the study of extremal branes is their near-horizon geometry.
The near-horizon geometry encodes information about the low energy dynamics of the dual
field theory and often turns out to be scale invariant. The near horizon geometry is also
often an attractor, with differences from the attractor geometry far away dying out as one
approaches the horizon. This feature corresponds to the fact that much of the UV data in
the field theory is often irrelevant in the IR. These properties mean that the near-horizon
geometry is often easier to find analytically than the full solution. The attractor nature
also makes the near-horizon geometry more universal than the full extremal solution. Thus
one is in the happy situation that the IR region, which being more universal is of greater
interest anyway, is also the region one can obtain with relative ease.

In this paper we will focus mostly on the near-horizon region. We will consider solutions
which are scale invariant in this region, along with being homogeneous along the spatial
directions.? We will show that solutions lying in many of the 9 Bianchi classes mentioned
above can be obtained by coupling gravity to relatively simple kinds of matter. In the
examples we consider, one or two massive Abelian gauge fields in the presence of a negative
cosmological constant will suffice. In one case we will also find interpolating solutions for
the full extremal brane which interpolate between the scaling near-horizon region and
asymptotic AdS space.

A simple example of the kind of generalised translation invariance we have in mind
arises in condensed matter physics when a non-zero momentum mode condenses, leading to
a vector order parameter which varies in a helical manner in space with a pitch determined
by the momentum of the condensed mode. For example, in spin systems this is known to
happen when a spin wave of non-zero momentum condenses, resulting in the magnetisation
order parameter varying in a helical pattern (see [3, 4] for a discussion). In superconduc-
tors, it has been argued that such spatially modulated phases can arise due to the FFLO
instability [5, 6]. Similar behavior can also occur in QCD [7] and other systems [8]. It has
also been discussed recently in the context of AdS/CFT in [9-12] and [13-15]. In the con-
text of our discussion such situations lie in the Type VII class of the Bianchi classification.
We will discuss this case below quite extensively since it is relatively simple and illustrates
many of the features which arise in the other classes as well.

The paper is structured as follows. We begin with a discussion of the generalised
translations and various Bianchi classes in section 2. Then we discuss one illustrative
example of a Bianchi Type VII near-horizon geometry in section 3. Other examples giving
rise to Bianchi Types II, III, V, VI, and IX are discussed in section 4. A concrete example
where a Type VII near-horizon geometry can arise from an asymptotically AdS spacetime is
given in section 5. A brief discussion of subtleties which might arise when time is involved in
the generalised translations is contained in section 6. The paper ends with some discussion
in section 7. Important supplementary material is contained in the appendices A-D.

Before closing the introduction, let us comment on related literature. There is a
formidable body of work on brane solutions in the string theory and general relativity

2The scaling symmetry will correspond to translations in the radial coordinate r. Thus, including the
scaling symmetry makes the full d 4+ 1 dimensional space-time geometry homogeneous.



literature; for a recent review with further references, see [16]. A classification of extremal
black holes (as opposed to black branes), quite different from ours, has been discussed
in [17]. Our solutions can be viewed as black branes with new kinds of “hair”; simple
discussions of how branes in AdS space can violate the black hole no-hair theorems are given
in the papers on holographic superconductivity, see e.g. [18] and [19] for discussions with
additional references. Early examples of black branes with interesting horizon structure
were discussed in studies of the Gregory-Laflamme instability; the original papers are [20,
21] and a recent discussion appears in [22]. As we mentioned previously, solutions with
instabilities of the Type VII kind have appeared already in the context of AdS/CFT duality
in the interesting papers [9-15]. Lifshitz symmetry has characterized one new type of
horizon to emerge in holographic duals of field theories at finite charge density in many
recent studies; this was discussed in [23] and [24] (see also [25-31] for string theory and
supergravity embeddings of such solutions). The attractor mechanism has also inspired
a considerable literature. The seminal paper is [32]. For a recent review with a good
collection of references, see [33]. Some references on attractors without supersymmetry
are [34-38]. A recent discussion of how the attractor mechanism may be related to new
kinds of horizons for black branes, including e.g. Lifshitz solutions, appears in [39].

2 Generalised translations and the Bianchi classification

It is worth beginning with a simple example illustrating the kind of generalised translational
symmetry we would like to explore. Suppose we are in three dimensional space described

by coordinates x', 2%, 23 and suppose the system of interest has the usual translational

2

symmetries along the 22, 23 directions. It also has an additional symmetry but instead of

being the usual translation in the z!' direction it is now a translation accompanied by a

2

rotation in the 2% — 23 plane. The translations along the 2, 23 direction are generated by

the vectors fields,

§1 =02, & =05, (2.1)

whereas the third symmetry is generated by the vector field,
€3 =01 + 2203 — 2°0,. (2.2)

It is easy to see that the three transformations generated by these vectors transform any
point in the three dimensional plane to any other point in its immediate neighborhood.
This property, which is akin to that of usual translations, is called homogeneity. However,
the symmetry group we are dealing with here is clearly different from usual translations,
since the commutators of the generators, eq. (2.1), (2.2) take the form

[5176-2] =0; [51753] - 52; [€27§3] = _517 (23)

and do not vanish, as they would have for the usual translations.?

3In fact this symmetry group is simply the group of symmetries of the two dimensional Euclidean plane,
its two translations and one rotation.



In this paper we will be interested in exploring such situations in more generality
where the symmetries are different from the usual translations but still preserve homo-
geneity, allowing any point in the system of interest to be transformed to any other by a
symmetry transformation.*

When can one expect such a symmetry group to arise? Let us suppose that there is
a scalar order parameter, ¢(x), which specifies the system of interest. Then this order
parameter must be invariant under the unbroken symmetries. The change of this order

parameter under an infinitesimal transformation generated by the vector field &; is given by

6 = €&i(9) (2.4)

and this would have to vanish for the transformation to be a symmetry. It is easy to
see that requiring that this is true for the three symmetry generators mentioned above,
eq. (2.1), eq. (2.2), leads to the condition that ¢ is a constant independent of the coor-
dinates, z', 22, 23. Now, such a constant configuration for ¢ is invariant under the usual
translation along z', generated by 0, besides being invariant also under a rotation in the
x? — 23 plane (and the other rotations). Thus we see that with a scalar order parameter
a situation where the generalised translations are unbroken might as well be thought of as
one that preserves the usual three translations along with additional rotations.

Now suppose that instead of being a scalar the order parameter specifying the system
is a vector V, which we denote by V?9;. Under the transformation generated by a vector

field &; this transforms as

OV = €l&, V1. (2.5)

Requiring that these commutators vanish for all three &;’s leads to the conditions,
V! = constant, V?=Vjcos(z! 4 6),V? = Vysin(z! +0) (2.6)

where Vp, § are constants independent of all coordinates. In other words the V2, V3 compo-
nents are not constant but rotate in the 2 — 3 plane as one advances along the x! direction.
In contrast, for the usual translations all three components V1, V2, V3 would be constant
and the behavior of the order parameter would be different. Thus we see that with a vector
order parameter, instead of a scalar, one can have situations where the generalised transla-
tional symmetries generated by eq. (2.1), eq. (2.2) are preserved but the usual translation
group is not. Such a situation could also arise if the order parameter were a tensor field.

In fact situations with this type of a vector order parameter are well known to arise
in condensed matter physics as was mentioned in the introduction. For example this can
happen in spin systems, where the order parameter is the magnetisation. In the presence
of parity violation in such a system a helical spin density wave of appropriate wavelength
can be set up [3, 4].

4In a connected space this follows from the requirement that any point is transformed to any other point
in its immediate neighborhood by a symmetry transformation.



2.1 The Bianchi classification

The example discussed above shares many features in common with other symmetry groups
which preserve homogeneity. Luckily all such groups in three dimensions have been clas-
sified and are easily found in the physics literature since they have been of interest in the
study of homogeneous situations in cosmology [1, 2]. It is known that there are 9 such in-
equivalent groups and they are described by the Bianchi classification. The idea behind this
classification is quite simple. As we have seen above the Killing vectors which generate the
symmetries form a Lie Algebra. Homogeneity requires that there should be 3 such Killing
vectors in 3 dimensions. The 9 groups, and related 9 classes in the Bianchi classification,
simply correspond to the 9 inequivalent real Lie Algebras one can get with 3 generators.

The familiar case of translational invariance, which includes AdS space and Lifshitz
spacetimes, corresponds to the case where the three generators commute and is called
Bianchi Class I. The remaining 8 classes are different from this one and give rise to new
kinds of generalised translational symmetries. The symmetry group discussed above in
eq. (2.1), eq. (2.2) falls within Class VII in the Bianchi classification, with the parameter
h = 0 in the notation of [2], see page 112. We will refer to this case as Type VII below.
As mentioned above it corresponds to the group of symmetries of the two-dimensional
Fuclidean plane. Like the example above, in the more general case as well, a scalar order
parameter will not lead to a situation where the usual translations are broken. Instead a
vector or more generally a tensor order parameter is needed. Such an order parameter,
when it takes a suitable form, can preserve the symmetry group characterizing any of the
other 8 classes.

