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ABSTRACT: In this paper, we introduce an A/ = 1 supersymmetric SYK model with SO(q)
global symmetry. We study the large N expansion of the bi-local collective action of our
model. At strong coupling limit, this model exhibits a super-reparametrization symmetry,
and the SO(q) global symmetry is enhanced to a S/(\)(q) local symmetry. The correspond-
ing symmetry algebra is the semi-direct product of the super-Virasoro and the super-Kac-
Moody algebras. These emergent symmetries are spontaneously and explicitly broken,
which leads to a low energy effective action: super-Schwarzian action plus an action of a
super-particle on the SO(q) group manifold. We analyze the zero mode contributions to the
chaotic behavior of four point functions in various SO(q) channels. In singlet channel, we
show that the out-of-time-ordered correlators related to bosonic bi-locals exhibit the satu-
ration of the chaos bound as in the non-SUSY SYK model. On the other hand, we find that
the ones with fermionic bi-locals in the singlet channel have % Lyapunov exponent. In the
anti-symmetric channel, we demonstrate that the out-of-time-ordered correlator related to
a SO(q) generator grows linearly in time. We also compute the non-zero mode contributions
which give consistent corrections to the leading Lyapunov exponents from the zero modes.
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1 Introduction

The Sachdev-Ye-Kitaev (SYK) model proposed in [1-3] consists of N Majorana fermions
with disordered interactions. The model exhibits emergent reparametrization symmetry
at strong coupling limit [2-7] and saturates [2, 3, 6] the chaos bound [8]. The possible
connection to black hole physics has generated great interest recently [9-18]. There have
been proposals for gravity duals which capture various features of the SYK model: dilaton
gravity! [23-25], the supersymmetric version of Jackiw-Teitelboim model [26], the Liouville
theory [27] and the 3D gravity [28, 29]. Also, see [30, 31] for the implication of the higher
point functions for the bulk duals. The saturation of the chaos bound also has been
observed in unitary quantum mechanical models without disorder which are called “SYK-
like” tensor models [32-34]. The various aspects of the tensor models has been explored [35—
48] including finite N numerical analysis [49-52]. Also, N' = 1 supersymmetric tensor
model was introduced in [53].

The original SYK model has been generalized in various directions. For example, the
higher dimensional generalizations have been studied in [54-56], and the complex SYK
model with U(1) symmetry [57-60] has been discussed. The flavor generalization proposed
by [61] enriched the structure of the model. In particular, the SYK model with non-abelian
global symmetries was worked out in [62] (see [63] for SO(3) case). On the other hand, the
supersymmetric generalization of SYK model [56, 64-66] (see [67] for some earlier work)
and its random matrix behavior was investigated in [68, 69].

In this paper, we introduce N' = 1 supersymmetric SYK model with SO(q) global
symmetry, which can be thought either as the supersymmetric generalization of the SYK
model with global symmetry [62] or as flavour symmetry generalization of the AV = 1 super-
symmetric SYK model [56, 64-66]. At strong coupling limit, the global SO(q) symmetry is
enhanced to the local S/E)(q) symmetry together with the emergent super-reparametrization
symmetry which was already found in A/ = 1 SUSY SYK model [64]. The correspond-
ing symmetry algebra is the semi-direct product of the super-Virasoro algebra and the
super-Kac-Moody algebra. These emergent symmetries are spontaneously broken by the
large N classical solution and are explicitly broken by the kinetic term at finite coupling,
which leads to Pseudo-Nambu-Goldstone boson. We found that the effective action is the
super-Schwarzian action plus an action of a superparticle on the SO(g) group manifold.
(section 3.6) i.e.,

Se = —M'jm/drde 2 SSch(f,y; 7, 0] — % /drd& %tr [ij + ij3] (1.1)

where SSch(f,y;7,0] = []ﬁ—yy - 21)[2];,;]23,,] is the super-Schwarzian derivative and J =
—kDgg ! is the SO(q) super-current. Although the previous works [53, 56, 64] have studied
the SUSY SYK model, the full analysis of the chaotic behavior? has not been carried out.
In particular, the contribution of the fermionic zero mode in the super-Schwarzian effective

action to the Lyapunov exponent has not been worked out. In this paper, we will perform a

!See also various related works on 2D dilaton gravity [19-22].
2See [53] for the analysis of the chaotic behavior related to the bosonic zero mode.
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Table 1. Summary of the large time behavior of the out-of-time-ordered correlators in each SO(q)
channel. Here, we omitted the SO(gq) indices in the four point functions.

more complete analysis on the chaotic behaviors of our model of which the singlet channel
corresponds to AV = 1 SUSY SYK model. We will now outline main results regarding
Lyapunov exponent below.

Using the effective action, we evaluate (see section 6.2) the large time behavior of the
out-of-time-ordered correlators, which give the leading Lyapunov exponents. In addition,
we also calculate (see section 6.3) the contribution of the non-zero modes to the out-of-
time-ordered correlators in order to find the correction to the Lyapunov exponent. We
present the summary of the result in the table 1.

The bosonic zero mode of the super-reparametrization (which would correspond to
the boundary graviton in the bulk dual.) is coupled to the bosonic bi-locals (e.g., xXx)
in the singlet channel, which gives the maximal Lyapunov exponent )\(LQ) = %ﬁ On the
other hand, the fermionic zero mode of the super-reparametrization (boundary gravitino
in the bulk dual) is coupled only to the fermionic bi-locals (e.g., bx) in the singlet channel

3
because of the Fermi statistics. This leads to the Lyapunov exponent )\(LQ) = % The

bosonic zero mode of the SAO(q) local symmetry is coupled to the bi-local field xx in
the anti-symmetric channel, and it would be a boundary gauge field in the bulk dual.
This zero mode gives the linear growth in time ()\(Ll) = 0) of the out-of-time-ordered
correlator. This is analogous to the linear growth found in [45, 62]. The fermionic zero
mode (gaugino in the bulk dual) of the local symmetry is coupled to the fermionic bi-locals
in the anti-symmetric channel, but it does not lead to the exponential growth in large
t. Assuming holographic duals, our result is analogous to the formula for the Lyapunov

exponent of higher spin current of integer spin s in CFTy [70]:
s 2
AP = %(3—1) (1.2)

3
FEOR)
These zero mode contributions are consistent with those of the non-zero modes.

where s = 2,5, 1, % for our case.

Namely, if and only if a four point function is coupled to the zero mode to have an ex-
ponential growth, it also gets the contribution from the non-zero modes with the same
exponential growth rate. Moreover, this non-zero mode contribution gives the correction
to the Lyapunov exponent from the zero mode.



The outline of this paper is as follows. In section 2, we revise the generalized SYK
model with flavor [61]. In particular, we focus on two type of the SYK models with SO(q)
global symmetry. We also review the N' = 1 supersymmetric SYK model [64] and its
supermatrix formulation [66].

In section 3, we extend the supermatrix formulation with the flavor space in which
bi-local fields becomes a matrix in the extended bi-local superspace (11,01, a1; T2, 62, a2).
Then, we introduce the AN/ = 1 supersymmetric SYK model with SO(q) global symmetry.
After disorder average, we derive the bi-local collective action of our model in large N. We
discuss the emergent super-reparametrization and the enhanced S/E)(q) local symmetry at
strong coupling limit, and we show that its symmetry algebra is the semi-direct product
of super-Virasoro algebra and super-Kac-Moody algebra. These emergent symmetries are
spontaneously and explicitly broken to lead to the low energy effective action: super-
Schwarzian action and an action of a super-particle on the SO(g) group manifold.

