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Abstract: State-dependent jump linear systems (SJLSs) are a set of linear systems whose switching is determined by a finite
state random process with state-dependent transition rates. In this study, a SJLS is considered with state multiplicative noise
and stochastic perturbations. In particular, the jump process is regarded to have dissimilar transition rates among sets of state
evolution space. The aim of this study is to consider stochastic #,, control of such systems using state-feedback control input.
Sufficient conditions for stochastic %, are obtained by solving linear matrix inequalities, which are validated by a simulation

example.

1 Introduction

Stochastic switching systems effectively model dynamics with
abrupt changes in their working modes. Such systems have
widespread applications, for instance, in fault tolerant control [1,
2], networked systems [3], manufacturing systems [4], economics
[5]. In switching systems literature, Markov jump linear systems
(MJLSs) are widely studied where set of systems are linear and
switching follows a homogeneous Markov process with finite
states. Various applications of MJLSs can be found in [4, 6, 7] for
instance. Also, for [8, 9] and references therein deal with several
results related to control design and stability analysis of MJLSs. In
MIJLSs, the switching process is homogeneous Markovian, which
is rather a restriction to apply it to more general scenarios.

As a way to be more general, a class of switching systems
considered in this article are called state-dependent jump linear
systems (SJLSs), where the set of systems is linear and switching
process is state-dependent. Such SJLS modelling stems from the
following scenarios. State-dependent failure rate of components is
considered in [10], in submarine engines, random failures are
modelled as state-dependent Markov process [11], also state-
dependent switching [12] is employed in modelling of financial
time series. Several other examples or scenarios of state-dependent
regime switching can be observed in other applications.

Available works related to stability analysis and control design
of SJLSs have been scanty, which are reviewed here. Uniqueness
and ergodicity of a non-linear system with diffusion and state-
dependent switching is addressed in [13]. For flexible
manufacturing systems with state-dependent failures, a control
design via dynamic programming is addressed in [14]. For a jump
system subject to diffusions with state-dependent transitions and
dual time scales, an optimal control is addressed in [15]. For a case
of switching rate of the underlying jump process depending both
on system state and input, an optimal control policy is addressed in
[16]. For SJLSs, a model predictive control problem is considered
in [7], while stability and robust stabilisation for SJLSs are
addressed in [17-19].

On the other hand, systems affected by multiplicative noise
have attracted a lot of attention in widespread applications
including altitude estimation, guidance motivated tracking filter,
terrain following, adaptive motion control to name a few, see, for
instance [20-22] and reference therein. A well established #
analysis of linear systems affected by state multiplicative noise is
addressed in [20, 23] for instance. For MJLSs, the same has been
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investigated by [9] for instance. However, # ,, analysis to SJILSs
with state multiplicative noise is yet to be addressed. Compared to
the existing works, this paper focuses on the consideration of state
multiplicative noise for SJILSs, which has not been addressed so
far.

In particular, the state-dependent switching rates are considered
as follows: the state evolution space is divided as finite sets and the
switching rates variation depends on each such set. It is a
legitimate assumption to make, since at any time the state variable
traverses one of these sets, where transitions rates are considered to
be dissimilar in each set. With the given assumptions, a #,
control synthesis is addressed via Dynkin's formula and given in
terms of linear matrix inequalities (LMIs).

The paper is organised as follows. A mathematical description
of SILS and #, control problem is provided in Section 2.
Precursory results are provided in Section 3 and further the major
results are given in Section 4. A simulation example is furnished in
Section 5, while the conclusions are provided in Section 6.

Notation: R, stands for the positive real line. For a random
vector or scalar x, E[x] denotes its expectation. AT indicates the
transpose of a matrix 4, 4,;,,(A) denotes the least eigenvalue of 4. [,
designates the identity matrix of size nXn and [ denotes an
identity matrix of suitable size. For a matrix 97, which is real and
symmetric, & >0 (& <0) denotes that 9 is positive definite
(negative definite), respectively. In a matrix, x denotes symmetric
terms. diag{P,, P,,...,P,} denotes diagonal matrix formed by
P\, P,,...,P,. ¢ represents the null set. For two scalars x and y,
X Ay represents the minimum of x and y.

