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Let Z,, denote the ring of integers modulo n. A permutation of Z,, is a sequence of n distinct elements of Z,,. Addition
and subtraction of two permutations is defined element-wise. In this paper we consider two extremal problems on
permutations of Z,,, namely, the maximum size of a collection of permutations such that the sum of any two distinct
permutations in the collection is again a permutation, and the maximum size of a collection of permutations such that
no sum of two distinct permutations in the collection is a permutation. Let the sizes be denoted by s(n) and t(n)
respectively. The case when n is even is trivial in both the cases, with s(n) = 1 and t(n) = n!. For n odd, we prove

(ng(n))/2* < s(n) < % and 2"~ D/2 . (2211 < ¢(n) < 28 - (n — 1)!/¢(n), where k is the number of

distinct prime divisors of n and ¢ is the Euler’s totient function.
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1 Introduction

For n € Z, let Z,, denote the ring {0, ...,n — 1} with 4+ and . as addition and multiplication modulo n
respectively. Let S(Z,,) denote the set of all permutations of the set Z,,. We are interested in obtaining
bounds on the maximum size of a subset P of S(Z,,) in the case when two distinct permutations in P sum
up to a permutation, and in the case when no two distinct permutations in P sum up to a permutation. As
far as we know the problems considered above are new, though a similar looking problem for difference
of permutations is well studied, in the form of mutually orthogonal orthomorphisms of finite groups. For
the sake of completeness, we discuss the connection between difference of permutations problem with
the orthomorphisms problem in Section 4. The families of permutations we consider have similarities to
reverse free and reverse full families of permutations as considered by Fiiredi et al. (2010) and Cibulka
(2013).
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2 Preliminaries

We recall some basic notions from elementary number theory that will be used in the paper. An element
s € Z,, is said to be invertible if there exists t € Z,, such that st = 1 (recall that multiplication in Z,, is
modulo n). The set of all invertible elements of Z,, is called the unit group of Z,, and is denoted by Z¢.
It is easily seen that Z is a group under multiplication. We know that k € Z,, is invertible if and only if
ged(k,n) = 1. The cardinality of the set {k € Z : 1 < k < n — 1, ged(k,n) = 1} is denoted by ¢(n),
also known as Euler’s totient function in literature. The following results are well known.

Lemma 2.1 Letn = Hle p;t, where p1, ..., py are distinct prime divisors of n. Then, we have

Hpa171 _ 1

Lemma 2.2 (Chinese Remainder Theorem) Let n = Hle p;t, where p1,...,py are distinct prime
divisors of n. Then, we have the following isomorphism

Zn —)Zp;n X Zpgz X X szk

s+ (smod p{*,...,smod py*). (D

From the above lemma we see that s = (sq, ..., sx) is invertible in Z,, if and only if s; is invertible in
LZyei foralli =1,... k.

Notation 2.3 We will denote permutations of Z,, as n-tuples (o1, ...,0,) where o; € Z,, and all o; are
distinct. This is not to be confused with the cycle representation of a permutation, which is customary
in algebra. Since we do not use cycle representation of permutations in this paper, we hope there is no
confusion. Let 0 = (01,...,0,) and 7 = (71,...,7,), be n-tuples over Z,,. Then o £ 7 denotes the
tuple (01 £ 71,...,0, £ 7,). For ¢ € Z,, c.o will denote the tuple (coy, ..., coy,), and c + o will denote
the tuple (¢ + o1, ...,c+ 0,).

Lemma 2.4 Let n be even and (aq, ..., a,) and (b1, ..., b,) be two permutations of Z,,. Then a + b is

not a permutation of Z,.

Proof: Letc = a+b = (c1,...,¢y,). For contradiction, assume that c is a permutation. Treating a, b, ¢
as n-tuples over Z we have, ¢; = a; + b; (mod n). Summing up over all ¢, we have,

Z =
or, Z(z -1)

i=1
n(n —1)
2

M:

(a; + b;) (mod n)

s
Il
—

2(i — 1) (mod n)

If

s
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_

or, n(n —1) = 0 (mod n)

which is a contradiction as (n — 1)/2 is not an integer when n is even. This proves the lemma. O
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Lemma 2.5 Leta = (ag,...,an—1)andb = (bo, ..., b,_1) be distinct permutations of the set {0, . .. ,n—
1} such that the component-wise sums ¢; = a; + b; are all distinct. Then there exist 0 < j k <n—1
such that c; = ¢, + 1.