In section 4, we discuss the large N expansion of the bi-local collective action. Expand-
ing the bi-local superfield around the large N classical solution, we obtain the quadratic
action for fluctuations. We derive the Schwinger-Dyson equation for the two point func-
tions of the bi-local fluctuations, which corresponds to the Schwinger-Dyson equation for
the four point function of the SYK superfields. Following [56], we discuss the conformal
eigenfunctions for the four point functions of our model, and we expand the four point
functions in terms of the conformal eigenfunctions.

In section 5, we analyze the spectrum and OPE coefficients of our model.

In section 6, from the quadratic low energy effective action, we evaluate the zero mode
contribution to the large time behavior of the out-of-time-ordered correlators. Also, we
calculate the non-zero mode contribution to the out-of-time-ordered correlators, which
gives the 5—1‘] correction to the zero mode contribution.

In section 7, we make concluding remarks and present the future directions.

In appendix A, we provide a summary of the notation and the convention in this paper.
In appendix B, we review the shadow representation for the conformal eigenfunctions for
four point functions of SYK models. In appendix C, we derive the effective action for the
zero modes from the broken super-reparametrization and broken g(\)(q) local symmetry by
using e-expansion. In appendix D, we present the zero mode eigenfunction and their inner
products.

2 Review

2.1 Generalized SYK model with flavor revisited

We begin with the generalized SYK model with flavor [14, 61, 62]. We consider ¢ flavors
of N Majorana fermions:

X (7) (i=1,2,---,N and a=1,2,---,q). (2.1)

The Majorana fermion transforms in the fundamental representation of SO(q)

/

X(r)  —  g*x(r)  (gesO(q)). (2.2)



One can construct SO(q) invariant interaction for the generalized SYK model by using the

two SO(q) invariant tensors: €a;ay--a, and daja,. The simplest SO(g) invariant actions®

are given by

S€ = /dT EXW X it JE iqxilalxiQO‘Q...Xiqo‘qealaz...aq] , (2.3)
_ /dT [;Xia TXz‘a + igjzélmiqthxizocz o Xiqaq(smaz ... 5aq_1aq} (2.4)
where Jfl. iy and Jl‘s1 iy is a random coupling constant drawn from the Gaussian distribution
P = exp [— ']jq : Jfl ZqJ,fl Zq} , (2.5)
P —oxp |- quq ' Z Bl (2.6)
iy ig=1

respectively. Note that we do not restrict the symmetry of the random coupling constants.
The random coupling constant J;;..;, can be decomposed by S; symmetry of the indices
i1, ,iq. Depending on the tensors §’s and €’s in the interaction, only particular S,
representations of J;,..;, give a contribution to the action. For example, the symmetric
part of Jf

i1ig

W(1,72) by

in the indices give a contribution to the action. We define the bi-local field

N
1
(W (7, 72)]"1? = N Z ()X () (2.7)

One may treat the bi-local field [¥(71, 72)]*1?? as a matrix in (7, «), and the corresponding
matrix product is given by

(Ao B)(r1, 1572, 0) = Z /dTS A(T1, 1373, a3) B(73, 033 72, @12) - (2.8)
az=1

Also, it is sometimes convenient to think of the bi-local field ¥(7y,72) as a ¢ x ¢ matrix of
bi-local fields. After the disorder average,* one can derive the collective actions [5, 62]:

N
ol = 5'1‘1' [-D oW + log ¥] — (W (71, 72)] (2.9)
2
SCO] = E’I‘r [-D oW+ log ¥] — ];]Jq /dﬁdTg [tr (—\I’('rl,TQ)\II(Tg,71))]'7/2 (2.10)
q2

®In general, one can also build SO(g) invariant interactions by using S,/» character and §’s [62]. Fur-
thermore, one may mix both d’s and €’s for the interaction.

4One has to perform the quenched disorder average by using the replica trick. For this, one can apply
the bi-local replica collective field theory to this model [5], and take replica symmetry ansatz. Or, one can
treat the random coupling constant as a (non-dynamical) additional field [12, 71]. In large N, the quenched
average and the annealed average for the SYK model are shown to be equivalent [14].



where Tr and log is the trace and the log of a matrix in the (7, 8) space, respectively. On
the other hand, det and tr in the interaction terms is the determinant and the trace of a
q X q matrix, respectively. In addition, the bi-local derivative is defined by

D(7y,a1;12,2) = 10,,6(11 — 72) (2.11)

where I is the ¢ x ¢ identity matrix. Note that the second term %\Tr log ¥ corresponds
to the Jacobian in the Hubbard-Stratonovich type transformation from the fundamental
fermion to the bi-local field [5, 62, 72, 73]. In large N, one can derive the large N sad-
dle point equation which corresponds to the Schwinger-Dyson equation for the two point
function of fermions [62]. At strong coupling limit |J7| > 1, the saddle point equation has
emergent reparametrization symmetry, and the SO(g) invariant classical solution is found
to be

sgn (T
W (m1,72) = We(r1,72)I = ALI;)I (2.12)
|T12]9
where the coefficient A is given by
1 1 s
J2Nr = < — > tan — 2.13
> 4 . (2.13)

Expanding the bi-local field ¥ around the classical solution, one can derive the quadratic
action for the fluctuations [62]. Since the fermion is transformed in the fundamental repre-
sentation of SO(q), the bi-local fluctuation can be decomposed into singlet, anti-symmetric
and symmetric-traceless representations:

[J®[ |]=s ® A & sT. (2.14)

At quadratic level, the fluctuations of different representations are decoupled, and one can
easily derive the Schwinger-Dyson equations for the two point function Fg¢ (€ = S, A, ST)
of the bi-local fluctuations, which is four point function of fermions.

Fe = Fo—ofe) = Kex Fe  (€=S, A, ST) (2.15)

where o(€) is the sign of the representation €. (i.e., 0(S) = o(ST) = +, 0(A) = —) Then,

the four point function F¢ is a geometric series of which the common ratio K¢ and the first
term Fg _(¢) are given by

K¢ = —Z¢*Wa (1, m3)Va(re, 1) [Ya(r3,70)] 2 (€=8, A, ST) (2.16)

Fox = FVa(r, m3)Va(re, ma) + Ya(r, 7)Ya(re, 73) (2.17)

where the coefficient Z¢ is found to be
== (g—1), = =1, T = 1 (2.18)
2= (g1, S-1, =1 (2.19)

Note that the coefficient of the common ratio K¢ plays an important role in determining
the spectrum and the Lyapunov exponent. In the singlet and the anti-symmetric represen-
tation, the spectrum and the Lyapunov exponent of the interaction with §’s is identical to



that of the interaction with e. On the other hand, the spectrum of the symmetric traceless
representation of § interaction is different from that of € interaction. Nevertheless, the
out-of-time-ordered correlators of both interactions exponentially decay. We refer readers
to [62] for details of the § interaction.