2 Problem formulation

In this section, dynamics of SJLS are provided.
In a probability space (€2, &, Pr), consider a SJLS with a state-
dependent noise and stochastic perturbations:

dx(t) = Agux(t) dt + Agax(t) dwi(1) + Boav(©) dws(t) (1a)
+Byyv(t) dt + Egu(t) dt
2(t) = Coux(t) + DoV (t) + Fouu(t) . (1b)

Such models without switching process are often result from
linearisation, see, for instance, a tracking problem in [24] and
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robust control design in [23]. Here the state vector x(¢) € R™, the
control input u(f) € R™, the performance output z(f) € R, initial
state x(0) = x,, stochastic disturbance v(r) € R™, w,(¢t) and w,(¢) are
real scalar Wiener processes with zero mean where
E[wi(®) = wils)Wnt) = win($))] = @it — 5), Lm=1,2,
t,s € R, ¢ >, and the system matrices Agy, € R™*™, Agy, € R™™™,
ég(,) (S Rnxxn\,, Bgm e Rnxxnv, Eg(t) € Rn*xn", Cgm (S anxnx,
Dyyy € R™*™ and Fp, € R™™™ dependent on 6(f), which are
considered to be known. Let a mode process of the system 6(f) be
{6(),t >0} e S:={1,2,...,n5}, and the switching between
different modes of (1) dependent on the system state as

n,

Pr{0(t + €) = j|O(t) = i, x(1)}
,u,-lje +o(e), if x(t) € G,
. (2

ule +o(e), if x(t) € G,

where € > 0, lim,_, (o(€)/€) =0, €1, G, ..., Gn, C R™ are non-
empty Borel sets, where each of them is a connected set that span
R™ and disjoint, i.e. UX, €, =R™ and €,NE,, = ¢ for any
IlmeX 2{1,2,..,ng), l#m. For me X, i,j €S, wi is the
switching rate of 6(¢) from i to j where yjj > 0 for every i # j with
Hii = — Z;i 1j# M)

First, examine system (1) for the case of no control input

dx(r) = Apuyx(t) dt + Agax(2) dwi(£) + Boyv(£) dwi(2) (3a)
+Byav(1) dt

2(1) = Couyx(t) + Doyv(2) . (3b)

Remark 1: In SILS (3), the perturbation process v(f) € R™ is
considered as a stochastic noise in this paper in-line with model of
[23] for linear systems. The system dynamics (3) consists of
multiplicative state noise terms and the stochastic disturbance
terms that may be viewed as system matrix perturbations involving
white noise as

dx(1) = (Agw, + Agen(0)x(1) dt + (Bog, + Bouywa())v(1) dr .
Define #5(0,T) as a space of adapted processes
¥(.) = (y("): < 0.7 adapted to o-algebras (F)ie 0.7, Where F,CF
with € R, satisfying

T
2oa 2
o = [E([ [l y@ || dt) < 00.

Definition 1: The system (3) is called internally stable if, for
v(t) = 0, for any 6(0) € S and x, € R™,

[E[foo Il x@®) |I° dt] <.

Definition 2: The system (3) is called externally stable if, for
every v(.) € £5(0,00), for any #(0) € S and zero initial state
condition, 3 a real scalar y > 0 satisfying

o]

2 2
= [|os <7 [lveo o - @)
The objective of this paper is to find a minimum y such that (4)
is satisfied while being internally stable, which we call stochastic
H « problem. In relation to (4), let the perturbation operator || L ||
be
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whose norm is the minimum y > 0 such that (4) is satisfied, where

z and v are given according to Definition 2.
Consider the following integral:

T
J(T)=/ E

for T — oo, where it is shown in later sections that minimising (5)
will lead to the solution of stochastic # ', problem.

|z =7 1w 1 |, ®)

3 Preliminaries

In this section, to tackle the state-dependent transitions (2) in the
current setting, the descriptions of SILS (3) and mode 6(¢) (2) are
slightly altered, which leads to an equivalent model of (3).

Consider a finite state process ¢; € ¥ denoting the partition the
state belongs at time 7 as

1, if x(r) €6,

&= :
ng, if x(t) € €.

