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Abstract
We consider the problem

e

p1 ¥l
~Apu= T v e Q,
u=0, x €082,

where Apu = div(|VulP?Vu), p > 1, is a smooth bounded domain in R”, a > 0,
b>0,c>0,v >panda € (0,1).Given g, b, y and &, we establish the existence of a
positive solution for small values of c. These results are also extended to
corresponding exterior domain problems. Also, a bifurcation result for the case c=0'is
presented.

1 Introduction

Consider the nonsingular boundary value problem:

—Au=au—-bu?-chlx), xe,

u=0, x €082,

1)

where Q is a smooth bounded domain in R”, 2 > 0, b > 0, ¢ > 0, Au = div(Vu) is the
Laplacian of # and /2 : Q@ — R is a C}(Q) function satisfying 4(x) > 0 for x € Q, h(x) # 0,
max,.g h(x) = 1 and A(x) = 0 for x € 2. Existence of positive solutions of problem (1) was
studied in [1]. In particular, it was proved that given an a > X; and b > 0 there exists a
c*(a, b, 2) > 0 such that for c < ¢* (1) has positive solutions. Here, A; is the first eigenvalue
of —A with Dirichlet boundary conditions. Nonexistence of a positive solution was also
proved when a < A;. Later in [2], these results were extended to the case of the p-Laplacian
operator, A,, where A,u = div(|Vu[P~2Vu), p > 1. Boundary value problems of the form
(1) are known as semipositone problems since the nonlinearity f(s,x) = as — bs* — ch(x)
satisfies f(0,x) < 0 for some x € Q. See [3—9] for some existence results for semipositone
problems.

In this paper, we study positive solutions to the singular boundary value problem:

P-1_pyv-1_
—Apu = %, xeQ,

2)
u=0, x €08,
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where A,u = div(|VulP~2Vu), p > 1, Q is a smooth bounded domain in R”, a > 0, b > 0,
¢>0,a €(0,1), p>1,and y > p. In the literature, problems of the form (2) are re-
ferred to as infinite semipositone problems as the nonlinearity f(s) = % satisfies
lim,_, o+ f(s) = —00. One can refer to [10-14], and [15-17] for some recent existence results

of infinite semipositone problems. We establish the following theorem.

Theorem 1.1 Givena,b >0,y > p,and « € (0,1), there exists a constant ¢, = ¢\(a, b, o, p, v,
Q) > 0 such that for ¢ < ¢y, (2) has a positive solution.

Remark 1.1 In the nonsingular case (« = 0), positive solutions exist only when a > A; (the
principal eigenvalue) (see [1, 2]). But in the singular case, we establish the existence of a
positive solution for any given a > 0.

Next, we study positive radial solutions to the problem:

-Apu= K(|x|)(%), x €,

u=0, if |x| = ro, (3)

u—0, as x| — oo,

where Q = {x € R"||x| > ro} is an exterior domain, n > p, a>0,b>0, ¢ >0, o € (0,1),
p>1,y>pand K : [ry,00) = (0,00) belongs to a class of continuous functions such that
lim,_, o K(r) = 0. By using the transformation: r = |x| and s = (%)PT{, we reduce (3) to the

following boundary value problem:

(| 1P2u) = h(s) (@b ey g o5 o1,

“ (4)
u(0) = u(1) =0,

—pn-1) (-1
where k(s) = (%)”r‘gs i K(ros ™7 ). We assume:

(Hy) K € C([ro,00),(0,00)) and satisfies K(r) < == for r > 1, and for some 6 such that

1+
n-p n-p
(pTl)a <f< Iﬁ

With the condition (H;), & satisfies:

1
there exists €1 > 0 such that /(s) < ” for all s € (0, ¢;),
s

n-p-60(p-1)
n—p '

where p = (5)
We note that if 0 > :,%If then /(s) is nonsingular at 0 and % € C([0,1], (0, 00)). In this case,
problem (4) can be studied using ideas in the proof of Theorem 1.1. Hence, our focus is
on the case when 6 < ;—:p in which, # may be singular at 0. Note that in this case h =

1
infye(0,1) 1(s) > 0.

Remark 1.2 Note that p + o <1 since 6 > (;%f)a.

We then establish the following theorem.
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[lull,

Figure 1 Bifurcation diagram, a vs. ||u| « for (6).

Theorem 1.2 Given a,b >0, y > p, « € (0,1), and assume (Hy) holds. Then there exists a
constant ¢y = ca(a, b, o, p,y) > 0 such that for c < ¢y, (3) has a positive radial solution.