2.2 Supersymmetric SYK model and supermatrix formulation

In this section, we briefly review A/ = 1 SUSY SYK model [64] and the supermatrix
formulation of SUSY vector models [66]. The action of the N'=1 SUSY SYK model can
be written simply in the superspace as follow.

1 . . _ A ,
S = / drde {—QWDW%—iq;Jil...iqw“---Wq (2.20)

where D = 0y + 00, is super-derivative, and we define superfield (7, #) with N Majorana
fermions x* and N non-dynamical auxiliary bosons b’ by

VT, 0) = X (1) + 0b (1) (i=1,2,---,N). (2.21)

Also, the random coupling constant J;,...;, is drawn from the Gaussian distribution:

Nal
P =exp [—q

7 Ji1---qui1---iq:| . (2.22)

In large N, it is useful to define a bi-local superfield by

N
U(r1, 01: 7, 0) = %Zwi(n,el)wfg,ag (2.23)
=1

This bi-local superfield can be considered as a matrix in the superspace (7,6), and the
matrix multiplication is defined by [66] by

(A*B)(Tl,gl;TQ,gg) = /A(T1,91;7'3,93) dT3d93 B(Tg,@g;Tg,@g) (2.24)

Note that the position of the measure is important since the bi-local superfield A and B
could be either Grassmann even or odd. Our convention on the position of measure is
simple and convenient the for matrix product. In derivation of the collective action and
the low energy effective action, it is convenient to utilize the matrix structure of the bi-
local superfield, which naturally leads to the supermatrix formulation [66]. Let us expand
a bi-local superfield A in components:

A(71,01;72,02) = Ag(11,72) + 01 A1 (71, 72) — Aa(11,72)02 — 01 A3(T1,72)02 . (2.25)

Then, we define a supermatrix corresponding to the superfield A as follow.

A A
A= (717 (2.26)
Ao Ay



The bi-local superfield A can be either Grassmann even or odd so that the ordering of
the Grassmannian variables 61, 6, and the component fields A; (i = 1,2, 3) is important in
defining the supermatrix. It is crucial to note that the Grassmann even (odd) superfield
corresponds to the Grassmann odd (even) supermatrix, respectively.

In the supermatrix notation, the matrix product defined in (2.24) is simplified as a
matrix product of 2 x 2 matrix:

(2.27)

(AxB) =
Ag*x By + Ay x By Ag x B3 + Ao x By

Ay x By + Az x By Al*B3+A3*B2>
where the multiplication % of the components is nothing but the matrix product of non-
SUSY bi-local fields:

(AZ‘*Bj)(Tl,TQ) E/dTg Ai(71,7‘3)Bj(7’3,7'2) (i,j:0,1,2,3) (2.28)

Note that the matrix product of two Grassmann even superfield gives Grassmann odd
superfield due to the Grassmann odd measure. This turns out to be more natural in su-
permatrix formulation because the matrix product of the two Grassmann odd supermatrix
is a Grassmann even supermatrix and vice versa. Hence, from now on, we refer to |A| as
the Grassmann signature of A as a supermatrix. i.e., |A] = +1 if A is Grassmann even
supermatrix and vice versa. Now, one can utilize all operations in the supermatrix. For
example, the super-trace is defined by

str(A) = &~ (A1) + (D= (4y) = /dﬁd&l A(ry,01;71,01) (2.29)

where &=~ denotes the trace in the bi-local space (11, 72) i.e., =~ (4;) = [dr Ai(11,71)
(1 = 0,1,2,3). After the disorder average, one can derive the collective action for the
N =1 SUSY SYK model [66]:

N N N
Secol = —Estr [@ * \I/] + Estr log ¥ — J2q /d71d91d72d92[\11(71, 01; 19, 92)}(1 (2.30)

where the bi-local super-derivative is defined by

0 010(11 — 72)

D(711,01;7m2,02) =
(1 b 2) (5(71—T2) 0

) = D91 (91 — 02)5(7’1 — 7’2) (2.31)

Note that %str log W comes from the Jacobian of the transformation from the N superfield

¥* to the bi-local superfield ¥ (See [66] for details).

3 N =1 SUSY SYK model with global symmetry

3.1 Extended supermatrix formulation

We will generalize the N = 1 supersymmetric SYK model by adding flavor to the N super-
field. For this, we first extend the bi-local superspace (11, 61; 72, 62) to bi-local superspace
with extra flavor space:

(7’1,9;7‘2,92) — (7’1,91,0&1;7’2,92,0&2) (3.1)



where 6#’s are the Grassmannian coordinate and o’s are the flavour index (a =
1,2,--+,q). In this extended bi-local superspace, one can consider bi-local superfield
A2(7y 01:79,05), and it is convenient to think of it as a ¢ X ¢ matrix A(7y,01; 72, 02). i.e.,

[A(T1,01;72,02)]%1%% = AM1 2 (11, 61;72,02) . (3.2)

We use the convention that an object written in bold (e.g., A) is a ¢ X ¢ matrix. We
define a matrix product ® for the extended bi-local superspace such that

q
(A ® B)a1a2 (7'17 91; T2, (92) = Z /(A>a1a3 (7’1, 01; T3, 03)d7’3d93(B)a3a2 (7’3, 03; T2, (92) .
az=1
(3.3)
Expanding a bi-local superfield into component fields, one can represent it as a supermatrix
like the A" =1 SUSY SYK model in section 2.2:

A(11,01;72,02) = Ag(T1,72) + 01 A1(T1, T2) — Aa(T1,72)02 — 01 Az(T1, 72)02

~ (Alm,m) A3(71,Tz)>

(3.4)
Ag(T1,72) Ao(T1,72)

where the lowest component Ay could be either Grassmann even or odd. This choice of
the signs and the ordering of Grassmann variables will lead to a natural definition of a
supermatrix and its multiplication. Note that a Grassmann odd superfield is mapped to a
Grassmann even supermatrix, and vice versa as before. In this supermatrix representation,
the matrix product of two bi-local superfield in (3.3) becomes the usual (2¢ x 2¢) matrix

Al A B, B
(A@B): 1 A3 ® 1 D3
Ay Ay By By

product:

- AioB1+A30By Ao B3+ A3zo0 By (35)
AgoB1+Ayo By Ago B3y + Ay o0 By ‘
where the matrix product o for the component bi-local fields is defined in (2.8). i.e.,
q
(Az o .Bj)oﬂoz2 (7’1, 7'2) = Z /dT3[Ai(7’1, 7_3)]041043 [Bj(Tg, 7'2)}0‘30‘2 (36)

az=1
One can easily see that the identity supermatrix gives the expected delta function in the
extended bi-local superspace. i.e.,
041924 (11 — T2) 0

1092 (71, 01519, 02) =
(1 1,72 2) ( 0 6(110&25(7.1_7.2)

) = (6h — 02)0(m1 — 72)6°0** (3.7)

Furthermore, the natural definition of the trace in the extended bi-local superspace is
consistent with the supertrace of a supermatrix. i.e.,

Z/d71d91d725(712) [Ao(T1,72) + 01 A1(T1,72) — As(T1, T2)01]*"

=TrA — (-1)ATr Ay =STr A (3.8)