Let r(¢;, 1) € S (equivalent to 6(¢)) be a finite state random process
with state-dependent switching whose switchings depend on ¢, for
i # ],
Pr{r({ et +€) = j|r(nt) =i, )
pije +oe), if &=1,

Wike+ole). if & =nx.

where uj, for m € &, are described in (2). Thus, SILS (3) is
rewritten as

dx(1) = A, o6(2) dt + Ay, 1x(0) dwy (1)

- (7a)
+ B¢, yv(#) dwy(t) + By, nv(1) dt

2(t) = CrnX(8) + Dy, V(1) . (7b)

The analysis of system (7) with mode process (6) tantamounts to
analysing system (1) with mode process (2). As can be seen in later
sections, this equivalence facilitates the derivation of main results
in a non-clutter manner.

Remark 2: From (6), observe that for r({,t)=ie€S,
7({; -t + €) relies on the state variable x(¢) for any e > 0, which
further relies on (g, s), s < t from (7). Thus the process r((,, ?) is
not Markovian.

Forle & and t, > 1, > 0, W((,,1,) describes a flow of system
(7) on the interval [z, 1], for the switching rate of r((,, 7) being ,u,lj
when §; = [, for i # j € S. Using the flows of system (7), first exit
times 7, 7, ... are defined as follows.

For m=0,1,2,..., given ty_y, in_1 € X, let x(tn_1) € G,
where i, # i,_,, i, € K. Let 1, be the first exit time of x(7) from
set €, after 7,,_, as

Tm = inf{l > Tm-1- \Pim(ts Tm—l)\Pim,l(Tm—l’ Tm—2) 8
W (0, 0)X(0) £ F, ). ®

Im

where

7, = inf{z > 0: W, (1,0x(0) & B} .
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Remark 3: From (8), {{;,t > 0} can be given in an alternative
form as

ip, if t€10,7),

&=

Uns if te [T -1, Ti)s

where {iy, i1, ...s iy ...} € K. Also k* represents the number of
switchings attained by ;.

Let &, be the natural filtration of (x(¢), r({,, 1), {;), a solution of
(6) and (7), over [0, ¢]. Then it can be shown by applying the steps
of Lemma 1 of [18] that (x(2), (¢, 1), ;) is a joint stochastic process
adapted to &,. Also, continuing the treatment of the first exit times,

it can be observed that the first exit times 7y, 7,7y, ... are F-
stopping times since the events {z; <t} for i =0,1,2,... are F-
measurable.

Definition ~ 3: Let a  joint  stochastic  process

70 2 (x(@0), (¢, 1), &), a solution of (6) and (7), be a joint Markov
process and 7, 7, 7, ... be the stopping times, then for an
admissible Lyapunov function V((f)), by the Dynkin's formula
[25, 26], we can write

E[V(n(@) [n(0)] = V(#(0))

k* T ATk
=) [E[ AV ((s)) ds|n(s)|, ®
0

k= AT

where k=0,1,...,k* k*€[0,00], 7., =0 and 73+ < 00, with
domain [0, ) X R" X § X # and

V(W)= Jim 5{ [V(q(z+dt))‘n(z)]—V(n(t))}. (10)

4 Main results

In this section, first the integral (5) is rewritten and then a sufficient
condition for internal stability of (7) is provided, which are utilised
to provide sufficient conditions for stochastic %, of system (7).
Further, a control synthesis via state feedback for the same is
addressed.

4.1 Reformulation of the integral (5)

Proposition 1: The integral (5) can be rewritten as

J(T) = xT(0)Pr0x(0) — tE[xT(T)m, T)X(T)]

T (an
+E f o vI©O]Ar¢n ,
()
where
ng T
ATP+ PA+ Y ulP; quA; PiB;+ CID; + PiB;
=1
Arg=rn=i= T~
T +qlAlPA+ O
* 451 PiB; — 1 + D] D;
(12)
Proof: Consider a Lyapunov function

V(x(@0), (6 1), &) & xT()Pre, nx(1), Where Py, > 0. By (10), for
i€Sandk € #, dV(y()) leads to
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AV (x@),r(§, =k, 1) =i, = k)

= lim i{ [V(x(t + d0), 7(Csant + d0), G )

(x(0),
rG=r0 =06 =) = V0. G =k = .6 = x)

ng

o dt”Z Pr{r(eant +dt) =)

E[xT(t + d)Px(r + dz)]] - [E[xT(t)P,-x(z)]]