In appendix A we give some details of the algebras for all 9 Bianchi classes. In our
discussion below we will consider specific examples which lie in the Bianchi Classes, 11, 111,
V, VI, VII and IX. Some extra details on these classes, including the generators, invariant
one-forms etc, can also be found in appendix A.

3 General set-up and a simple example

Here we turn to describing more explicitly a spacetime metric incorporating the generalised
translational symmetries described above and to asking when such a metric can arise as
the solution to Einstein’s equations of gravity coupled with matter. Mostly we will work
in 5 dimensions, this corresponds to setting d = 4 in eq. (1.1). In addition, to keep
the discussion simple, we assume that the usual translational symmetry along the time
direction is preserved so that the metric is time independent and also assume that there
are no off-diagonal components between ¢t and the other directions in the metric. This
leads to

ds* = dr* — a(r)?dt* + g;;dz'dx’ (3.1)

with the indices 7, j taking values 1,2,3. For any fixed value of 7, ¢, we get a three dimen-
sional subspace spanned by z’. We will take this subspace to be a homogeneous space,
corresponding to one of the 9 types in the Bianchi classification.



As discussed in [2], for each of the 9 cases there are three invariant one forms, w,i =
1,2, 3, which are invariant under all 3 isometries. A metric expressed in terms of these one-
forms with 2’ independent coefficients will be automatically invariant under the isometries.
For future reference we also note that these one-forms satisfy the relations

1
dw' = iCékuﬂ A WP (3.2)

where C;k are the structure constants of the group of isometries [2].

We take the metric to have one additional isometry which corresponds to scale invari-
ance. An infinitesimal isometry of this type will shift the radial coordinate by r — r+e¢. In
addition we will take it to rescale the time direction with weight 3;, t — te %+, and assume
that it acts on the spatial coordinates z* such that the invariant one forms, w’ transform
with weights §; under it,® w® — e~ Pi¢w?.

These properties fix the metric to be of the form
ds? = R2[dr? — 2P dt? + ;e PPt @ W] (3.3)

with 7;; being a constant matrix which is independent of all coordinates.

In the previous section we saw that a situation where the usual translations were not
preserved but the generalised translations were unbroken requires a vector (or possibly
tensor) order parameter. A simple setting in gravity, which could lead to such a situation,
is to consider an Abelian gauge field coupled to gravity. We will allow the gauge field to
have a mass in the discussion below. Such a theory with a massive Abelian gauge field is
already known to give rise to Lifshitz spacetimes [23, 24]. Here we will find that it has
in fact an even richer set of solutions, exhibiting many possible phases and patterns of
symmetries, as parameters are varied.

The action of the system we consider is therefore

1 1
S = /d5.'L'\/ —g {R+ A — ZF2 — 4m2A2} (34)

and has two parameters, m?, A. We note that in our conventions A > 0 corresponds to
AdS space.

The three isometries along the z' directions, time translation and scale invariance
restrict the form for the gauge potential to be®

A= AP dt + APt (3.5)

where Ay, A; are constants independent of all coordinates.

5The dilatation generator could act more generally than this. A discussion of the more general case is
left for the future.

5A possible A, dr term, where A, only depends on r to be consistent with the symmetries, can always
be gauged away.



3.1 A simple example based on Type VII

To construct a simple and explicit example we now return to the case of Type VIl
with which we began our discussion of generalised translational symmetry in section 2.
We will show here that a metric with this type of symmetry can arise as a solution to
Einstein’s equations.

The one-forms which are invariant under the isometries for this case are given, see [2],
page 112, by

wh =dat ; w? = cos(z)dz? + sin(z!)dz® ; w? = —sin(z!)dz? + cos(z!)da. (3.6)
As discussed above we are assuming that the 2’ coordinates transform under the scaling
isometry in such a way that the one-forms, w’, transform with definite weights. It is
clear from eq. (3.6) that the only way this can happen is if 2! is invariant, and (22, 23) —
e Pe (22, 23), under r — 7+¢, so that w?, w3 have equal weights and transform as (w?,w?) —
e Pe (w?,w?). To keep the discussion simple we also assume that the metric coefficients Nij
which appear in eq. (3.3) are diagonal. After some rescaling this allows the metric to be
written as

ds® = R*[dr® — 2P dt® 4 (dz')? + 27 ((w?)? + X2 (w®)?)]. (3.7)

The only unknowns that remain in the metric are the two constants, R, A and the two
scaling weights, 8; and .

Before proceeding let us comment on the physical significance of the parameter R.
From eq. (3.6) we see that the coordinate distance in the x! direction needed to complete
one full rotation in the #? — 23 plane is 27. From eq. (3.7) it follows that the physical
distance along the z!' direction that is needed is 27rR. Thus R determines the pitch of
the helix.

We will see below that a metric of the type in eq. (3.7) arises as a solution for the
system, eq. (3.4), when the gauge field takes the form

A=elr <\/AQ w? 41/ A3 wg) . (3.8)

Let us begin with the gauge field equation of motion
L 9
dx*s F = —gm’ s A. (3.9)

As discussed in appendix B this gives rise to the conditions eq. (B.19), eq. (B.20) (with
the index ¢ taking values 2,3). For the metric eq. (3.7), eq. (B.19) is met. From
eq. (B.13), (B.17), (B.18) in appendix B, and also from [2], page 112, we have k! = 0, k? =
k3 = —1. Also comparing eq. (3.7) and eq. (B.3) we see that A\; = X\a = 1,A3 = ), and
By =0, By = B3 = . If both Ay and A5 are non-vanishing eq. (B.20) then gives

N(m? —2B(B+B1) +2 =0 (3.10)
(m* —28(B + By)) +2X% = 0. (3.11)



Assuming A\ # 1 these conditions cannot both be met. Thus we are lead to conclude that
either Ay or Az must vanish. We will set A3 = 0 without loss of generality,” so that the

A =/ AgePri? (3.12)

gauge field is given by

and the gauge field EOM gives
X(m® —2B8(8+ ;) +2 =0. (3.13)

Note that the solution we are seeking has five parameters, R, 3, 3, A\, which enter in
the metric and Ay, which determines the gauge field. These are all constants.

Next, turn to the Einstein equations
p L Iz
R — §5VR =T (3.14)
with

1 1 1 1 1
T = S FY E)+ 1m2A“AV + 500 <A = " Fpe — 4m2ApAp> (3.15)

Along the tt, rr, and 2'z! directions these give:

2(1;AZ) + 20+ Ap(m? +26%) + 246 —4(1+A) =0 (3.16)
2(1;\L2A2)+2A2+A2(m2—262)+85(5+25t)_4(1+A) =0 (3.17)
2(1;42) +20% — Ap(m® +26%) — 8(36° + 26,8+ B7) —4(1—A) = 0. (3.18)

2

The components along the 22, 23 directions lead to

2004 oxedpm? 4287 + 85 + BB+ BD) A0 HA) =0 (319)
Q(I;AZ) — 6A? — Ap(m® +26%) —8(5% + BB + B57) +4(1+A) = 0. (3.20)

In obtaining these equations we have set R, which appears as the overall scale in front of
the metric eq. (3.7), to be unity. The equations can then be thought of as determining the
dimensionful parameters A, m2, A, in terms of R. Counting eq. (3.13) these are 6 equations
in all. One can check that only 5 of these are independent. These 5 equations determine
the 5 parameters (A, 3, 5, A, /12), which then completely determines the solution.

"From eq. (3.7) and eq. (3.6) we see that when A = 1 the symmetries in the (z*, 22 2®) directions are
enhanced to the usual translations and rotations.



Solving, we get:

5 2(11+2X2 — 10A* + 3)9)
m

- AZ(5X2 — 11) (3:21)

A= <95/\2 P et 146) (3.22)
2 _ —3)\2 4

= \/5)\0\2 - 2) : 5;?:;3 (3:24)

Ay = %AQ —2. (3.25)

The first of these equations can be thought of as determining A in terms of m?, the second
then as determining A in terms of m?, and so on, all in units where R = 1.
Requiring Ay > 0 gives
1< A< V2 (3.26)

Actually eq. (3.23) and eq. (3.24) only determine § and f; upto an overall sign. We have
chosen the sign so that in the range eq. (3.26) (5; are positive, and the g;; component of
the metric in particular vanishes at the horizon, r — —oo. Also we note that in this range,
m? is a monotonic function of A\, and takes values in the range —2 < m? < 1, where

m2(A=1) = -2.

3.1.1 Some concluding remarks

We end this section with some concluding remarks.

An important question which remains is about the stability of the solution we have
found above. We leave this for future study except to note that in general, negative values
of m? do not necessarily imply an instability, as is well known from the study of AdS space,
as long as the magnitude of m? is not very large.