Al ig —

where (—1)14!is 1 if A is Grassmann even supermatrix and (—1) 1if A is Grassmann

odd supermatrix. Note that the properties of the supermatrix will automatically holds. e.g.,
STr (A® B) = (-1)AIHBISTY (B® A) (3.9)

3.2 N =1 SUSY SYK model with global symmetry
The action of N' =1 SUSY SYK model with global symmetry is given by

1 . _ . .
S = /de@ [—wa‘D"L/Jm ri'tr Tiy o1 % (3.10)
where ¢ is odd integer (¢ = 3).> The superfield ¥ (7, 0) is defined by

wia(T, 0) = Xm(T) + Gbia(T) (3.11)

where x'*(7) and b*®(7) are ¢N Majorana fermions and ¢/N auxiliary bosons, respectively
(i=1,2,---,Nand a=1,2,---,q). The superfield ¢'*(7) transforms in the fundamental
representation of O(NN) and SO(q). i.e.,

PT,0)  —  O9YI(r,0)
PO, 0)  —  gMp(T,0) (3.12)
where O is an O(N) matrix, and g is an SO(q) matrix. Note that the action is invariant

under the (global) SO(q) transformation. .J;,..;, is the random coupling constant drawn
from the Gaussian ensemble

INa—1
exp |:—qJ<]i1---qui1---iq:| . (313)
We define a bi-local superfield by
1N .
WN2(1y,01;79,00) = N ;Wm(ﬁ, 01)9"** (72, 02) (3.14)

Note that the bi-local superfield W (7y, 61; 72, 02) is anti-symmetric in the extended bi-local
superspace. i.e.,
W2 (1 01570, 00) = —W*2 (19,095 711,07) . (3.15)

In the supermatrix representation, the bi-local superfield ¥ reads

N . . . .
1 piat e _piat piaz
\Ilala2(7'1,91;7'2,92) — 72 < (Tl)X' (7'2) (7'1) ' (7'2)> (316)

N e e (r2) = ()b ()

The Jacobian which takes from the superfield ¥ to the bi-local field ¥ is given by [66]

N-1
log J = ———STr log ¥ (3.17)

5¢ is odd since superspace Lagrangian needs to be Grassmann odd.

,10,



where STr is defined in (3.8). It is useful to define a super-derivative matrix:

[@]QIQQ(TM(%; 7'2,(92) = 5a1a2D01 (91 — 92)5(7’1 — 7'2)

_ 0 5041042815(7_1 — 7’2) (3 18)
2§ (T) — 9) 0 ‘

where Dy = 0y + 00; is the super-derivative. Note that the super-derivative matrix ® is
Grassmann odd supermatrix. Using the super-derivative matrix, one can easily check that

Or Ao(T1, Or As(T1,
D® A(ri,01;7,00) = [ 0(71,72) On Aa(r1, 72) ) (3.19)
Ay As
and therefore, its supertrace leads to the kinetic term:
NSTr (D5 0) =Y / dr [ ()0 (7) + b (r)b(7)]
‘ (3.20)

=y / drdoy™® (r,0)Dg)" (7, 0)
After disorder average, the collective action can be written as
N N N
Scol = —ES'I‘I‘ [@ & ‘I’] + ESTI‘ log v+ % /dTldeldTQdeg det[‘I’(n, 91; T2, 92)] (3.21)

where det[®] is a determinant of the ¢ x ¢ matrix .

3.3 Emergent symmetry

In strong coupling limit |J7| > 1, the collective action in (3.21) has emergent symmetries
including the super-reparametrization symmetry in the ' = 1 supersymmetric SYK model.
We define a critical collective action S, as follows.

N N
S ritical = —ES'I‘I‘ log ¥ + JT /dﬁd@ldrgd@g det[‘I’(ﬁ, 01; 19, 92)] (3.22)

First, we consider the super-reparametrization (7,6) — (7/,0’) given by [64]

= 74 6070 = VOTE) [0-40(r) + S0(r)0rn(r) (3.23)

where f(7) and n(7) is an arbitrary bosonic and fermionic function of 7, respectively. This
transformation satisfies
Dy = Dy’ Dy (3.24)

and, the Jacobian can be simplified by

o7 0.0 ,
Ber = Dyb (3.25)
697'/ 899/
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For now, it is convenient to parametrize the super-reparametrization as 7 = f(7,6) and
0 = y(r,0) with constraint (3.24) so that the Jacobian is still Dgy. Then, the critical
collective action in (3.22) is invariant under the following transformation of the bi-local
superfield ¥:6

1 1
W(11,01572,02) —  W(54(T1,01;72,02) = D1y1] e W (f1, 915 f2, ¥2) D2yl (3.26)

where f; = f(7,60;),y; = y(7,0;) (i = 1,2). In addition to the super-reparametrization, the
global SO(q) symmetry of the collective action is enhanced to the local §C\)(q) symmetry in
strong coupling limit. This is analogous to the local symmetry in [62], but in this case, the
S/(\)(q) local transformation is parametrized not only by 7 but also by the Grassmannian
coordinate €. For this, let us introduce a ¢ x ¢ matrix g(r,0) given by

g(7,0) = h(r) + 0k(r)h(r) = ™ h(r) (3.27)
where h(7,6) is a (bosonic) SO(g) matrix. i.e.,
h(r)h'(r) =1, deth=1 (3.28)

where I is the ¢ x ¢ identity matrix. On the other hand, k(7) is a ¢ x ¢ (fermionic)
anti-symmetric matrix. i.e.,

E'(1) = —k(7) (3.29)
Hence, it is easy to see that the matrix g(7,6) is also SO(¢) matrix:
g'(1,0) =h' (I +0k") =h~ (I —0k)=g! (3.30)
and
det g = exp [tr log(I + 0k)] =1 (3.31)

Then, one can consider a local transformation of the superfield ¥*® by the matrix g(7, 0):
GO0 — > gM(r,0)9" (7, 6) (3.32)
as=1

Accordingly, the bi-local field is transformed as follows.
W(ry,01;72,02) —  g(71,00)®(71,01;72,02)g " (2, 62) (3.33)

Under this SO(q) local transformation, the critical collective action (3.22) is also invari-
ant because of the ¢ x ¢ determinant and the supertrace STr for the extended bi-local
superspace. Therefore, together with the super-reparametrization, the critical collective
action (3.22) is invariant under the transformation:

(7, 01;72,02) (3.34)
1 1
— W0 (T1, 01572, 02) = D1ya]ag(m1,00)® (f1,y13 f2, y2)g " (72, 02)[Daya] @

where f; = f(74,0:), v = y(74,0;) (i =1,2).