G =x1)=1i¢(=x}

1 < K T
= lim d’”j=12j¢imj drE[xT (¢ + d)Px(t + dt)]]

+[(1 + uf dOE[xT (1 + d)Pix(t + db)]| - xT(t)Pix(t)],
(13)

where x(t + df) = x(£) + Ax(r) dt + Ax(t) dwi(£) + Bp() dws(t)
+Bv(t) dr. Using It6's lemma [27], (13) is simplified to

AV(x@),r(§, =k, t) =i, =k)

ng
-..T ~
= x (O{ATPi + PiA; + quA;i PA + ) isP)x(0)
j=1

T~ T~
+[E[XT(t)PiBiV(t) + qux  (DA; PBy (D) + q,v " (10B; PAX()
+¢v" (0B PB(1) + VT (0B Pix(1)]

ng
.
= xT(O[ATP + PA + quA;i PA + Y iiP)x(0)
i=1
LT
g1Ai PiA;  qpA; PiB;+ PiBi|[x(t)

+[xT@) V@) ol

T~
* ¢,,Bi PiB;
From (9), for any i, € #, we can write

E[V(x(0). (& 1), 61 (x(0), 7(Gy = i0, 00, &y = )]
~V(x(0). ¢y = i0,0). £y = i)

T AT

k*
- Z E AV (x(s), r(Ls, 5), &) ds
K=o

TATE -

(x(8), (&> ), Cs)](14)

= [E[/‘tdv(x(t), (1), &) dt

(x(l)v r(Ch t)’ CI):|3

where k*, 7., and 7= are given in (9) and noting that
Z]/j;o ttAA,Zﬁl = ﬁ. Taking the expectation of (14) and letting the
final time as T, we obtain

E[x"(T)Prc, 1 X(T)| = X" (0)Pyg, 0,(0)

T
= [E[/ .Q{V(x(t)y r(é’n t)’ Cl‘) dt

=E

T ns
.
f KTO{ATP, + P + 4, A PA+ ) ,u,’-‘ij}x(t)dt]
0

=
T R
q4uAi PA;  q,A; PiB;

r x(1)
+E / [x"() V)] +P;B; [V 0 d
0
T~
* G»Bi PiB;
for any =k and r¢, =kt =1i. Let
M2 AP+ PA; +q”A TPA+ T P,
auAi PA; quA; PB;
N2 +P;B; |, and consider
T~
* G,B; PiB;
1293



J(T) + E[x"(T)Prgr.1x(T)| = xT(0)Prg 0,X(0)

T
= [E/ ‘ Iz I =7 1 v@) I° + xT ()M iex()
0
x(1)
+x') vl "[v(t) ]df
T
=E / ‘ | Cax(@) + D) IIP = 7" 1 v(0) I + xT ()M iex()
+[xT(t) VT(I)]-/V ,[zig ldt
which, after rearrangement, will lead to (11). o

4.2 Internal stability

Proposition 2: If 3 P; > 0, Vk € H and Vi € §, such that

ATP,+ PA; + q,,A; PA; + Z,u"P <0, (15)

j=1
then system (7) is internally stable.

Proof: Consider V(x(2), /(¢ ), {)) £ XT(£)Pr¢, nx(®). From (13),
we obtain &V as

(x(f) =Kkt =1¢(= K)

Z ,uudt[E[ T(t+dt)P,x(t+dt)]] (16)
=1,

= d}AO dt[

+[(1+ dz)[E[xT(t +d)Px(t + dr)]| - xT(t)P,-x(t)],

where  x(f + df) ~ x(£) + Ax(r) df + Ax(t) dw,(f) since v(F) = 0.
Using It6's lemma, (16) is simplified as

AV (x(1),r(§ =k 1) =i, =k)
(17)

ng
.
= x"(O]ATPi+ PA + 0, Al PA + Y uliP;
j=1

x(1).

From (15), define

ng
I
AP+ PA+ A PA+ ) P 2 =Wy (19)
J=1

with —W,; < 0. Thus, from (15), &/V (17) simplifies to

AV(x(t), 1 =K, 1) = i,{; = K)
< = X (OWx(t) (19)

< = min {Aa(W)x(Ox().