Finally, we prove a bifurcation result for the problem

~Apu= Wb Q,
(6)
u=0, on 0€2,

where 2 is a smooth bounded domain in R”, 4 is a positive parameter, b,a >0, p>1 + «

and y > p. We prove the following.

Theorem 1.3 The boundary value problem (6) has a branch of positive solutions bifurcat-
ing from the trivial branch of solutions (a, 0) at (0, 0) (as shown in Figure 1).

Our results are obtained via the method of sub-super solutions. By a subsolution of (2),
we mean a function ¥ € W (Q) N C(R) that satisfies

Jo VY2V - Vwdx < [ %wdx, for every w € W,
¥ >0, in €,
Y =0, on 9%2,

and by a supersolution we mean a function Z € W?(2) N C() that satisfies:

[ IVZIP2VZ - Vwdx > [ %wdx, for every w € W,
Z>0, in €,

Z =0, on 0€2,
where W = {£ € C5°(2)|§ = 0 in Q}. The following lemma was established in [13].

Lemma 1.4 (see [13,18]) Let v be a subsolution of (2) and Z be a supersolution of (2) such
that W < Z in Q. Then (2) has a solution u such that v <u <Z in Q.
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Finding a positive subsolution, ¥, for such infinite semipositone problems is quite
challenging since we need to construct ¥ in such a way that lim,_, 3o —A,¥ = —o0 and
—ApY >0 in alarge part of the interior. In this paper, we achieve this by constructing sub-
solutions of the form = k¢f , where k is an appropriate positive constant, 8 € (1, p%l)
and ¢, is the eigenfunction corresponding to the first eigenvalue of —A,¢ = A|$[P2¢ in
Q, ¢ =0o0ndQ.

In Sections 2, 3, and 4, we provide proofs of our results. Section 5 is concerned with

providing some exact bifurcation diagrams of positive solutions of (2) when € = (0,1) and
p=2.

2 Proof of Theorem 1.1

We first construct a subsolution. Consider the eigenvalue problem —A,¢ = Al@lP~2¢ in
@, ¢ =0 on 9Q2. Let ¢; be an eigenfunction corresponding to the first eigenvalue 1, such
that ¢; > 0 and ||¢1 |0 = 1. Also, let 8, m, u > 0 be such that [Vé1| > m in Q5 and ¢ > 1
in Q — Qg, where 95 = {x € Q|d(x,02) < 8}. Let 8 € (1, —£—) be fixed. Here, note that
since a € (0,1), < a. Define ¢; =
min{k?~1+% gr- l(ﬁ 1)(p 1)m”, Lk pP®-N (g — BP12,k*)}. Note that ¢; > 0 by the choice
of kand B. Let ¥ = k¢’ . Then

p1+

[V |P

~Apyr = k7B aagl O - k(B - D - D s

To prove ¥ is a subsolution, we need to establish:

R hgl ) g (B 1) - ) I
d)P Bp-1)
e - c
< akp—l—a¢f(P 1-a) bk}/—l—a(pf(}/ l-a) 7 7)
keg;
in Q if ¢ < ¢;. To achieve this, we split the term k?~1 8713, ?~ into three, namely,
_ 1 1 1
KBt = ket eg [0 - Skt fU (@ kg B )
1 -1- a
_ Ekp—l—a(Pf(p 1-a) (a _ ka¢lﬂﬁp71)\1)'
Now to prove (7) holds in €2, it is enough to show the following three inequalities:
1 ea Z1-
_Ekp_l_ad)f(p 1 )(ﬂ _ kot(pftﬂﬂp—lkl) < —bky_l_a(ﬁf(y 1 Dl)’ in Q, (8)
L p1ea  po-1-0) af gp-1 c ,
2 p 01¢ ((l—ka(pl ﬁp )\,I)S—W, an—Qg, (9)
Vb P
[Vl ¢ ingQ. (10)

—kPL BB —1)(p - D({){y—ﬂ(pfl) = _k"‘¢fﬂ’

From the choice of k, —(a — B~ A1k%) < —2bk? 7P, hence,
1 — 11— o, — —]1— —1—0
_Ekp_l_a {3(10 1 )(a_ka¢1ﬂﬂp 1)\1) < _bk¥ 1 a¢{7(19 1-a)

< _bky—l—a(pf()/*l*a). (11)
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Using ¢ > in @ — Q; and ¢ < k7~ PV (a — gP15,k*)

_kp—ld)lﬂ(P*l) ((l _ ka)\'lﬁp—l)