6Strictly speaking, the first term in (3.24) shifts by a field independent terms which will not be relevant

for discussions below.
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3.4 Super-reparametrization and super Kac-Moody algebra

We will now determine the algebra obeyed by the group of transformations given in (3.34),
which we will call SDiff x SO(g). To do this, first note that the infinitesimal action of the
transformations are parametrized by

fr)y=7+4¢€(r)+60n(1), y=0+n(t)+ g@Te(T) , g(7,0) = I+ip(7)+0k(T) (3.35)

Note that p is obviously an element in the algebra of so(q), whereas k! = —k and hence can
be expanded in the basis of so(q) adjoint generator matrices. If the corresponding modes
are labelled by

1
6(7—) = Z EnTn—H ) 77(7—) = Z anH_E )

nez T€%+Z
= ZpZT“T”, k()= Z k‘ST“T”_% (3.36)
= T€%+Z

and define the infinitesimal generators L,, G,, J2, F}! via

Oey = Zen n + Z -G +zan + Z ErE? (3.37)

nez rei+7 nez rEL+Z

then the action given in (3.35) can be realized as
n+1 (77, + 1) n r41
L,=—(7"""0.+ T 00y | , G, =71""2 (09 — 00;) (3.38)
Jo =T F% = —0T°7" 2 (3.39)

where T are the algebra generators which obey [T%,T%] = i f%“T°. One can check that
these generators satisfy the algebra

m
[Lm; Ln] = (m - n)Lm—i-n {Gm Gs} =2Ls [Lma Gs] = <5 - 3> Gmys
i Ih) = if ™S L) = —mi [La B == (r+ 3) Fry, (3.40)
[T, FP) = if ™ Fyy, {Gs, F'} = —J7 G, Jn] = nFy
{Fe, FP} =0

with all the other commutator/anti-commutators vanishing. Note that the modes Ly,

Ly, G, together with J§ generates osp(1]|2) x so(q) subalgebra which forms the global
2

symmetry. For completeness, we record below the group composition action on the W.

W(711,01;72,02) [(f"5").g') [(£:9) ]

Wi(r5).91(F9).9) (71 015 72, 02)
Wi 4.9 [(Fy).g) (T1, 015 T2, 02) = [Delyl 1) 719’ (11, 00)g(f1,91)]
C(f(f190), y(f1, 1) £ (3, 43), y(f2, v5))

% [g'(72,02)9(f2,y2)] " [Da, 1Dy vo]

Q=

(3.41)

Q=
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where all objects are thought of as functions of 7,0. We then have the following transfor-
mation law

(9.9 [(fv).9) =1(Fy) e (f' ), g (7. 0)g(f',4/)] (3.42)

where (7,0) Ul 4), ( f(f(1,0),y/(7,0)), y(f'(7,0),y'(7,0)) ). One can also use this

to obtain the algebra’

3.5 Large NN classical solution

By varying the collective action (3.21) with respect to the bi-local superfield ¥, we obtain

the large N saddle point equation. Then, multiplying another bi-local field ¥ to the saddle

point equation, we have

Q20 Y27 Vg
(¢ —1)!

= 5(17(91 — 02)5(7’12) . (344)

(D& W)™(1,2)+ J [ w13 e 3w s,

where the measure dus is defined by drsdfs;. Note that the large N saddle point equa-
tion (3.44) corresponds to the Schwinger-Dyson equation for the two point function of the
fermion superfield. In strong coupling limit |J7| > 1, one can drop the first term of the
saddle point equation (3.44) which comes from the kinetic term. To solve the saddle point
equation in the strong coupling limit, we take an SO(q) invariant ansatz:

Wy (11, 015 72,02) = Ve (11,015 72,02) I (3.45)
where I is the ¢ x ¢ identity matrix. Then, the saddle point equation (3.44) is reduced to
(01 — 62)d(712) — J/d73d03[\1/cl(7'1, 01;73,03)]% Wy (13, 03579, 02) = 0 (3.46)

This equation is identical to the Schwinger-Dyson equation for the N/ = 1 SUSY SYK
model, and the solution is given by [64]

sgn (Tlg) sgn (’7’12) 2A9102
U (71,01;70,00) = A————2 - = + (3.47)
U172, 712 — 9192|2A ’le‘QA |712|2A+1
where A = 2—1(] and the coefficient A is
tan A
A = 3.48
2nJ ( )
In supermatrix notation, the classical solution ¥ is Grassmann odd supermatrix repre-
sented by
0 . — |
_ |7—12|2A+1
W, =A sen (712)1 0 (3.49)
‘7.12‘2A
"The commutator of two transformations is
6[62,n2,p2,k2],[61,nl,p1,k1] = 6[626/1—616/2+27]27]1 s %7726,1+€277/1—%6,2771—€177’2
(3.43)
MJJWP&*imp'ﬁi[kz,m]*i[’ﬂl4’2]

,—inz2k14inikateap) —e1ph+ilp2.p1], exk]—e1kh+

which upon using the mode expansion (3.36) and the generators (3.37) results in the same algebra as
in (3.40).
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3.6 Low energy effective action

In the strong coupling limit |[J7| > 1, the collective action has the emergent super-
reparametrization and the S/(\)(q) local symmetry. This emergent symmetries are bro-
ken spontaneously by the classical solution. Furthermore, moving away from the in-
finite coupling, the kinetic term, which we have ignored in the strict strong coupling
limit, also explicitly breaks the emergent symmetries. Hence, this leads to zero modes
(Pseudo-Nambu-Goldstone bosons) for the broken symmetries. Recall that the classical
solution by the super-reparametrization and the S/(\)(q) local transformations parametrized
by (f(r,0),y(r,60)) and g(r,0), respectively:

1 1
W (11,01;79,600) —  [Diya]eg(1,01)®u(f1,v1; fo, y2)g (72, 02) Daya] s (3.50)

where f; = f(73,0:),y; = y(13,0;) (i = 1,2). In this subsection, we will derive the structure
of the low energy effective action governing the dynamics of these modes. Naively, one
might think that one can just substitute the transformed classical solution into the kinetic
term which explicitly breaks the super-reparametrization and the S/(\)(q) local transfor-
mation to obtain this effective action. However, this turns out to be UV divergent in
the conformal regime and an accurate calculation of the overall coefficient of the effective
action requires details beyond the conformal regime [6, 15, 18, 74] (in particular for the
two point function). This can be addressed by re-solving the Schwinger-Dyson equation
beyond conformal regime either numerically [6, 10] or in some special limits (e.g., large
¢ limit [6, 58]). Another alternative is to use regularization schemes to control the UV
divergences (e-regularization [5, 7], s-regularization [7], ie-prescription [15], delta function
regularization [74] and renormalization scheme [18, 75]). With these schemes, one still
needs to make sure that results are regularization independent.

Regardless of the details of the regularization schemes, the symmetry dictates the
structure of the low energy effective action. Since we are anyway interested in this structure
rather than the exact overall coefficient, we will proceed to use e-regularization keeping in
mind the above caveats.® Let us define the e-expansion of ¢ given by [5, 7] as
1
1—e¢

In appendix C, we derive the e-expansion of the kinetic term with the transformed
classical solution. Then taking Segq ~ STr [D ® ¥|
above) leads to the low energy effective action:

_ 4 2, 03
Set = —NO‘;D‘H /deQ 2 [Dy _ Db y] _ Nasow /deG itr [JD.7+ 11{.73}

q (3.51)

e—expansion (up to the caveats mentioned

by [Dy]? J
(3.52)
Here, the super-current J (7, #) is defined® by
= kDg-g ' = —kk+0(—kd,h-h™ ' —kkk) (3.53)

8From the perspective of the exact calculation, the e-regularization suffers an additional drawback in the
sense that in this Gaussian limit the dynamics is not controlled by Schwarzian that we will eventually derive.

9We include the level k in the definition of the super-current as a bookkeeping parameter, and it does
not play any role in this paper.
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where g = e’k h. We reiterate that agp;s and Qs0(q) are independent numerical coefficients
which will not be determined in this work.