It is also worth comparing our solution to the well known Lifshitz solution obtained
from the same starting point eq. (3.4). This solution is discussed in appendix C for com-
pleteness. We see that with a spatially oriented gauge field the Lifshitz solution can arise
only if m? is positive, eq. (C.15). In the parametric range 1 > m? > 0 both the Type VIl
solution and the Lifshitz solution are allowed.

Finally, it is worth noting that like the Lifshitz case, [41], while curvature invariants are
finite in the solution found above the tidal forces experienced by a freely falling observer
can diverge at the horizon. The curvature invariants for the solution take values

123 72 1 5+ 39\%
Rt = == — 3.27
w9 + 275 — 12512 + A2 —2 102 (3.27)
v (>\2 - 1)2 2 4
R" R, = 5 (1452 — 1804)\% 4 8229\

AN (22 — 2102 4+ 50%)
—14304X% + 101148 — 3204710 4 381A12) (3.28)

,10,



(A —1)°
AN1(22 — 212 4 5A1)2

RM™PR oy = (5324 — 6732)\% + 12063\*

—19128\% 4 141268 — 470010 + 583\12) (3.29)

and are indeed finite.® To see that the tidal forces can diverge we note that a family of
geodesics can be found for the metric eq. (3.7) where z!, 22, 23 take any constant values
and (r,t) vary with a functional dependence on the proper time, 7, given by (r(7), (7))
that is independent of these constant values. Now take any two geodesics with the same

2

(r(7),t(7)) which are separated along z2, 2%. The proper distance separating them in the

x?, x® directions vanishes rapidly as the geodesics go to the horizon, r — —oo leading to a
diverging tidal force.

It is worth trying to find the small temperature deformation of the Type VII solution
above. Such a deformation will probably allow us to control the effects of these diverging

tidal forces.

4 Solutions of other Bianchi types

The discussion so far has mostly focused on examples of Bianchi Type VII. Solutions which
lie in Bianchi Type I, e.g. Lifshitz solutions, are of course well known [23, 24]. In this section
we will give examples of some of the other Bianchi types. Our purpose in this section is
not to give a very thorough or complete discussion of these other classes, but rather to
illustrate how easy it is to obtain solutions of these other types as well.

As in the discussion in section 3 for Type VII we focus on solutions which have in
addition the usual time translational invariance as well as the scaling symmetry involving
a translation in the radial direction. The presence of the scaling symmetry will simplify
the analysis. Also, such scaling solutions are often the attractor end points of more com-
plete extremal black brane geometries. Accordingly we expect the scaling solutions we
discuss to be more general than the specific systems we consider, and to arise in a wide
variety of settings.

A remarkable feature is that so many different types of solutions can be obtained from
relatively simple gravity + matter Lagrangians. Mostly, we will consider the system de-
scribed in eq. (3.4) consisting of only one massive Abelian gauge field and gravity. Towards
the end, to get a non-trivial Type IX case, we will consider two massive gauge fields.

Our analysis has two important limitations. We will not investigate the stability
of these solutions. And we will not investigate whether the scaling solutions discussed
in this section can be obtained as IR end points of more general geometries which are
say asymptotically AdS. We leave these questions for the future. For the Type VII case
discussed in the previous section, we will construct an example in section 5 of a full extremal
solution which asymptotes to AdS space.

The discussion in this section is a bit brief since it shares many similarities with the
Type VII case studied in section 3.

8 All three of the curvature scalar diverges at A = 0, +v/2, + %, but these values lie outside the range
of validity of the solution given by eq. (3.26).

— 11 —



4.1 Typell

We begin by considering an example which lies in Type II. The system we consider is given
by eq. (3.4). The symmetry group for Type II is the Heisenberg group. The generators in
a convenient basis are given in appendix A. The invariant one-forms are

w' =de? — 2lda®, WP =did, WP =dal. (4.1)
We take the metric to be of the form eq. (3.3) and diagonal,
ds? = R2[dr? — 2B qp? 4 2BrtBalr ()1)2 4 o2Bar ()2)2 | o2Ba7 (2], (4.2)
We take the massive gauge field to be along the time direction
A= /A P dt. (4.3)

As in the discussion of section 3.1 we will find it convenient to set R = 1. The gauge
field equation of motion is

m? — 4(By + B3)B: = 0. (4.4)

9

The rr, tt, 11, 22, 33 components of the trace reversed Einstein equations’ are:

6(S5 + Bafs + B3) — (Ar —3)B; —A =0 (4.5)

Ai(3m® +457) + 4(=3B4(2(B2 + B3) + B) + A) = 0 (4.6)
3+ 1283(82 + B3) + 6838 + AS; —2A = 0 (4.7)

12(B2 4 B3)2 +6(B2 + B3) B + AB2 —3—2A =0 (4.8)
3+ 12B2(B2 + Bs) + 6828 + AB; — 2A = 0. (4.9)

We have 6 parameters: m?2, A, f;, B2, B3, and A;. There are 5 independent equations, so
we will express the 5 other parameters in terms of ;.

The solution is given as,

m? = B <—Bt +4/16 +ﬁ§> , A= 1—16 <72 + 1982 — 3341/16 +6§> ., (4.10)
2
4= 3VIOH P /32:/33:;<—5t+\/16+5$)- (4.11)

8 80

Note that A; > 0, 5; > 0 implies
3

BtZE-

9Trace reversed Einstein equations in d + 1 space-time dimensions are

(4.12)

R’j:T;‘fﬁé,‘jT, T =Tug" .
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4.2 Type VI, III and V

Next we consider the three classes Type VI, III and V. Type VI is characterized by one
parameter, h. The Killing vectors take the form, see appendix A,

§1 =00, =05, =01+ $2(92 + hx383 . (4.13)

When h = 0 we get Type III and when h = 1 we get Type V. Thus these two classes can
be though of as limiting cases of Type VI.

Looking at the Killing vectors in eq. (4.13) we see that translations along the 2, 2°
directions are of the conventional kind, but a translation along x! is accompanied by a
rescaling along both 22 and 2® with weights unity and h respectively.

The invariant one-forms are
w' = e da?, w? = e d?, Wi = dal. (4.14)
We consider again the system of a massive Abelian gauge field, eq. (3.4). We take the
metric to be
ds? = R*[dr? — 2P at? 4 (w3)? 4 217 (Wh)? + 2727 (w?)?) (4.15)

and the gauge field to be
A= /A, P at. (4.16)

We also set R =1 below.
The gauge field equation of motion is then

m? — 2(B1 + B2)B: = 0. (4.17)

The rr, tt, 11, 22, 33 component of the trace reversed Einstein equations are

362 +382 — (A4, —3)2—A =0 (4.18)

Bi(Br + B2+ Br) — %(3Atm2 + 4482 +4A) =0 (4.19)
6 + 6h + 651(B1 4 B2) + 6616 + Aiff7 —2A = 0 (4.20)
6h + 6h% + 682(B1 4 Bo) + 6B28; + AfZ —2A = 0 (4.21)
6 + 6h% + A2 — 2\ = 0. (4.22)

Whereas the r3 component of Einstein’s equation gives
Bi+ hB2 = 0. (4.23)

The resulting solution is conveniently expressed as follows:

m? = 2(1 - h)%(1 - 62 (4.24)

A= 4h+(1/;2h)2+2(1—h+h2)53 (4.25)
2

A = 2(1 —h)? —4(1 — h + h?)p3 (4.26)

(1= h)*(1 - B3)
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B1 = —hpB> (4.27)

B = A=h-5) (4.28)
B2

Choosing the radial coordinate so that the horizon lies at r — —o0, we get 5, > 0. If
we require that 5y, 82 > 0 also, and impose that A; > 0, as is required for the solution to
exist, we get the constraints:

1—h
0< By < .
62_\/5\/1—h+h2

Having chosen a value of h which satisfies eq. (4.29) and thus a Bianchi Type VI

h <0 and (4.29)

symmetry, we can then pick a value of B2 also meeting eq. (4.29). The rest of the equations
can then be thought of as follows. Eq. (4.25) determines R in units of A, eq. (4.24) then
determines m? required to obtain this value of Sy and the remaining equations determine
the other parameters that enter in the solution.

Let us briefly comment on the limits which give Type V and Type III next.

4.2.1 Type V

To obtain this class we need to take the limit 4 — 1. To obtain a well defined limit where
A; does not blow up requires, eq. (4.26), that S — 0 keeping £;/(1 — h) fixed.
It is easy to see that the solution can then be expressed as follows: m? — 0, ; = 0 and

2 Bt —2
A=4+pf and A =2 5 (4.30)
Bi
with the condition,
B; > 2. (4.31)
After a change of coordinates ! = log(p) the metric becomes,
2 2)2 3)2
ds® = [dr2 — ewtrdtQ] + [dp ks (dxp)Q +(dz7) (4.32)

We see that this is simply AdSy x EAdSs3, where EAdSs3 denotes the three-dimensional
space of constant negative curvature obtained from the Euclidean continuation of AdJSs.