Proof: Without loss of generality assume ¢; = a; + b; satisfy the ordering cg < ¢; < -+ < ¢—1. Now
suppose the claim is not true. Then we have, ¢; —c;—1 > 2for 1 < ¢ < n — 1. Summing up we get
2m —2 < S e — i) = a1 —co <2 —2 Thus¢; — ¢ = 2forall 1 <4 < n—1,
which implies ¢; = 2i forall 0 < i < n — 1. Now ag + by = ¢g = 0 implies ag = by = 0. Now
c1 = a1 + by = 2, therefore we must have a; = b; = 1. Continuing this way, we conclude that
a; =b; =iforall 0 <7 <n — 1, contradicting the fact that the permutations were distinct. O

3 Results and Proofs

In this section, we consider the maximum sizes of collections of permutations of Z,, under two different
constraints, namely,

(i) Sum of any two distinct permutations in the collection is again a permutation (not necessarily in the
collection). We will say that such a collection satisfies property (P1).
(ii)) No sum of two distinct permutations in the collection is a permutation. We will say that such a
collection satisfies property (P2).
Let s(n) and ¢(n) denote the maximum sizes of the collections of permutations of Z,, satisfying (P1) and
(P2) respectively. We prove the following:
Theorem 3.1 Let n > 3 be an odd integer and s(n),t(n) be as defined. Then, we have
no(n nl.2-(n=1)/2
(a) ¢§€ ) <s(n) < ———
2 ((n—1)/2)!
() ((n—1)/2)!-200=D/2 < ¢(n) < 2K(n — 1)!/¢(n),

where k denotes the number of distinct prime divisors of n.

The sizes of collections of permutations of Z,, satisfying (P1) and (P2) satisfy a similar inequality as
the sizes of the families of reverse free and reverse full permutations considered by Fiiredi et al. (2010)
and Cibulka (2013).

Lemma 3.2 For an integer n > 1, let s(n), t(n) be as defined. Then, we have s(n) - t(n) < nl.

Proof: Let S = {01,...,05} and T = {m1,...,7¢} be collections of permutations satisfying (P1) and
(P2) respectively. We show that o; o 7; are distinct for all 1 <4 < sand 1 < j < ¢, which would imply
st < nl. For sake of contradiction, without loss of generality assume o1 o 7y = 09 o T5. Now consider
the collections of permutations S’ = {afl o0, :1<i<stand 7T’ = {150 Tfl 1 <<t It
can be seen that S’ and 7" also satisfy (P1) and (P2) respectively. We note that id € &’ N T, where id
denotes the identity permutation. Since o logy, eS8 id+ oy 16 g5 is a permutation. Composing with
the permutation oo Lo 01, we conclude that id + o5 Lo o1 is a permutation. However o5 Lo 01 =T90T] 1
by assumption, and thus id + 7z o 7y ! s a permutation. But this is a contradiction as both id and 75 o T !
are in the collection 7”, which satisfies (P2). The lemma now follows. O
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From Lemma 2.4, we note that s(n) = 1 when n is even. Now we present a construction for the lower
bound on s(n) when n is odd.

Lemma 3.3 Let n be an odd number > 3. Then s(n) > (n¢(n)) /2% where ¢(n) is the Euler’s totient
function and k is the number of distinct prime divisors of n.

Proof: Our construction is based on the following observations.

(a) For a permutation 7 of Z,,, k.7 is a permutation of Z,, if and only if k is invertible in Z,,.
(b) For a permutation 7 of Z,,, k + 7 is a permutation for all & € Z,,.
(c) Let n = Hle p;*, where p;’s are distinct prime divisors of n. Then there exists a subset S of

invertible elements of Z,, with |S| = Hle p*~L(p; — 1)/2 such that for any z,y € S, x + y is
invertible in Z,,. To describe the set S, we use the isomorphism in Lemma 2.2. Let S = {s € Z,, :

s = (s1,...,5,) where s; = ¢; mod p; for some 1 < ¢; < (p; — 1)/2}. Note that in the description
of S, each s; has p®* ~*(p; — 1)/2 choices, and hence the set S has the desired cardinality. Further
each element of S is invertible in Z,,. Now for s,t € S, we have s+t = (s1 +t1,. .., Sk +t;) where

s =(s1,...,8;) and t = (¢1,...,tr). By definition of S, observe that s; + ¢; Z 0 (mod p;) for all
1 <4 < k. Thus s + t is invertible in Z,,.