The first term of (3.52) is the super-Schwarzian action which appears in the N' =1
SUSY SYK model [64]. Using (3.23), the super-Schwarzian effective action reads

Sunsonn =~ [ dr [{£(7),7H(1 = n(r)drn(r) + n(7)0En(r) + 30,n(r) 22 (r)]

(3.54)
where {f(7), 7} is the Schwarzian derivative. On the other hand, the second term in (3.52)
is an action of a super-particle on the SO(g) group manifold which is analogous to the

effective action in the (non-SUSY) SYK model with global symmetry [62]. In particular,
in terms of the component fields of the SO(g) matrix

g(1,0) = " h(r) = h(r) + 0k(r)h(T), (3.55)
one can express the SO(q) effective action as

N 1 1 1
Setr s0a) = —O“f(‘“/dT tr [Qazh “h 4 507k k+ Sk Och- h=' k| .  (3.56)

Furthermore, defining a matrix M (7) by

M(7) = Pexp [_ / ' h(T’)dT'] , (3.57)

one has

1 1

Nasow Skork — 7

1
Sunsor = — 2 / dr tr LaTMaTM - k [8TM,k]] (3.58)

This is a supersymmetric ¢ X ¢ matrix model, and it would be interesting to study it as
the supersymmetric generalization of ¢ = 1 matrix model.

4 Four point functions
4.1 Quadratic action
Recall that the collective action was

N N N
Scol = —ES'I‘I‘ [D ® \I’] + 58'1‘1‘ log\Il + JT /dndeldngHg det[‘I’(Tl,el;TQ,gg)] (4.1)

In this section, we will expand this collective action to quadratic order in fluctuations
around the large N classical solution presented in section (3.5). Since W lies in the product
of two fundamental representation, it is natural to decompose the fluctuations into singlet,
anti-symmetric and symmetric-traceless representations of SO(N):

[ o[ |]=s @ A & sT. (4.2)

Accordingly, we expand the bi-local field ¥ around the large N classical solution as follows:

v=wv,+ \/ECS + \/gﬁ + ﬁCST (4.3)
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where the bi-local fluctuation (¢ (€ = S, A, ST) are given by

1

Cs(T1,01;72,02) = %77(71,91;72,92)1 (4.4)
1

Ca(T1,01;72,02) = ———=C(3 (71, 01572, 02)T} (4.5)

VvV 2XA
b
V2xgst

where T'j and T'g; are the generators in the anti-symmetric and symmetric-traceless rep-

Cor(T1,01;72,62) = Cor(T1,01;7m2,02)Tgr (4.6)

resentations, respectively. Also, xg denotes the Dynkin index of the representation R of

SO(q). i.e.,

dim(R)C2(R)
2dim(A)

where C2(R) is the Casimir of the representation R. Note that the generators T’y and T'g;

are normalized in a way that

(4.7)

XR

tr (TSTY) = 2x¢6% (€ = A, ST) (4.8)

Like the bi-local superfield ¥ (See (3.15)), the fluctuations ¢y (€ = S,A,ST) are also
anti-symmetric in the extended bi-local superspace. But, because of the properties of the
generators (i.e., (T$)! = —T¢, (T3:)! = TS;), the symmetry of the component fluctuations
(¢ becomes

(s(1,2) = =Gs(2,1), Gy(1,2) = G§(2, 1), Gr(1,2) = =Ger(2,1) (4.9)

where we use a short hand notation (¢(1,2) = (¢(11,01;72,02) (€ = S,A,ST). The SO(q)
symmetry ensures that the bi-local fluctuations (g, (§ and (§; do not couple to each other
in the quadratic action. Indeed, expanding the collective action

1

Seol | et + VN (G Gyt Con)| = NSO+ 506, €y, Canl + =Pl G Ganl -
(4.10)

we find the quadratic collective action to be

52 = ! Z str (\1@1 * (g * \1151 * (¢)
€=S,A,ST
Zed _
b 3 Z e (01261, 2)e(1.2 (411)
¢=S,A,ST

where the measure is defined by du; = dr;df; (i = 1,2) and ¥, has been given in (3.47)
(i.e., @y = W,I). In addition, the numerical constants Z¢ (€ = S, A, ST) are

ES: (q—l),EA:—l,EST:—l (412)

These numerical constants are important in analyzing the spectrum and the chaotic be-
havior.
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Now, we will derive the Schwinger-Dyson equation for two point functions of the bi-
local fluctuation defined!® by

Fs(11,01, 72,025 73,03,74,04) = 2 (Cs(71, 01572, 02)(s(73, 03; 74, 04)) (4.13)
Fi (11,01, 72, 09; 73,03, 74, 04) = 2 <C§(7'1791;7’2792)C§(73,93;T4,94)> , (4.14)
F2(11,01, 79, 02; 73,03, 714,04) = 2 <<gT(7-1791;7—2792)CgT(7-37'93;7-4794)> ; (4.15)

which corresponds to the Schwinger-Dyson equation for four point functions of the fermi
superfield 1/’®’s. Note that the four point function F A/ST is proportional to §*° because of
SO(q) symmetry. i.e.,

T =6"Fy, F@=0"Fa (4.16)
Hence, we will omit the index a in the derivation of the Schwinger-Dyson equation for
simplicity. Let us consider the following functional identity for € = S, A, ST:

_ 0 52 (¢satst]) —
/ DGDGDGsr = (C¢(3,4)e ) —0. (4.17)

To derive the Schwinger-Dyson equation from this identity, it is useful to evaluate the
following functional derivatives'! with respect to the bi-locals:

55(2) . B ) .
see6.5) — ~(Wa *Cex ¥y )(5,6) ~ 2eJ[Pa(5,6)]"*Ce(5,6)  (€=5,48T) (418)
and
5Cs/sr(3, 4
622;2;26 5; —963054(5(7—63)5(7'54) + 9640535(7—64)5(7_53) (419)
ggié?), 4; 9630546(7'63)(5<7‘54) + 9646536(7'64)5(7'53) (4.20)

where 6;; = 0; — 0;. Together with them, we multiply W.(1,5)dus ¥ (2,6)dps to (4.17)
and integrate it over us and ug, then we have the Schwinger-Dyson equation for the four
point function Fg:

Fe(1,2:3,4) = F_ye)0(1,2:3,4) +/dug,du(;K@(l,2;5,6).&(5,6;3,4) (4.21)

where o(R) is the sign of the representation R (i.e., 0(S) = o(ST) = + and o(A) = —).
This equation expresses the four point function as a geometric series of which the common
ratio is given by

(s : Ks(1,2;3,4) = (¢ — 1)JWq(1,3) 04 (2,4) 07 72(3,4) (4.22)
G Ka(1,2;3,4) = Jq(1,3) U0 (2,4) 07 %(3,4) (4.23)
Gor : Ksr(1,2;3,4) = —JWo(1,3)0q(2,4) 0 %(3,4) (4.24)
and its first term is
Cs,Ca: F_oo0=—Vu(1;3)We(2;4) + We(1;4)Wq(2;3) (4.25)
CST : FJr,O = \I’cl(l; 3)\chl(2; 4) + \I’cl(l; 4)\1]01(2; 3) (426)

%Here, we included the factor 2 due to the definition of the fluctuation in (4.3).
See appendix A for the convention of the bi-local functional derivatives.
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4.2 Conformal eigenfunctions

In this section, we will study two types of super-conformal eigenfunctions by using su-
persymmetric shadow representation following [56]. As shown in [56], one of the super-
conformal eigenfunction is turned out to be proportional to conformal eigenfunction found
in [6]. The other super-conformal eigenfunction is also proportional to the other non-SUSY
one in [59, 62, 65]. Hence, the properties of both super conformal eigenfunctions follows
from the non-SUSY ones [59, 65].