The resulting limit is in fact a one parameter family of solutions determined by the
charge density. To see this note that one can think of the first equation in eq. (4.30) as
determining R in terms of A, and the second equation as determining 5; in terms of A;
which fixes the charge density. R determines the radius of FAdSs and 3, then determines
the radius of AdSs.

Also, in this example the symmetries of the spatial manifold are enhanced from those
of Type V to the full SO(3,1) symmetry group of EAdS3.*

190ne natural way in which such a solution can be obtained is as the near horizon geometry of an extremal
black brane in asymptotic AdSs space with non-normalizable metric deformations turned on so that the
boundary theory lives in EAdS3 space. One expects that the near- horizon geometry can arise without
such a metric non-normalizable deformation being turned on as well.
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4.2.2 Type III
The limit A — 0 is straightforward. One gets

m? = 2(1 — B3) (4.33)
1
A= —+283 (4.34)
B3
2 — 432
A = 4.35
i 1 — 5% ( )
pr=0 (4.36)
1— 2
g=1"0 (4.37)
Ba
The metric is 1
ds® = dr? — 297 dt? + 27 (da?)? + = (dp® + (da?)?) (4.38)
P

where 2! = log(p). We see that p, 22 span two dimensional EAdSs space.

4.3 Type IX and Type VIII

In the Type IX case the symmetry group is SO(3). The invariant one-forms are,

w! = —sin(2®)da! + sin(x!) cos(x?)dx? (4.39)
w? = cos(x3)dz! + sin(z') sin(2®)dz? (4.40)
w3 = cos(z!)dx? + da’. (4.41)

We consider a metric ansatz
ds? = dr® — 2P dt? + (W) + (W) + A (P2 (4.42)

This corresponds to AdS, x Squashed S?. We take the system to have two gauge fields.

One will be massless with only its time component turned on, and the other will have mass

m? and an expectation value proportional to the one-form w?:

Ay = AP A, Ay = /Aw® = \/A(cos(zt)da? + da®). (4.43)

The equation of motion for the first gauge field is automatically satisfied, while the
equation of motion for the second yields

m? 4 2\ = 0. (4.44)

The independent trace reversed Einstein equations are

Ag+2[(A—3)B +A] =0 (4.45)
6 — 24, — A8} —3A+2A =0 (4.46)
Ay — A2 — %Asmz +3A+2A = 0. (4.47)
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Solving these four equations we express m?, A;, Ag, A in terms of 3;, \. The solution is

14267
m? = —2\; A = %@; (4.48)
Bi
1
Ag=1-); A:§(2ﬁf+>\—3). (4.49)
Then, As > 0,A >0, 8; > 0 implies
3\
A< 1; B> =5 (4.50)

Finally, let us briefly also comment on the Type VIII case.!! Here the symmetry group
is SL(2, R). An example would be the case already considered in section 4.2 in which case
the spatial directions span EAdSs and the group of symmetries of the spatial manifold
is enhanced to SO(3,1). However, we expect that more interesting examples, where the
symmetry is only SL(2, R) symmetry and not enhanced, can also easily be found. These
would be the analogues of the squashed S% example for the Type IX case above.

5 An extremal brane interpolating from Type VII to AdSjs

So far, our emphasis has been on finding solutions which have a scaling symmetry along
with the generalised translational symmetries discussed above. One expects such scaling
solutions to describe a dual field theory in the far infra-red and to arise as the near-
horizon limit of non-scale invariant solutions in general. An interesting feature of the field
theory, suggested by the geometric description, is that in the IR it effectively lives in a
curved spacetime. For example, consider the scaling solution of Type VII type which was
described in section 3.1. One expects, roughly, that the spacetime seen by the dual field
theory is given by a hypersurface at constant r = r¢ with 7o > 1. From eq. (3.7) we see
that at r = r( this hypersurface is described by the metric,

ds? = R? [—eQ’Bt’”OdtQ + (dah)? + 2P0 (w?)? + A2 (W) ] (5.1)

From eq. (3.6) we see that this is a non-trivial curved spacetime.

This observation raises a question: can the scaling solutions of non-trivial Bianchi
type, arise in situations where the field theory in the ultraviolet is in flat spacetime? Or
do they require the field theory in the UV to itself be in a curved background? The latter
case would be much less interesting from the point of view of possible connections with
condensed matter systems. In the gravity description when the scaling solution arises from
the near-horizon limit of a geometry which is asymptotically AdS or Lifshitz, this question
takes the following form: is a normalizable deformation of the metric (or its analogue in

1Tn the Type IX case studied above the spatial directions span a squashed S® which is compact. In
the Type VIII case the corresponding manifold is non-compact and is more likely to arise starting with an
asymptotic geometry where the spatial directions are along R® with no non-normalizable metric perturba-
tions.
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the Lifshitz case) enough? Or does one necessarily have to turn on a non-normalizable
metric deformation to obtain the scaling solution of non-trivial Bianchi type in the IR?

In this section we will examine this question for the Type VII solution discussed in
section 3.1. We will find, after enlarging the matter content to include two gauge fields, that
normalizable deformations for the metric suffice. More specifically, in this example we will
find solutions where the metric starts in the UV as being AdS space with a normalizable
metric perturbation being turned on and ends in the IR as a scaling Type VII solution.
However, the gauge fields do have a non-normalizable mode turned on in the UV.!2 From
the dual field theory point of view this corresponds to being in flat space but subjecting the
system to a helically varying external current. In response, the gravity solution teaches us
that the field theory flows to a fixed point in the infra-red with an “emergent” non-trivial
metric of the Type VII kind.

The Type VII geometry breaks parity symmetry, as was discussed in section 3. The
Lagrangian for the example we consider preserves parity. In the solutions we find the
parity violation is introduced by the non-normalizable deformations for the gauge fields,
or in dual language, by the external current source.

In condensed matter physics there are often situations where the Hamiltonian itself
breaks parity and the ground state of the system, in the absence of any external sources,
has a helically varying order parameter. This happens for example in the cases discussed
in [3, 4]. It will be interesting to examine how such situations might arise in gravitational
systems as well. In 5 dimensions a Chern-Simons term can be written for a gauge field and
we expect that with parity violation incorporated in this way gravity solutions showing
similar behaviour can also be easily found. For a discussion of helical type instabilities
along these lines see [9-15].

A similar analysis, asking whether a non-trivial asymptotic metric along the spatial
directions is needed in the first place, should also be carried out for the other Bianchi
classes. As a first pass one can work in the thin wall approximation and ask whether
the solution in the IR with the required homogeneity symmetry can be matched to AdS
or a Lifshitz spacetime using a domain wall with a tension that meets reasonable energy
conditions. We leave this for future work.

5.1 The system and the essential idea

We will consider a system consisting of gravity with a cosmological constant and two gauge
fields Ay, Ao, with masses, mq, mo described by the Lagrangian

1
1

1 1 1
5— /d%\ﬁ_g{m A-tpptpp o ar 4mgAg}. (5.2)

We show that this system has a scaling solution of Type VII with parameters deter-

mined by A, m?,m3. This scaling solution will be the IR end of the full solution we will

120ne of the gauge fields corresponds to a current which is a relevant operator in the IR and the other to
an irrelevant operator. The current which breaks the symmetries of AdS to those of Type VII is relevant
in the IR.
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construct which interpolates between the Type VII solution and asymptotic AdSs space
in the UV.

The essential idea in constructing this full solution is as follows. It will turn out that
the scaling solution, as one parameter is made small, becomes'® AdSs x R3. We will call this
parameter A below. Now it is well known that AdSsx R? arises as the near-horizon geometry
of an extremal RN brane which asymptotes to AdSs space. This means the AdSs x R3
solution has a perturbation'® which grows in the UV and takes it to AdS5 space. Since the
Type VII solution we find is close to AdSs x R? when X is small, it is easy to identify the
corresponding perturbation in this solution as well. Starting with the Type VII solution in
the IR in the presence of this perturbation, we find, by numerically integrating the solution,
that it asymptotes to AdSs in the UV as well with only a normalizable perturbation for
the metric being turned on.

The Type VII solution, for small ), is close to AdSs x R? in the following sense. At
values of the radial coordinate which are not too big in magnitude the Type VII solution
becomes approximately AdS; x R? with a small perturbation being turned on. This means
that when one starts with the Type VII solution in the IR, with the perturbation that
takes it to AdSs being now turned on, the solution first evolves to being close to AdSy x R?
at moderate values of r and then further evolves to AdSs in the UV.

Below we first describe the Type VII solution and the limit where it becomes AdSy x R3.
Then we describe the extreme RN geometry and its near horizon AdSs x R? limit and finally
we identify the perturbation in the Type VII case and numerically integrate from the IR
to UV showing that the geometry asymptotes to AdSs.