Now consider the set P = {s.(x+0,z+1,...,x+n—1) : s € S,x € Z,}. By observations (a),(b) and
(c), we see that P consists of permutations of Z,,. Let o, 7 be two distinct permutations in P with o =
s.(x4+0,...,z4+n—1)and 7 = t.(y+0,...,y+n—1). Theno+7 = (sz+ty)+(s+t).(0,1,...,n—1).
Since s + t is invertible, by observations (a) and (b), we conclude that ¢ 4 7 is a permutation. Thus P
satisfies (P1). Finally we observe that [P| =n-|S| =n- Hlep?i_l(pi —1)/2 = (n- ¢(n))/2". This
proves the lemma. |

Remark 3.4 We note that when n is a prime number, the bound in Lemma 3.3 reduces to n(n — 1)/2.

From Lemma 2.4, we see that ¢(n) = n! when n is an even integer. We note that when n is even, we
have equality in Lemma 3.2. Now we consider the lower bound for ¢(n) when n is an odd integer.

Lemma 3.5 Let n be an odd number. Then, we have t(n) > 2("—1/2. (%51)!, where k is the number of
distinct prime divisors of n.

Proof: We say the pair of permutations (aq, ..., a,—1) and (b, ..., b,_1) of the set {0,...,n — 1} are
admissible if the sums a; + b;, 0 < ¢ < n — 1, are not all distinct (the addition being in Z). We construct
a collection P of mutually admissible permutations of {0, ...,n — 1}. Note that P when viewed as a set

of permutations of Z,, satisfies (P2). Let m = (n —1)/2. For0 <4 < m — 1, let B; = (24,2 + 1)
and B; = (2i + 1,2i). Let ¢ = cpcy - . . ¢—1 be a binary string of length m, and o be a permutation of
{0,...,m — 1}. Define P, . = (x¢, Z1,...,%Tn_2, Tn_1) Where,

Bo@y ifei =0,

(w21, 2i1) = {Bg(i) ife; =1

for 0 < ¢ < m—1and x,_1 = n — 1. It is easily observed that P, . is a permutation of the set
{0,...,n — 1} and P, . # P, o for (o,c) # (¢',c). Let P denote the collection of permutations
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{Ps}. We now show that any two permutations in the collection P are admissible. Let P, . and P,/ s
be two distinct permutations in 7P. We consider two cases:

Case: ¢ # (/. Let ¢ be such that ¢; # . Without loss of generality assume ¢; = 0,¢, = 1. Let
P, .= (20,...,op_1) and Py o = (2(,...,2;,_1). Then we have, (22, 2i41) = By) = (a,a + 1)
and (2;, x5, 1) = By(;) = (b+ 1,b) for some a, b. Thus z; + ah; = @241 + 2h; 11 =a+b+ 1, and
hence the permutations are admissible.
Case: ¢ = (. In this case we must have o # ¢’. In the block B; = (2i,2i + 1), let us call 2; as the
little end and 27 + 1 as the big end. Then ¢ = ¢ implies that in the component-wise addition of P, . and
P, o the little ends are summed with little ends, and big ends are summed with big ends. Let L be the
set of sums of little ends, i.e, L = {20(i) + 20'() : 0 < i < m — 1} and B be the sums of big ends, i.e.,
B ={20(i) +20'(i) + 2 : 0 < i < m — 1}. Clearly the permutations P, . and P, ., are admissible if
a(j)+0'(j) = o(k) + o' (k) for some 0 < j, k < m — 1. Assume that it is not the case. Then we show
that L N B is non-empty which will prove that P, . and P, . are admissible. By Lemma 2.5, there exist
0 <j,k<m—1suchthato(j) +o'(j) =o(k)+ o' (k) + 1, or 20(j) + 20'(j) = 20(k) + 20" (k) + 2.
We see that the left side of the identity is in L and the right side is in B. Thus L N B is non-empty.
Hence the collection of permutations P, ., when viewed as permutations of Z,, satisfy (P2). Finally
we note that the number of permutations is 2 - m! = 2(*=1)/2.. ("T’l)' This completes the proof. O