The basic idea of the supersymmetric shadow representation [56] is that a super-
conformal four point function can be constructed by deforming two decoupled CFTs by

a/dydﬁy Vh(y,Hy)V'%_h(y, 6y) (4.27)

where the operators Vj, and Vi
2

ent CFTs. Note that V, has opposite Grassman signature to Vj because the measure is

of conformal dimension h and % — h belong to differ-

Grassmann odd. Then, one can write the (connected) four point function as

(¥
o (4.28)

V()¢ (3)0(4) _ / ayao, SLOPCV) V1o VBV )
o ’

(
D) (0E)wE) ¢ (P(1)¥(2)) (W(3)p(4))

(
where we omit the O(N) indices and the flavor indices of the superfield. In this super-
shadow representation, one can obtain four types of superconformal eigenfunctions depend-
ing on the Grassmann signature of V, and the symmetry under the exchange 1 <+ 2 (See
appendix B for the details):

Y2, 1L ,. (4.29)

Foho
The eigenvalue of the super-conformal Casimir corresponding to Ti/ ,f is h(h — %) [56].
The superscript B (or, F') correpsonds to the case V} is Grassmann even (or, odd) and
V;, is Grassmann odd (or, even, respectively) in (4.28). The subscript F denotes the
symmetry under the exchange 1 <> 2 in the four point function (and, the correspond-
ing eigenfunction) without the denominator in (4.28). For example, TE;/ Fis symmetric
under exchange 1 <+ 2 because of the anti-symmetry of the two point function in the
denominator.!? Furthermore, by construction of the shadow representation (4.28), the
exchange (71, 01; 72, 02) < (73,03;74,04) maps TP to T and vice versa. i.e.,

Y2,(1,2,3,4) = Ti7%7h(3,4, 1,2). (4.30)

Hence, we will mainly work with Tg’ 5- In appendix B, Tf’h is obtained in the same way

2The notation for the eigenfunction in this paper is opposite to that of [59, 65] where the label of the
eigenfunction denotes of its symmetry including the denominator. e.g., T_ in this paper corresponds to ®°
in [59, 65].
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as T]ih in [56]:

1 (1, 2)]"](3,4)|1/2"sgn (34) P(3,4, y)
TB,(1,2,3,4) = = /dyde ’ ’ o2 (4.31)
o 2 YL ) P2, y) (3, y) [V/2 P (4, )| /2R
1 [(1,2)]"1(3,4)|/2 "sgn (112) P(3,4, y)
T (1,273,4):—/dyd9 ’ ’ i
ol 2 YL )12, ) P13, ) V2R (4, ) 12
x sgn (11 — y)sgn (T2 — y)sgn (73 — y)sgn (14 — y) (4.32)
where (i,j) =7, — 75 — 0:0; (i, = 1,2,3,4) and P(1,2,3) is defined by
0 0 03710 — 201050
P(1,2,3) = 1723 + 02731 + 03712 10203 ‘ (4.33)

1(1,2)(2,3)(3, 1)

Using OSp(1]2) analogous to the global conformal group SL(2, R) in the non-SUSY case,
the super-conformal eigenfunctions can be expressed in terms of the super-conformal cross
ratio x and ( given by

X = <173><274> -¢, (4.34)

= (1,2)(3,4) + g: gi g:ii +(3,1)(2,4) (4.35)
In particular, it is convenient to fix

nm=0,n=x,13=1,11=00,03=0,=0 (4.36)

and, the super-conformal cross ratio becomes
X="12,0="0h0>. (4.37)

Then, the super-conformal eigenfunctions can be expressed as

h¢
2,060 = <1 + x> D n(x) - (4.38)
where the conformal eigenfunctions ® ; are given by
L[ x|"
D_,(x) = / dy 4.39
#00 =3 oo ylMly = 1My = x| (439)
_sgn(x) [ |x|"sgn (y)sgn (y — Dsgn (y — x)
<I)Jr,h(X) = 2 / Ay — 111=h|y — v | : (4-40)
—o0 "y = 1"y — X

Note that the exchange 1 <+ 2 corresponds to the following transformation of the super-
conformal cross ratio

(¢ — (){’le:) (4.41)

Under this transformation, one can easily confirm the symmetry of Tih(x, ¢) from the
analogous symmetry of ®- ;. i.e.,

X B X ¢ B
) ——— | =4 E T - | =47 . 4.42
F.h (x—1> +h(X) T (x—l’x—1> =2 Q) (4.42)
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and, similar for Tf;. In addition, note that the super-conformal cross ratios in (4.34)
and (4.35) are invariant under the exchange (1,2) <> (3,4). Hence, in terms of the super-
conformal cross ratio, the relation between Y2 and Y* in (4.30) becomes

TEA060 =T, (60) (4.43)

Now, we will present the inner products of the super-conformal eigenfunctions. The
inner product in the non-SUSY SYK model was defined by [6]

2 dX
(fi,f2) = | —5HK)f2(0) (4.44)
0 X
And, [56] generalized it into the supersymmetric inner product:
? dydg¢
F.G z—/ XD By, OG(x, 4.45
(F,G) Ny, (x; Q)G (x,¢) (4.45)

where d¢ = df2db; for the choice in (4.37) so that [d¢ ¢ = 1.
As shown in [56] for the case of Y5 s (4.38) enable us to reduce the inner product of the
super-conformal eigenfunctions into that of the corresponding conformal eigenfunctions:

<T§,h> Ti,h’> =(1-h- h/)(‘I’q:,h, Pr ) (4.46)

The complete set of the conformal eigenfunctions consists of continuous and discrete
states. Note that the conformal eigenfunction ®+ j has symmetry analogous to (4.43):

P n(x) = Px1-n(X), (4.47)

This symmetry of the conformal eigenfunction can restrict h for the complete set. There-
fore, the continuous states are given by

1
D0 () : h=g5+is  (s20), (4.48)

and their inner product is found to be [59, 65]

Ttanmh

m%r[é(s —5')+8(s+ 5] (4.49)

(P> P ) =
where h = % +is and b/ = % +1s’. On the other hand, the discrete states are

O_p(x): h =2n (n=1,2,---), (4.50)
Py p(x): h=2n-1 (n=1,2,--+), (4.51)

and, the inner product is given by

(571’”/7'(2

P P = 4.52
( F,hs :F,h) 4h — 2 ( 5)
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This leads to the complete set of the super-conformal eigenfunctions via (4.38). However,

since (4.43) is not the symmetry of Ti , but gives the relation to Tf; Y there is no
b 75_
restriction in A for the super-conformal eigenfunctions. Hence, we have
tanh
(0B, T8, = —2md(s — s’)% (4.53)
where h = % +isand b = % +is’ (s,s" € R) for continuous states, and
S T2 Oy T2
(T3%NT§2W>::_4E%4,, <T+2n]ij2W7D::_Hﬁ%rf (4.54)
Sy T2 Sy T2
B B ; B ;
<T7,172n7 T—,l—Qn’> = m; ) <T+2 2n7T+,2—2n’> = ng (4'55)

where n,n’ € Z for discrete states. Note that the inner product between YZ o, and B h
vanishes because it is reduced to the inner product of ®_ ; and @, j, which is zero due to
the symmetry in (4.42). All other inner products between also vanishes because they have
different eigenvalues of super-conformal Casimir.