5.2 Type VII solutions

Let us take the metric to be of the form
ds? = R {dr2 — 2B 1 (drh)? 4 2P 4 (A 1)(w3)2]} . (5.3)

This metric is the same as in eq. (3.7) and has the same symmetries. The only difference is
that the parameter A has been redefined. With our new definition when A — 0 the metric
becomes of Lifshitz type. This follows from noting that (w?)? + (w?)? = (dz?)? + (d2?)?,
eq. (3.6). In fact, once the equations of motion are imposed in this system, we will see that
the A — 0 limit gives AdS, x R3.

We take the gauge fields to have the form

Ay = €T\ A, W? (5.4)
Ay = Py Ay dt. (5.5)

Note that the 6 variables, R, 3, 8, \, A., A;, are all constants and fully determine the
solution. We will now solve the equations of motion to determine these constants in terms

131n the Type VII case the symmetries are generalised translations involving a combination of the usual
translations and rotations along the spatial directions. In the AdSs x R* case these symmetries are enhanced
to include both the usual translations and rotations along the spatial directions.

" These perturbations are given in eq. (5.47) and eq. (5.48) in section 5.3.
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of the parameters A, m?, m2, which enter in the action eq. (5.2). As in the discussion of
section 3 it will be convenient to work in units where R = 1.
The gauge field equations of motion then give

VA 488 - m?] = 0 (5.6)

[~ 2 9
The trace reversed Einstein equations with components along tt, rr, z'z! directions
give:
24, . .
ot 24.6% + Ay(3mi +487) +4[A — 387 — 68,8] = 0 (5.8)
A - -
——¢ __ _A.p? 2(A, —3)— 682+ A = .
21+ ) B+ Bi (A —3) —68° + 0 (5.9)
SN2 4+24. - o+

While the components with indices along the z2, z® directions lead to

6A(24+)) — 24
1+
3A24)) —24
1+

C +3m3A. +4B(AB + 3B +68) + 24,67 —4A =0 (5.11)

€4 AB?— ABE— 6381287 +2A = 0. (5.12)

These are 7 equations in all, but one can check that only 6 of them are independent
and these 6 independent equations determine the 6 parameters mentioned above. It turns
out to be convenient to express the resulting solution as follows. Working in R = 1 units,
we express the parameters in the Lagrangian, A and m3, along with the constants in the
solution S, 8, A;, A., in terms of m? and A\. This gives:

2
2 [ — —
my = ST + A2 —€)) (5.13)
2 ) A
~ 2
4, AHA A+ eBA—6)) (5.16)

200 — 1)(er — 1)

B = \/f(l —€)) (5.17)
B = \/5)\, (5.18)

where we have introduced a new parameter € (not necessarily small) which is related
to m? by
m3 = 4(1 — eX)\. (5.19)
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Requiring A; > 0, A. > 0, and also requiring that 8, 8 have the same sign, leads to

the conditions!®

4 (1-X)
0<A<l, O0<e< ———1 . 5.20
“=206-5)\ (5-20)
We have chosen both 8; > 0,3 > 0, so that the horizon lies at r — —o0.
As in section 3, we leave the important question about the stability of these solutions

for future work.

5.2.1 The limit

Now consider the limit where A = 0. In this limit, we get

—2 m3 =0 A.=0 B=0 (5.21)

: A =2 B = \f (5.22)

It is easy to see that the resulting geometry is AdSs x R3. It is sourced entirely by the

NI
I

m

=
I

gauge field A; which becomes massless. The second gauge field vanishes, since A, = 0.
Next consider a Type VII solution close to the limit A — 0, with ¢ being held fixed
and of order unity. In this limit,

B = B —V2ex  where B = % (5.23)
B = \/EA (5.24)
Ay =2—-ed+0(\?) (5.25)
A, =220+ O(\?). (5.26)

Also we note that in this limit it follows from eq. (5.13), eq. (5.14), eq. (5.19) that

m3 = —2+ 4\ (5.27)
2

A=7Z=-3)\ (5.28)
€

m3 = 4\ (5.29)

up to O(A\?) corrections.
Now consider an intermediate range for the radial variable where

1
Il < 5 (5.30)

In this intermediate region we can expand various components of the metric. E.g.,

e ~ 14 26r (5.31)

5The equations allow for §;, 3 to have opposite sign, this would correspond to a strange dispersion
relation for fluctuations though and probably would be unstable.
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etc. This gives for the metric

ds? = [dr2 — VA2 4 (da')? + (da?)? + (da®)?| + 6ds? (5.32)
Ay = V2eVMat + 54, (5.33)
Ay = §A, (5.34)
where
§ds> = (Ar) [\/gemwt? +V2e((dz?)? + (da®)?) | + A(w?)? (5.35)
§A; = — [Ar*f + \A/eg] eVt (5.36)
645 = V22 (5.37)

In obtaining these expressions we have used eq. (5.23) and eq. (5.28) to express t(o)

in terms of A.

We see that when A\ < 1 and eq. (5.30) is met the solution does reduce to AdSs x R3
with only A; being turned on. There are additional perturbations in the metric and gauge
fields, given by eq. (5.35), eq. (5.36), eq. (5.37). These are small in this region.

5.3 Extremal RN brane

In this subsection we turn off the gauge field As and consider a system consisting of just
gravity, with A, and A, with no mass. It is well known that this system has an extremal
Reissner Nordstrom black brane solution with metric

1
a(r)

ds* = —a(F)dt* + —di* + b()[dz® + dy® + d27] (5.38)

e (7 = 7027 + )27 + 273)
_ T —Tp) (7 + 7h)°(T —|—2fh A ~ -9
a(r) = o7 : b(r) =7 (5.39)
and gauge field
A= At (5.40)

where

Ay(F) = —fh\/§ (:’2 - ) . (5.41)

The parameter 7, determines the location of the horizon and is determined by the charge
density carried by the extremal brane.

Near the horizon, as 7 — 7, the geometry becomes of AdS, x R? type. As discussed
in appendix D by changing variables

dr

T =

(5.42)
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one can express the metric and gauge fields for ¥ — 7, as

14
ds? = dr? — 2VAr <1 - 3@“) dt* + (1 + 2em) (da? +dy? + dz%)  (5.43)

8
A = V2eVhr (1 - gem" 4o ) dt. (5.44)
It is useful to write these expressions as the leading terms

ds? = dr? — VA a2 4 (dah)? + (da?)? + (da®)? (5.45)
Ay = V2V, (5.46)

which correspond to AdSs x R? sourced by a gauge field in the time-like direction,
and corrections,

14
5ds? — Eeg\/ﬂdtQ 4 9eVAr ((dzh)? + (da?)? + (dz®)?) (5.47)

8
5A1t = —g\/§62\/xr. (548)
We see that the perturbations are small if
VA <1, (5.49)

which is the condition for being close enough to the horizon of the extremal brane. Note
that this condition requires that r be negative.

5.4 The perturbation in Type VII

We can now identify the perturbation in Type VII, with small A, which becomes eq. (5.47),
eq. (5.48) in the A — 0 limit. We write

ds? = dr? — f(r)dt* + g(r)(dz1)? + h(r)(w?)? + 5 (r)(w?)? (5.50)

Ay = Ay(r)dt (5.51)

Ay = Ag(r)w?, (5.52)

with

f(r) = 2 (1 4 Ef.e’m) (5.53)

g(r) =1+ égee”” (5.54)

h(r) = e*"(1 + éhee’") (5.55)

J(r) = €T (A1) (1 + &jee”) (5.56)

Ayp(r) = \/ATteBtTu + €A’ (5.57)

Ao(r) = \/ATCeBT(l + EAgee’™). (5.58)
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The parameters [y, 3, Aic, Ag. take values given in eq. (5.23), eq. (5.24), eq. (5.25),
eq. (5.26), and € is the small parameter which keeps the perturbation small.
It is easy to see that there is a solution to the resulting coupled linearized equations

=4/ (1 - )\95) . (5.59)

By shifting r we can always rescale f.. For comparing with eq. (5.47), eq. (5.48) we take

in which

14
f =t (5.60)
3
The other parameters then take the values
. €
€ge = 2 (1 A 5= (167 + 54e)> (5.61)
- €(548 — €(89 + 81¢))
he=2(1 .62
€ < + A T56(c — 1) (5.62)
~. €(170 — €(467 + 81¢))
c=2114+A .
€J ( + 756(c — 1) (5.63)
. 8 (32 — 27e)e
Al = —= 1+ N —— 5.64
e =73 ( A T o016 ) (5:64)
1
€Age = g€t O(N). (5.65)

Note the O(\) correction to Ag. will contribute at higher order since A, is or order \.
It is easy to see that as A\ — 0 this perturbation becomes exactly the one given in

eq. (5.47), eq. (5.48).

5.5 The interpolation

We are finally ready to consider what happens if we start with the Type VII solution we
have found in section 5.2 but now with the perturbation identified in the previous section
being turned on. We work with the cases where A\ < 1.