1 —1-a «, —
—Ekp’l’“qbf(pl )(ﬂ—kafi’lﬂﬁp 1A1) <

2kog;?
—
< . (12)
kad,f‘ﬂ
Finally, since | V1| > m, in Qs, and ¢ < k#1497 1(B —1)(p — 1)m?
1 e Vol —k?7e (B —1)(p — )m¥
—kplﬂpl(ﬂ—l)(p—l) < —
¢{7 Bp-1) kad)f‘ﬂd)f Bp-1)-ap
- -
- ka¢ilﬂ¢f—ﬁ(19—l+0l) :
Sincep-Bp-1+a)>0,
VP —C 13)

—kP~ IIBP l(ﬁ (- )¢p rTFY <W.

From (11), (12) and (13) we see that equation (7) holds in €, if ¢ < ¢;. Next, we construct
a supersolution. Let e be the solution of -A,e=1in Q,e =0 on 9. Choose M > 0 such
that % < MP'Vyu >0 and Me > Y. Define Z = Me. Then Z isa supersolution of
(2). Thus, Theorem 1.1 is proven.

3 Proof of Theorem 1.2

We begin the proof by constructing a subsolution. Consider

—(|¢'|"*¢) = 1lp1P2p, te(0,1),
$(0) = p(1) =

(14)

Let ¢ be an eigenfunction corresponding to the first eigenvalue of (14) such that ¢; > 0
and |¢1]lo = 1. Then there exist d; > 0 such that 0 < ¢,(¢) < dy#(1 - ¢) for £ € (0,1). Also,
let € < €; and m, u > 0 be such that |¢;| > m in (0,€] U [1 —€,1) and ¢ > p in (6,1 —€).
Let B € (1 p ') be fixed and choose k > 0 such that 2bk”7 + ‘W%ku < a. Define ¢, =
m1n{ k- Mﬂp o ﬂ Dp-1)m? lkP 1 e-1)(g — 8P~ li:\lk )}. Then ¢; > 0 by the choice of k and 8.
Let ¢ = k¢1 Th1s implies that:

2
~(|w' [P y) = ke g gl — ke g (B - 1)(p - 1) ¢,J¢£<L1

To prove ¥ is a subsolution, we need to establish:

/P
p-1pp-1 Bp-1) p-1pp-1
N P =

< h(t) <akp—1—a¢f(171a) _ bky—l—a¢f(y—l—a) _ kac—aﬂ) . (15)
1
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_ 7p-1p-1 Blp-1) 1.
b BRI < ) (ake e g
1 1 kg% gp-13, o 1 kP pr-13
Sl CAE) et SO,
Now to prove (15) holds in (0, 1), it is enough to show the following three inequalities:

Here, we note that the term k?-18713, ¢!

), where h= infse(0,1) /().

a 4B p—1
_% fp-1-a g e-1-e) (d _ w> < —bk? P70 in (0,1), (16)
a 4B pp-1
L ppt-a g1 (a— Ko b M) < ¢ ~, in(e,1-e), (17)
2 h ke gy’
' ht
e p-n Al D 0u-e. (18)

_ -1) — ?
¢){7 Bp-1) k(x(t);"ﬁ

From the choice of k, —(a - ’Sp_l+ka) < —-2bk”7P, hence,

af pp—
lkp_l_a¢{3(p71—(x) (a_ k*¢," pP 1A1> - _bky_l_aq)f(pfl—a)
2 I -

< _bk]/—l—ut(p{}(]/—l—a)' (19)

-1 o
Using ¢ > pin (¢,1-€) and ¢ < 3k# PP (q - BpTMk)

of pp— -1 4 Blp-1) K% pPL
_lkp—l—aqﬁﬂ(l’*l*a) (d _ kad’l ﬁpr 1)&1 > - —k? ({bl (ﬂ — —1;1 )
2 1 ~ =

h 2k ;"
—
<—0:. (20)
ka(pflﬁ
Next, we prove (18) holds in (0, €]. Since |¢;| > m,and p- B(p—1) >aB + p
_kp—llglﬂ—l (ﬂ _ 1)([7 -1) |¢{ |p < _kp71+aﬂp71(,3 - 1)([9 -Dm?
o kegi"of
kg - 1(p -
- ket dl'te '
Since /(t) < % in (0,€],and ¢ < k"‘““ﬂp‘lﬁfl)(pfl)mp,
1
! V4 _
ke (- 1) - )AL~ o

¢f—ﬂ(p—1) T ke ¢féﬂ'

Proving (18) holds in [1 — ¢, 1) is straightforward since % is not singular at ¢ = 1. Thus, from
equations (19), (20) and (21), we see that (15) holds in (0,1). Hence, v is a subsolution.
Let Z = Me where e satisfies —(|¢/|P=2¢') = h(¢) in (0,1), e(0) = e(1) = 0 and M is such that
% < MP7' VYu >0 and Me > . Then Z is a supersolution of (4) and there exists

a solution u of (4) such that u € [, Z]. Thus, Theorem 1.2 is proven.