KEX,IES

From (9), for any i, € #, we can write

E[V(x(0). (G . S (x(0), 7(Cy = i, 0.8y = i)

—V(X(O) (& =1,0),¢, = 10) (20)

[ ' AV (x(s), r(&s, 5), &) ds

TATE— |

(x(5), (55 ), Cs)]

where k*, 7_, and 73+ are given in (9). In view of remark 3, let
{io, 11,1, ...} € K be the sequential state values of ¢,. Then (20) can
be recast as (see (21)) . By (19), the above term reduces to

E[V(x(2). (& 1, £ (x(0), 7(Gy = i0, 0). &, = )]
=V(x(0), (G = i0, 0), &y = i)

< - min_ GunW)) [ f I x(s) I ds] (22)
7| T A Tgx
+[E[f | x(s) II° ds] + -+ E f I x(s) II” ds])
70 TATEx |

By noting ¥F_ ﬁtAATZ"_] = [, (22) is simplified as
E[V(x(0). 7 ). £ (x(0), (G = i, 0).§y = i)
—V(x(O) 7y =1,0),{, = lo)

f Il x(s) II° dS]

< = min_ (W) E

Thus we obtain,

i W | [0 1 as

< V(x(0). &y = i0, 00,5y = i)
—E[V(x(0). 1 1), £) I (x(0), Gy = 00, 0). &y = i)
< V(X(O), r(é‘(] = iO’ 0), z,:() = io),

which is recast as

El/t ” X(S) ”2 ds] S V(.X(O), r(Co = iﬂ, O)’ Z.-‘0 = lO) .

Mg e %, ies {/Imin(WKi)}

Fort — oo,

[E[/m Il x(s) |17 dS] < V()f(o)’ o = i0,0).¢ = o) <o0.
0

min, ¢ FK, €S {j'min(WKi)}

Hence system (7) is internally stable. O

4.3 Stochastic # .,

In this section, a proposition for verifying the stochastic #
condition (4) is provided.

Proposition 3: If 3 P; > 0, Vk € & and Vi € S, satisfying

Avgimrn=i <0, (23)

E[V(x(@). (G 1) S (x(0). Gy = i0: 0). Gy = i)

=V (x(0), r(&, = i, 0), &) = i)

= [E[/ 0MV()C(S), r(¢s = i, 8), s = i) ds

+[E[/ 1sle(x(s), r(C =i, 9), = i) ds

+o+E

b A T
AV
TATEx |
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(.X(S), r(é‘m S)s ég) ds

((8). 7y = i), Gy = io)]
@1

(007G = 90, ¢, = )

(x(5), (s, ), Cx)] :
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then system (7) is internally stable while satisfying stochastic 7,
condition (4).

Proof: Observe that, from (23) and (12), we can write
ng T
ATP+PA+ Y WP+ A PA+ CIC <0, (24)
J=1
which implies
ng T
ATP +PA+ Y WP+ q,A; PiA; <0, (25)
=

thus from (15), system (7) is internally stable. Now from (11), (12),
and (23), the integral J(T') (5) simplifies to

T

f E[Ilz) I =7 1l v(o) IIP ]
< x"(0)Pry06(0) — E[x"(T)Pry. 1x(T)|
<0,

which is due to zero initial condition for verifying (4). O

4.4 State-feedback control

In this section, control synthesis while satisfying stochastic %, is
addressed.
With the non-zero control input, we get system (7) dynamics as

dx(t) = Ang, ox(2) dt + Ay, o (1) dwi(1) + By, o9(2) dwo(?)

(26a)
+B¢.pv(t) dt + E¢, nu(t) dt

2(t) = Crg,pxX(t) + Dy, oV(t) + Fr, pu(t) de . (26b)

Assuming the availability of the mode process r({,t), consider
state-feedback control law

u(t) = Ky, x(0), 27

Ny X Ny

where K¢ €R
dynamics lead to

for r({,t) €S. Hence the controlled

dx(1) = Ay, ox (1) At + Ay, 1, x(1) dwi(2) + Bre, yv(1) dwi(2)

+ B, ov(t) dt + Eye, pu(t) dt, (282)
2(t) = Crg16(t) + Dy, (1) + Fr, ou(t) dt, (28b)
where
Arton = Arcon + Erg,oKrc,n (29)
and
Cricon = Creon + Fre oK - (30)