Since v > 0 we see that as r — —oo the effects of the perturbation becomes very small
and the solutions becomes the Type VII solution discussed in section 5.2.

In the region where r is negative and both conditions eq. (5.30) and eq. (5.49) are met
we see that the resulting solution can be thought of as being approximately AdS; x R? with
only A; being turned on along the time direction. There are corrections to this approximate
solution given by the sum of the perturbations in eq. (5.35), eq. (5.36),eq. (5.37) and
eq. (5.47), eq. (5.48).

To numerically integrate we will start in this region and then go further out to larger
values of . We take the metric and gauge fields to be given by eq. (5.50), eq. (5.51),
eq. (5.52).

We are interested in a solution which asymptotes to AdSs. It is best to work with
values of e for which m3 lies above the AdSs BF bound. This condition gives m3/A > —¢.

Working with the leading order terms in eq. (5.27), eq. (5.28) this condition is met if
1

1 5.66
€< 5 ( )
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Log[f(r)]
15+

Figure 1. Numerical solution for metric component log f(r).

Log[g(r)]

Figure 2. Numerical solution for metric component log g(r).

In the figures which are included below we have taken € = % In addition, we take

A = 1072, And we start the numerical integration at r = —3, which meets the conditions
eq. (5.30), eq. (5.49). Varying these parameters, within a range of values, does not change
our results in any essential way.

The reader will see from figures 1, 2, 3, 4, that the metric coefficients f(r), g(r),
h(r), j(r), become exponential in r as r — co. We have fitted the slope and find agreement
with the behavior in AdS space with cosmological constant given in eq. (5.28).

Notice that when A is small and positive the gauge field A; has a small and positive
m?, eq. (5.29). In asymptotic AdSs space such a gauge field has two solutions behaving like

2
_ AiHAerl)r
A1~e< A (5.67)
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Log[h(r)]

Figure 3. Numerical solution for metric component log h(r).

Log[j(r)]

Figure 4. Numerical solution for metric component log j(r).

In particular one branch grows exponentially as » — co. It is easy to see that this behavior
agrees with the figure 5 at large r. The small value of m? means one has to go out to
relatively large values of r to see this behavior. In contrast, since Ay has negative m? both
the solutions asymptotically die out, which agrees with figure 6.

One comment is worth making here. The reader might wonder why the asymptotically
growing A; gauge field does not back react and lead to a departure from AdSs5 space. The
reason is that m? is very slightly positive, i.e., m?/A < 1, and as a result the stress energy
due to this field is still subdominant compared to the cosmological term at large r.

In summary, the numerical integration shows that the resulting geometry is asymptot-
ically AdSs with small corrections which correspond to normalizable perturbations being
turned on. The gauge fields in contrast have both their normalizable and non-normalizable
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Figure 6. Numerical solution for gauge field As(r).

modes turned on. This is clear in the A; case which grows exponentially, but it is also true
for Ay which has negative m? so that both modes for it die away asymptotically.

We have thus established that the Type VII geometry discussed in section 5.2 can
arise starting from a flat boundary metric with non-normalizable gauge field deformations
turned on.

6 Generalised translations involving time and closed time-like curves

So far, we have been discussing examples where the usual time translation symmetry is
preserved and the generalised translations only involve the spatial directions. However, one
can also have situations where the generalised translations involve the time direction in a
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non-trivial manner. For example, a case of Type VI type can arise when a translation in
the time direction is accompanied by a rotation in a spatial two-plane. This could happen
if there is a vector order parameter which is time dependent and rotates in the spatial two-
plane as time advances. The time dependent order parameter might arise as a response to
a suitable periodic time dependent external source.

We should note that a situation where time gets non-trivially involved in the generalised
translations does not necessarily require the spacetime to be time dependent. For example
it could have been that one has the standard translational symmetry along time and all the
spatial directions except for one, 2!, and in the z! direction the translation is accompanied
by a boost in the ¢, 22 plane. In this case the metric would depend on z' but not ¢, just as
in the case of Type VII discussed in section 3.1 the metric depended on z! but not 22, z3.
Another example will be presented below where this point will also become clear.

Here, as in the discussion earlier, we will be interested in geometries which have scale
invariance, along with the generalised translational symmetries mentioned above. Such
gravitational solutions, from the point of view of possible connections with condensed
matter physics, could describe dynamical critical phenomenon which arise when a system
is subjected to time varying external forces.

In general, in the 9 Bianchi classes, the three generators of the symmetry algebra are
inequivalent. Once we allow for the generalised translations to also involve time one typi-
cally finds that each Bianchi class gives rise to more than one physically distinct possibility
depending on the role time translations play in the symmetry algebra.

We have not systematically examined which of the many resulting cases arising in
this way can be realized by coupling reasonable kinds of matter fields to gravity, or even
examined systematically which of these cases are allowed by the various energy conditions.
These conditions could well impose fairly stringent restrictions in these cases where time
is more non-trivially involved.

A few simple examples which we have constructed already illustrate some novel aspects
which arise in such situations and we will limit ourselves to commenting on them here. In
particular we will discuss below one example in which the resulting space-time may be
physically unacceptable since it involves closed time-like curves. This example illustrates
the need to proceed with extra caution in dealing with situations where the generalised
translations also involve time.

The case we have in mind is most simply discussed in 4 total spacetime dimensions
and is based on the Bianchi Type II algebra, which involves translations of a generalised
sort along t, 2%, 22, generated by Killing vectors

§1=0n &a=01, &=0+2'0: (6.1)
The invariant one-forms are given by (see appendix A)
wh=dt — 2?dxt ; WP =dxl; WP = da? (6.2)

We assume the full metric to be also invariant under a translation in r accompanied by a
rescaling of ¢, z!, 22. Also we will take the metric to be diagonal in the basis of the invariant
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one-forms given above which gives!'®

ds? = R? |dr? — 207 (dt — 2%dx)? + ™7 ((da')? + (daﬁ)?)] . (6.3)

The gauge field is taken to be along the invariant one-form w! given in eq. (6.2) and
of the form

A= /APt (6.4)

The gauge field equation of motion for this system gives
2 2\ _
m? —2(1+p3) = 0. (6.5)
The trace reversed Einstein equations along r, t, 2! respectively are

Ay — 687 + A1+ 20 =0 (6.6)
24+ A1+ Am? — 882+ A2+ 2N = 0
2— A — 482 — A BF+ 20 = 0.

The Einstein equation along 2 gives the same equation as along z'.
It can be easily verified that the solution to these equations is

m? = 2(1 + %) A= %(55% —1) A =1 (6.9)

So we see that reasonable matter in the form of a massive Abelian gauge field, in the
presence of a cosmological constant, can give rise to a geometry of Type II where time
enters in a non-trivial way in the generalised translations.

However, as we will now see, this metric has closed time-like curves. This is a cause for
physical concern, although similar solutions were investigated in [40] and suggestions about
how CTCs may sometimes be acceptable features in such solutions were described there.

With a redefinition of the form,

rla?
t— 5 —t ; z'—=psinh ; 2% — pcosh (6.10)
the metric becomes
2
ds® = dr? — 2517 qt? + P17 dp? + P17 p? (1 — 26’8”> do* + p?e®P17 dodt. (6.11)

Here the coordinate 6 is periodic with period 27. Now notice that for (1 — %eﬁlr) <0,40

becomes time-like and the closed curve, 6 = [0, 27|, becomes a closed time-like curve.l”

6Note that this metric is not time dependent, also note that for simplicity we are assuming that both
spatial coordinates ' and x? scale similarly, but in general that is not required.
1" This observation was made by R. Loganayagam. We thank him for some very helpful conversations.
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7 Discussion

In this paper, we argued that black branes need not be translationally invariant along
the spatial directions in which they extend, and could instead have the less restrictive
property of homogeneity. We showed that such black brane solutions in 4 + 1 dimensions
are classified by the Bianchi classification and fall into 9 classes. We mostly considered
extremal black branes and focused on their near-horizon attractor region, which we took
to be of scale invariant type. We found that such scale invariant solutions, realizing many
of the non-trivial Bianchi classes, can arise in relatively simple gravitational systems with
a negative cosmological constant and one or two massive Abelian gauge fields as matter.
From the point of view of the holographically dual field theory, and of possible connections
with condensed matter physics, these solutions correspond to new phases of matter which
can arise when translational invariance is broken.!®

It is clear that this paper has merely scratched the surface in exploring these new
homogeneous brane solutions, and much more needs to be done to understand them better.
Some directions for future work are as follows:

e One would like to analyze the stability properties of the near-horizon solutions we
have found in more detail. In the examples we constructed, sometimes solutions in
two different classes are allowed for the same range of parameters. For example, with
one gauge field, both Lifshitz and Type VII can arise for the same mass range. In
such cases especially one would like to know if both solutions are stable or if one of
them has an instability.

e It seems reasonable to suggest that the scaling solutions we have obtained arise as
the near-horizon limits of extremal black brane solutions. For the case of Type VII
we showed that this was indeed true by obtaining a full extremal black brane solution
which asymptotes to AdS space at large distance. It would be worthwhile to check if

this is true for the other classes as well.1?

e One would like to find the small temperature deformation of these solutions. This
can be done working in the near-horizon limit itself. This is important in charac-
terizing the thermodynamics of these systems better, and also in establishing that
the solutions are the end points of non-extremal solutions. It is known that while
curvature invariants are finite in the Lifshitz solutions, tidal forces do blow up (for
a recent discussion of the nature of Lifshitz singularities, see e.g. [41]). We saw that
this was also true in the Type VII case investigated in section 3.1.1, and expect it
to be true in many solutions in the other Bianchi classes as well. It would be worth
investigating this issue further. If a finite temperature deformation exists, it would
probably allow us to control the effects due to these large tidal forces.