We can now complete the proof of Theorem 3.1.
Proof of Theorem 3.1: From Lemmata 3.2, 3.3 and 3.5, we have s(n) < 2-(n=1/2. ((717"71!)/2)!, and

t(n) < Qk((;é;)l)!. The result then follows from the lower bounds for s(n) and ¢(n). O

Remark 3.6 We note that for a prime number n, the upper bound for ¢(n) is roughly (n/e)™/n whereas
the lower bound is roughly (n/e)”/?\/n. Thus there is a quadratic gap between the upper and lower
bounds. We also mention that one way to obtain permutations summing up to a non permutation is to
consider a family of permutations with mutual reverses. Two permutations o, 7 of {0,...,n — 1} are
said to have a mutual reverse if there exist ¢ # j such that o(i) = 7(j) and o(j) = 7(i). A family
of permutations, every two of which have a mutual reverse is called reverse full, Fiiredi et al. (2010).
Note that a reverse full family of permutations satisfies (P2). From a result of Cibulka (2013) on size
of reverse-free families of permutations, the maximum size of a reverse full family of permutations on n
symbols is at most n™/2+t00°81) " though we are unaware of any non-trivial lower bound for the same.
Our construction achieves ~ (n/e)"™/2,/n, but under a much more flexible constraint.

4 Differences of Permutations being Permutation

In this section, we wish to obtain upper and lower bounds on the maximum size of set P C S(Z,,)
such that for any two distinct permutations o, 7 € P, 0 — 7 is also a permutation of Z,,. We say that
P C S(Z,) satisfies property (P3) if for any two 0,7 € P, 0 # 7, 0 — 7 is a permutation of Z,. Let
f(n) = max{|P|: P C S(Z,) satisfies (P3)}.

The above problem is only superficially different from the well studied problem of finding mutually
orthogonal orthomorphisms of finite groups (See Evans (2002)). For a finite group G, a bijection 6 : G —
G is called an orthomorphism of G if the map = — 0(x) — x is a bijection. Two orthomorphisms 6, ¢ are
called orthogonal if @ — ¢ is a bijection. It is not hard to see that a set of k£ permutations of Z,, satisfying
(P3) gives a set of £ — 1 mutually orthogonal orthomorphisms of Z,, and vice versa.
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4.1 Latin Squares

Orthogonal orthomorphisms have been used in construction of mutually orthogonal Latin squares (MOLS).
Although the construction appears in any standard text on combinatorics (cf. Lint and Wilson (2001)),
we describe it in our setting. We will say a map L : Z,, X Z,, — Z, to be an n x n Latin square, if (i)
L(i,j) # L(¢, j) for i # ' and (ii) L(i,7) # L(4,5") for j # j'. One can think of L as n x n square
array with entries from {0, ...,n — 1} where each row and column contains distinct entries. Two n X n
Latin squares L, L’ are called orthogonal if L(i,j) = z and L'(i,j) = y has a unique solution for all
(x,y) € Zpn, X Zy,. The following is easy to verify:

Lemma 4.1 Let 01, ...,0 be a collection of permutations of Z,, satisfying (P3). Then, there are k
mutually orthogonal Latin squares Ly, ..., Ly where the Latin square L, is defined by L, (i,j) = i +
Or (.7)

If we write the permutations of P as rows of a matrix, we get a |P| x n matrix over Z,, with the
property that the difference of any two distinct rows is a permutation of Z,,. Such matrices have been
used in connection with constructions of Latin squares and orthogonal arrays (cf. (Lint and Wilson, 2001,
Chapter 22)). Well known bounds for mutually orthogonal orthomorphisms yield the following lemma.

Lemma 4.2 Forn > 2, we have

@ f(n)<n-1

(b) f(n) =1, when n is an even number;

(©) f(n) =n—1, when n is a prime number.

Question 4.3 What are the values of f(n) for odd composite numbers n?

From the results of Evans (2002) it follows that for odd numbers n > 3 and n not divisible by 9, we have
f(n) = 3.
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