4 Proof of Theorem 1.3
We first prove (6) has a positive solution for every a > 0. We begin by constructing a sub-
solution. Let ¢; be as in the proof of Theorem 1.1 (see Section 2). Let 8 € (1, 1%)’ and
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choose a k > 0 such that bk” 7 + P10k < a.Let ¢ = kq)f. Then

_ _p-lgp-1y B@-1) _ 1p-lop-lip _ IVerl”
R A e )
To prove V¥ is a subsolution, we will establish:
kp—lﬂp—lkl(bf@—l) < ﬂkp—l—a(pf@—l—a) _ bky—l—a(Pf(V*l*a) (22)

in Q. To achieve this, we rewrite the term k?-'8P~13;¢! P o kP-1BP15,¢f L
akb-1-o P (p-1-e) _ k1= P P12y _ k* ¢ gr-111). Now to prove (22) holds in €, it is
enough to show —kP- 107 (g _ ke gr-13 1) < _pkr-1- ") From the choice
of k, —(a — BP~1r k%) < —bk”?, hence,

_kp—l—a¢f3(p—1—a) (ﬂ _ kad)flﬁﬁp—lkl) < _bky—l—ad)lﬁ([’—l—a)

< _bky—l—ad)f(}/—l—a).

Thus, ¥ is a subsolution. It is easy to see that Z = (%)V%P is a supersolution of (6). Since &,
can be chosen small enough, ¥ < Z. Thus, (6) has a positive solution for every a > 0. Also,
all positive solutions are bounded above by Z. Hence, when 4 is close to 0, every positive
solution of (6) approaches 0. Also, # = 0 is a solution for every a. This implies we have a

branch of positive solutions bifurcating from the trivial branch of solutions (4, 0) at (0, 0).

5 Numerical results

Consider the boundary value problem

—u”(x) = ﬂu—buz—c’ X € (0;1),

u®

u(0) = 0 = u(1),

(23)

wherea,b >0,c> 0and « € (0,1). Using the quadrature method (see [19]), the bifurcation
diagram of positive solutions of (23) is given by

L ds 1

G(p,c) =/ —_— =, (24)
o I[2(F(p)-F(s))] 2
where F(s) := fosf(t) dt where f(t) = %jz_c and p = u(%) = |||l - We plot the exact bifur-
cation diagram of positive solutions of (23) using Mathematica. Figure 2 shows bifurcation
diagrams of positive solutions of (23) when a = 8 (< A1) and b =1 for different values of «.

Bifurcation diagrams of positive solutions of (23) when a = 15 (> A1) and b = 1 for differ-
ent values of « is shown in Figure 3.

Finally, we provide the exact bifurcation diagram for (6) when p = 2, and © = (0,1). Con-
sider

—u”(x) = M» LS (0) 1)»

u®

u(0) = 0 = u(1),

(25)
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P
—a=0.1
—a=02
=03
—a=04
a=05
—a=0.6
a=0.7
—a=038
—a=09
T L L L L L L L L L L L L L L L L Il C
0.0 0.2 0.4 0.6 0.8
Figure 2 Bifurcation diagrams, c vs. p for (23) witha=8,b=1.
p
—a=0.1
—a=02
a=03
—a=04
a=05
—a=0.6
a=0.7
a=08
a=09
c
Figure 3 Bifurcation diagrams, c vs. p for (23) witha=15,b=1.
2.0P
1.5¢
1.07
0.5¢
0.0
"0 2 4 6 § 10 12 14
Figure 4 Bifurcation diagram, a vs. p for (25) with =0.5, b =1.
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where a, b, > 0. The bifurcation diagram of positive solutions of (25) is given by

. P ds 1
Gpa)= | —2 L
/0 JR2EP) -EE)] 2

where F(s) := f;f(t) dt where f(t) = ‘”%’2 and p = u(3) = ||ullco. The bifurcation diagram
of positive solutions of (25) as well as the trivial solution branch are shown in Figure 4
whena =05and b=1.

(26)
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