8 \Massive gauge fields in the bulk correspond to currents in the boundary theory which are not conserved.
One expects that similar solutions should also arises when the symmetry is spontaneously broken in the
bulk, corresponding to a superfluid in the boundary. It will be interesting to check if superfluids found in
nature exhibit all of the phases we have found.

19T particular it is worth checking whether the asymptotic geometry along the spatial directions can be
taken to be flat space for the other classes as well, as happens in the Type VII example we have constructed.
We expect this to be true in several cases, for suitable matter content.
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e One should understand these solutions more deeply from the point of view of the
attractor mechanism. The solutions are tightly constrained by symmetries, since they
have the generalised translational invariances and scaling invariance (this involves a
translation along the radial direction). These symmetries are enough to determine
the solution completely up to a few constants, e.g. R, 51, i, A in eq. (3.3), eq. (3.5).
It should be straightforward to formulate an entropy function for any given Bianchi
class which can be extremised to obtain these constants, thereby determining the
full solution from purely algebraic considerations.?’ It would also be interesting to
ask when a given scaling solution is an attractor in terms of varying the asymptotic
data and studying how the solution changes, and to understand how to encode the
attractor behavior (or lack thereof) in terms of suitable near-horizon data. We hope

to report on this development soon.

e Going beyond solutions with scaling symmetry, one would like to incorporate the
possibility that the near-horizon geometry does not have a scaling isometry, but
instead has a conformal Killing vector corresponding to a shift of the radial direction
and a rescaling of the other directions. Such metrics have been analyzed in [42-48]
and shown to lead to interesting behaviours.

e It is quite amazing to us that even the relatively simple matter systems we have
explored here, consisting of a just a couple of massive gauge fields, can yield such a
large diversity of solutions. It would be fascinating to explore within a simple system
of this type, which of the solutions are related to each other by RG flow.

e Naturally, one would like to know whether the kinds of simple gravitational systems
we have analyzed here (with their required values of parameters) can arise in string
theory.2! To be even more ambitious, one would ultimately like to ask about all of
the phases that can be realized in gravitational systems which admit a consistent UV
completion. The homogeneous phases we have investigated here are many more than
were previously considered, but one suspects that even they are only a tiny subset of
all possibilities!

Clearly, in gravity, as in condensed matter physics, more is different and there is much left
to be done.

Acknowledgments

We thank Gary Horowitz, Renata Kallosh, R. Loganayagam, Kengo Maeda, Gautam Man-
dal, Shiraz Minwalla, Mike Mulligan, Eric Perlmutter, Shiroman Prakash, Ramadas Ra-
makrishnan and especially Kedar Damle and Ashoke Sen for helpful discussions. NI,
SK and SPT thank the organizers of the meeting on “Hot Nuclei, Cold Atoms and Black

20We are thankful to Ashoke Sen for very helpful discussions in this regard.

21Some brane solutions of supergravity theories with instabilities which break translational invariance
have been identified in the literature [10-15]. It would also be interesting to ask whether the attractor
solutions we have found describe the end points for these instabilities.

— 30 —



Holes” held at the ASICTP, Trieste. SPT also thanks the organizers of the Higher Spin
Field Theories meeting held in HRI, Allahabad, and NK, PN, NS and SPT thank the orga-
nizers of the National Strings Meeting held Delhi, for providing a stimulating atmosphere
where some of this research was carried out. NI would like to thank RIKEN for their
kind hospitality where part of this work was done. SK acknowledges the Aspen Center for
Physics for hospitality while this work was in progress, and thanks the organizers of the
“Holographic Duality and Condensed Matter Physics” workshop at the KITP for provid-
ing such a stimulating atmosphere. NK, PN, NS and SPT acknowledge funding from the
Government of India, and thank the people of India for generously supporting research in
string theory. SK was supported by the US DOE under contract DE-AC02-76SF00515 and
the National Science Foundation under grant no. PHY-0756174.

A Three dimensional homogeneous spaces

A three dimensional homogeneous space has three linearly independent Killing vector fields,
&, 1 = 1,2,3. The infinitesimal transformations generated by these Killing vectors take
any point in the space to any other point in its immediate vicinity. The Killing vectors
satisfy a three dimensional real algebra with commutation relations

€, &) = Chiea. (A1)

As discussed in [1, 2] there are 9 different such algebras, up to basis redefinitions, and thus
9 different classes of such homogeneous spaces. This classification is called the Bianchi
classification and the 9 classes are the 9 Bianchi classes.

Also, as is discussed in [1, 2], in each case there are three linearly independent invariant
vector fields, X;, which commute with the three Killing vectors

[§i, X511 = 0. (A.2)
The X;’s in turn satisfy the algebra
[Xi, X;] = —Cf Xp.. (A.3)

There are also three one-forms, w?, which are dual to the invariant vectors X;. The Lie
derivatives of these one-forms along the &; directions also vanish making them invariant
along the ¢ directions as well. The w’s satisfy the relations

N
dw' = §C;kw] AWk, (A.4)

Below we give a list which contains the structure constants for the 9 Bianchi algebras,
in a particular basis of generators. For all the classes that arise in this paper we also give
the Killing vector fields, invariant one-forms and invariant vector fields, in a particular

coordinate basis. See [2] for more details.
e Type I: C'Ji-k =0

&=X,=0;, w=dz', do' =0
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e Type II: C; = —C1, = 1 and rest C}k =0
& = = 0Oy w! = de? — 2'da? dw!' = w? AW?
& = Xo = x182 + 03 w? = da? dw? =0
&3 = o1 + .293(92 X3 =0, w3 = d.%’l dw3 =0
e Type III: C}; = —C3; =1 and rest C]Zk =0
& =0 X = exlﬁg wl = e dg? dw!' = w' A WP
& = O3 X9 =05 w2 = dz? dw? = 0
&3 = o1 + .%'282 =0 w3 = dz! dw3 =0

Type V: Cl, = —C}, =1,

& =
§2 =
E&3=01+ 13282 + :E383

C3 = —C3, =1 and rest C]Zk =0

X = exlﬁg W =edr?  dol =W AWB
X9 = €$1(93 W? = e dg3 dw? = w? A WP
X3 =01 w? = dzt dw® =0

Type VI: Cllg — _C§1 — 170223 = —C§2 = h with (h # 0,1) and rest C]Zk —

& =0 X = emlag wl = e da? dw! = w' A W?
= 2 =e€ 3 w=e X w” = hw” Aw
5 X hxla 2 hxld 3 d 2 h 2 3
E3 =01+ 220y + ha303  X3=0, w3 = da! dw® =0
e Type VIIg: Cly = —Ciy = —1,0% = —C3 =1 and rest C’;k =0
& =0 X = cos(z')dy + sin(z1)03
52 = X2 = — sin(x1)82 + COS($1)83
& =01 — x382 + .1‘283 =0
And also,
wh = cos(z!)dx? + sin(x!)da? dw' = —w? AP
w? = —sin(z!)dz? 4 cos(x!)da? dw? = wt AP
w? = dat dw® =0
e Type IX: Ci; = —Cl, =1,03 = —C% =1,C}, = —C3, = 1 and rest are zero
&1 =0
2 1y o Sln(ﬂfz)
&9 = cos(x?)d) — cot(z!) sin(x?)dy + (xl)ag
2
&3 = —sin(2?)d; — cot(z!) cos(z?)dy + COS((;))
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With

X, = —sin(z®)0) + COSE ))8 — cot(x!) cos(x3)ds
)
Dy — cot(z') sin(x3)ds

Xy = cos(2)0y 42 E T

X3 =103
And also,
w! = —sin(2®)dz! + sin(x!) cos(2?)da?; dw' = W A WP
w? = cos(x?)dx! + sin(z!) sin(x?)dx?; dw?® = w? Aw!
w3 = cos(zt)dz? + da?; dw?® = w! A w?