Proposition 4: If 3 ®; > 0 and Y;, Vk € & and Vi € S, such that
(33) holds, where

Qi = Wi @i .. A i - 1 Dis A i 1P A i Py (31)
I; = diag{®-+-®@; _,, D, - D, }, (32)

then system (28) achieves stochastic &, condition (4) by control
—1

law (27), and the stabilising controller is given by K; = Y, ®; .
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Trajectories of x(t)

Fig. 1 State trajectories

25 r T T T T T T
— it}
e
20+ (i | o
15
10

a 0.5 1 1.5 2 25 3 35 4 45 5

Fig. 2 Mode process 0(t)

Proof: From proposition 3, controlled system (28) satisfies the
stochastic 7, condition if (34) is satisfied Vk € # and Vi € S,

where A;=A;+EK; and C;=C;+FK,. Now the Schur
complement of (34) leads to (35), where q,-_jl = (Q'l),«j. Let
®,; = P;', Y; = K.®; and applying the congruent transformation of
(35) with diag{P;",1,1,0,1} leads to (36), where Q,; is given in
(31), I'; is given by (32) and controller gains are computed by
Ki=Y®;'. o

5 Example
Let x() € R* and scalar u(¢) in (28) with 8(t) € S := {1,2,3} and

1 -1 2 -4 3 4
A1= B A2= B A3= 5
8 0 0 -1

], Bi=B,=B,=[0 1],

C=C=C=[0 1],

D/=D,=D;=F,=F,=F,=1,
E,=[2 0], E;=[4 0]".

E =[4 0],

Consider 6(r) (2) with %, 2 {x(r) € R:x(t) + %) < 5},

@, 2 {x(1) e R:x}() +x%(1) > 6}, =5, and F:={1,2}.
Consider
-8 3 5 -7 5 2
(/"l'lj)zxz =6 -1 5] (”?j)3x3 =3 -4 1
3 3 -6 6 6 -—12
1295



A®+ QAT +EY+ Y[E+u® B, OC +YF ®A 0 Qg
* -1 Df 0 B0
* * -1 0l 0l 0(_p (33)
* * * -4 P —g,P: O
* * x  —gu® 0
* * * * * -TI;
< T T
T - Tor  ATA STos AT
AiPi+PiAi+ ZﬂZPJ'FQHA,PIA,-FClCI qleiPiBi+CiDi+PiBi
j=1 <0 (34)
* 451 PiB; — y') + D] D;
ng T
(Ai+ EK)'Pi+ PAA+ EK)+ Y uP; PB (Ci+FK) A 0
i=1
~T
* -1 D/ 0 B | _, 35)
* * -1 0 0
* * P —qn P
* *x =g P
T T T T AT
* 7 D; 0 B0
* * -1 0] 01 0(-p (36)
* * * -4, P —g,P; 0
* * * - ® 0
* * * * * -T;

Let y = 4. From proposition 4, a solution of LMIs (33) can be
given by

[ 09153 —0.0989 [ 05495 —0.1189
"7 1-0.0989 05253 ¢ |-0.1189 0.6267 |
o | 07773 —0.1008
* 7 -0.1068  0.5942 |
Y, =[-12497 -02468], Y,=[-15220 —0.6949],
Y,=[-1.1583 —0.4971]
and the resulting controller gains are: K, = [—1.4454 —0.7402],
K,=[-3.1382 —1.7040], K, = [-1.6456 —1.1322].

A sample evolution of the system states with initial mode as 2
and x,(0) = 3, x,(0) = — 2 is shown in Fig. 1. Also, an evolution of
6(t) is depicted in Fig. 2. From the Monte Carlo simulations of
1000 runs, || L || is obtained as 3.0853 < y.

(see (33))

(see (34))

(see (39))

(see (36))

6 Conclusions

In this paper, a stochastic # ', analysis for a SJLS affected by state-
dependent noise and stochastic perturbations is addressed. The
underlying state-dependent jump process is assumed to have
dissimilar transition rates among sets of state evolution space. For
no input case, using Dynkin's formula and [td's lemma, tractable
conditions for stochastic #, are obtained by employing
Lyapunov's second method. Further, the results are stretched to
state-feedback control synthesis. As a perspective, the obtained
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results can be applied to fault tolerant control systems affected by
state-dependent failures.
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