For Types IV and VIII we give the structure constants only. For more explicit data on
these Types, see [2]

e TypeIV:Cl,=—-Ci, =1,Cl, =-Cl, =1, C%, = -C? zlandrestC'Z =0
13 31 23 32 23 32 7

e Type VII, (0<h?<4): C},=-C3 =1,C)y = —Cly=-1,0%, = -C% =h
and rest C’]Zk =0

e Type VIIL: Cyy = —C3y = -1, Cf; = —Cf3 =1, O, = —C3; = 1 and rest ), = 0

B Gauge field equation of motion
In this appendix we will consider a system with action eq. (3.4) and metric of form
ds? = dr® — *P7dt? 4 ny(r)wie? (B.1)

and derive the equation of motion for the gauge field. In eq. (B.1) w',i = 1,2,3, are the
three invariant one-forms along the spatial directions in which the brane extends.

To preserve the generalised translation symmetries along the spatial directions the
gauge potential must take the form

A= filr)w' + Ay(r)dt. (B.2)
i
Eventually, we will take 7;; to be diagonal
Nij = (A2e21r \Ze202r \2o20sT) (B.3)
and the functions appearing in the gauge field to be of the form
fi(r) = A;P, Ay(r) = Al (B.4)

where \;, 8i, Bi, A;, A; are all constants independent of all coordinates. For now though,
we keep them to be general and proceed.
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The gauge field equation of motion is
L 9
dxs F = —gm %5 A. (B.5)

Only two cases are relevant for the discussion above. Either the gauge field has com-
ponents only along the spatial directions or only along time. We discuss them in turn
below.

B.1 Gauge field with components along spatial directions
Using dw’ = %Cijkwj A wP, we get the field strength to be??
1 4 .
F=dA= fl(r)dr Nw" + §fi(7’)Cij wl A WP, (B.6)

With a choice of orientation so that in the basis (w!, w?, w3, dr, dt), €123+ > 0, we have
the following Hodge dualities:

. Ber g
x5 W' = 62 NG WF AW A dr A dt (B.7)
(wl A wh) P R A dr At (B.8)

*5(w! AW") = i €™ w r )
Vi
Bir

. e ..

x5(dr ANw') = — \/ﬁz N €jn WP AW A dt. (B.9)

Here we are using notation such that 7% = €ijk = 1.
Thus the R.H.S of the gauge field equation, eq (B.5), becomes,

1 1 .
- §m2 x5 A = —Zmel-(r)n”\/ﬁeﬁtrejnp w" AwP Adr A dt. (B.10)

The L.H.S of the gauge field equation, eq (B.5), becomes,

Bir Bir
e .. . .
dxs F = d (_ \/ﬁQ fz./('r)nwﬁjlcl wk A\ (,L)l Adt + ;\/ﬁfl(r)czjk Nie Eejkwl Adr A dt)
1 N 1 A A
— {—2 (f{(r)eﬁtr\/ﬁnw> €jnp + fz-(r)eB”C”jkmeClnpeeJk} W' A WP Adr Adt
1 g
—ifi’(r)eﬁ”\/ﬁn”ejklckqn w? Aw™ Awh A dt. (B.11)

NG

Comparing eq. (B.10), eq. (B.11) we see that

)™ /i e Chy,e™ = 0. (B.12)

Defining
eileI“Z-j = 20 (B.13)
€iikC" = 2ay, (B.14)

*’Note in our convention F = 1 F,,dz" A dz”.
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as in [1], we get the condition that
cither ap =0 or  fl(r)e® /¥ (r)a; = 0. (B.15)

Here we consider the case when a; = 0, this includes Type I, II, III, VIIy, VIII, IX.
In particular it covers all cases discussed in the main text where A is oriented along the
spatial directions.

Now comparing the w A w A dr A dt terms in eq. (B.10), eq. (B.11) and multiplying by
€""P on both sides we get

 rcicm (B.16)
i(r - .
Vi ’

To proceed let us consider the metric to be of form eq. (B.3). Also note that the gauge
field is assumed to be of form as in eq. (B.4) but with 4; = 0. Also we take C’* to be
diagonal of form

SIS )R = (e ™ -

" = §7'K7 (with no sum over the index j), (B.17)

for some constants k7 such that 2a; = eijkC’ij = 0. This is equivalent to
Cijk = ¢;;1k"  (with no sum over the index 7). (B.18)

Then eq. (B.16) says that for every value of the index ¢ = 1,2, 3, such that A; is non-
vanishing, following two conditions must be met:

> B =28 (B.19)
j

and . \
{2m2 —5i<—ﬁi+5t +Zﬁj>] =2 (B.20)
J
where X = A\ A\a\s.

B.2 Gauge field with components only along time

Next take the case where the gauge field has only a component along the time direction,

A = Ay(r)dt. (B.21)
The field strength becomes
F =dA = Aj(r)dr A dt. (B.22)
Using the Hodge star relations,
\/ﬁeiﬁtr i . i
x5 (dr N\ dt) = ik W AW Aw (B.23)

—Ber . :
x5(dt) = \/ﬁZeijk dr Awt Awd AWk, (B.24)
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we get

.. / . .
dxs F = —% (ﬁe_B“"A;(TD dr Awt Awl A WP (B.25)
—Ber ) )
x5 A = At(r)\/ﬁeTeijk dr Aw' Aw? A WP, (B.26)

Thus the gauge field equation of motion eq. (B.5) becomes

i g () = 5
(Viie P ai(m) = S Addr) e . (B.27)
With a metric eq. (B.3) and gauge field
At(’l“) == Ateﬁtr, (B28)
we get
26, B =m?, (B.29)

where X = A\ Ag)\s.

C Lifshitz solutions

In this appendix we examine Lifshitz solutions which are known to arise in the system,
eq. (3.4). Let us consider an ansatz,

ds? = dr® — 2P dt® 4 257 (dx')? (C.1)

where ¢ = 1,2,3. Let us first turn on the gauge field along time direction,

A =/A P dt. (C.2)
The Maxwell equation gives
m? = 2By(B1 + B2 + fs) (C.3)

and the trace reversed Einstein equations give

A2 —3(BE+ B+ B2+ 62+ A =0 (C.4)

Ay(3m? +4B2) — 12B,(By + B1 + B2 + B3) + 4A = 0 (C.5)
AP} +6B1(Bs + B+ o+ B3) —2A = 0 (C.6)

AuB? +6B2(Be+ B+ Po+ B3) —2A = 0 (C.7)

ABE 4 6B3(By + Br + Bo + B3) — 2A = 0. (C.8)

The last three equations show 3; = § for all ¢. Using this in the Maxwell equation we get
m? = 6. (C.9)
Then solving the other equation of motion gives the solution as

Bi=pBVi (C.10)
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m? = 6306, (C.11)

A = B7 + 288, +95° (C.12)
A = 2(1 - Z). (C.13)

If B; > 0,3; > 0,then m? is always positive. For the gauge field to be real, 3; > .

Now, with the same metric ansatz, we choose the gauge field to be oriented along any
one of z' directions. Without loss of generality, let us choose it to be oriented along x!:

A=\ AP dat (C.14)

The equation of motion can be obtained from the previous case by §; <> 81 and A; — —A;.
Then solving the equation of motion gives

Be=0i=8BVi#l (C.15)
m? = 6643, (C.16)

A = 87 + 2B +95° (C.17)

A = 2(5 - 1>. (C.18)

Again, if 8; > 0, 5; > 0, then m? is always positive. For the gauge field to be real 8 > 3.

D Extremal RN solution

Starting with the action eq. (3.4), and setting m? = 0, one gets the well known Reissner
Nordstrom black brane solution.
It has the metric

1

ds* = —a(F)dt* + e di? + b(7)[dx* 4 dy?* + d2? (D.1)
with 0? 20
W=put @ W)= b2
and the gauge field,
A= — (222 . 2%) dt. (D.3)

Here @ is charge and M is the mass of the black brane. In the extremal limit we get
a'(7,) = 0 and also a(7,) = 0. This allows us to solve for @ and M in terms of 7,

~4
_ TR
M= (D.4)
Q% = 27%A, (D.5)

— 37 —



giving eq. (5.39), eq. (5.41).
Now consider a new radial coordinate, 7, given by eq. (5.42). The relation between the
coordinates near 7 = 7, is given by

- TR
mzlog<r~rh>+r~”+~-- (D-6)
Th 6 7
This can be inverted (as 7 — 7, 7 — —00) to give
F—T 7
ToTh VA [1_em+...] (D.7)
T 6
In the new coordinates the metric near r = —oo becomes

14
ds® = dr® — P AN (1 - 36‘/&" + - ) dt’
177 (14208 40 ) (do® 4 dy? + d2?) (D.8)

and the gauge field becomes

A= in/AV3eYS <1 AR ) dt. (D.9)

If we rescale the coordinates as t — - fﬂ and {x,y,z} — %{x, Y, z}, then the solution up
h

to first order in deviation near r = —oo can be written as, eq. (5.43), eq. (5.44).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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