The eigenfunctions T2 (s €R), TEQ” and T§,172n (n=1,2,---) form a complete

liis
’2

set of states which is anti-symmetric under the exchange 1 «<» 2 [56]. Likewise, another
complete set of states which are symmetric under the exchange 1 <> 2 is composed of

le,éﬂ‘ (s € R), T+ on—1 and T+ 9_o9y (n=1,2,---). From the inner products of the super-

conformal eigenfunctions in (4.53)~(4.55), the corresponding completeness relations reads

- Z [T§,2n(X7 C)T§,2n(XI7 C/) - Tflfzn(x, C)Tflfzn(x'v CI)] (4.56)
n=1
> ds B !l / / /
[ e T OTE, A = O+ ),
Z +2n 1(x, ¢ )Tf,znfl(X/aC/) - Tf,zfzn(x, C)TE,2f2n(X/7C/):| (4.57)

n=1

—/m* (6 OTE ()

m2tanmh + h

—(x+ O+ ¢Ndx—x)-

h=1%+is
4.3 Diagonalization

Now, one can expand the four point functions F¢ (€ = S, A, ST) in terms of the complete
set of states which has the same symmetry under the exchange 1 < 2:

o0 ds B B
fs/ST = - /OO mr—,h(% <)<T—,h7-7:s/ST> b tis (4.58)
2
- Z TB 2n O C)<T§2m fs/ST> - T§,172n(X7 C)(TEHW fs/sﬂ] )
o0 ds
Fa = —/ m +, R(OGO(T +h7FA> bl s (4.59)
2

2
Zﬂ_g +2n 1( X7C)<Tf,2nfla~FA>_Tf2 on (X C)< +,2— 2m-7:A>] .

n=1
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Since the bi-local super-conformal Casimir [56, 66] commutes with the kernel, the super-
conformal eigenfunction also diagonalize the kernel. Noting that (4.21) can be written as

1

Je = T ch—a(ﬁ),(]’

(4.60)

we need to evaluate the eigenvalue of the kernel Ky corresponding to the super-confomal
eigenfunctions as well as the overlap between the eigenfunction and the first term F¢ o of
the geometric series in order to compute the inner product of F¢ and the super-conformal
eigenfunction. i.e.,

(Fe. TE) = o (F 0. TET) (4.61)
1 — kg

By construction of the super-conformal eigenfunction with the super-shadow representa-

tion, the kernel will be diagonalized by the three point function <¢(3)¢(4)Vf / F(y, 6y))

in the super-shadow representation (4.28) for each channel. For simplicity, one can take

y — oo limit where the three point function behaves as

WYV (y,0,)) ~ y2SP/IF(3,4) (4.62)

Then, the simpler function SP/¥(3,4) will also diagonalize the kernel with the same
eigenvalue. The flavor structure of ¥(3)1(4) in the three point function will determine the
symmetry'® of SB/F (3,4) under the exchange 3 <+ 4, and therefore, we have four types of
eigenfunction for the kernel:

sgn (734)
Sﬁh(t& O3,14,64) = (3, 4)|25" " (4.63)
03 — 04)
SE (3, 03,14, 04) = (77 (4.64)
h g [PA S
B _ 1
S n(ts, 03, t4,04) = [(3,4)|75 " (4.65)
sgn (734)(03 — 0
SY (ts, 03,14, 04) = g ’( 3é§_i+; ) (4.66)
T34

B/F
:‘:7h ’
channel. For example, the eigenvalues of the kernel for the singlet channel can be evaluated

Using the function S one can easily evaluate the eigenvalues of the kernel for each

by Sia/hF because of the symmetry under the 1 <+ 2 exchange:
/ dr3dfsdrydfy Ks(1,2,3,4)S7,(3,4) = k& (h)SZ ,(1,2), (4.67)
/ dr3dfsdrydfy Ks(1,2,3,4)8" ,(3,4) = k§ (h)S" 1,(1,2). (4.68)

where the kernel in the singlet channel is given by

KS(lv 27 37 4) = (q - 1)Jlllcl(1’ 3)\I’cl(27 4) [\Ilcl(ga 4)](1—2 (469)

13Here, in contrast to the super-conformal eigenfunctions T?h, we did not include the two point function

in the denominator. Therefore, S?{hF is anti-symmetric under the exhange 3 <+ 4 and vice versa.
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The eigenvalue equation can be further simplified by choosing the particular points
7'1:1, 7’2:0, 91:02:0. (470)

Then, the r.h.s. of (4.67) is simply reduced to the eigenvalue k& (h), and the 1.h.s. become
a simple integral:

™

tan 5- 1— B
kE(h) = (q—1>72q / drydfsdrydoy — L = T3)sen (- 7a)

1= 75?2 |my [22((3, 4) 1240
sin2r A — sinh I'(—h + 2A)'(h + 2A)
sin 2w A [T'(2A))?

The other eigenvalue k& (h) immediately follows'* from the relation between the
eigenfunctions T2, and T, , in (4.43):
) _75_

kL (n) = k8 (; — h) (4.72)

In the same way, one can evaluate the eigenvalue kf/ F(h) of the kernel in the anti-
symmetric channel given by

Ki(1,2,3,4) = JWa(1,3)Wa(2,4)[Va(3,4)]" (4.73)
and, we have
By, Sin2wA +sinwh I'(—h + 2A)T(h + 2A)
i (h) = sin 2w A [T(2A)]2 (4.74)
1
kE(n) = kP <2 - h> (4.75)

Note that it is enough to evaluate for the singlet and anti-symmetric channel because the
eigenfunctions of the singlet and the symmetric-traceless channel are identical, and the
two kernels are proportional each other:

1

Ksr(1,2,3,4) =
ST()))) q—l

Ks(1,2,3,4) (4.76)

Now, we compute the overlap (Tg h>~7:—a(€),0>' For this purpose, we will employ the
trick of [56]. We start with a OSp(1|2) invariant integral of the form

1 [ drydfydradbsy dr3dfsdryds, 1(1,2)|sgn (112) P(1,2,9)|(3,4)[2 7" _,

= do, . —F_ o (4.77)

2J 00 M2 =010z 754 = 6564 (L) [P 12, 9)P13, y) 2P (4, ) 2
where F'  is defined by

\I]cl(l 3)\Ilcl(2a4)
Flo=-— ’ 4.78
0= T (1, 2)Wa(3.1) (4.78)

We can evaluate this integral by using OSp(1]2) to set any three of 71, -+ , 74,y to a, b, c and

the fermionic partners of a, b to 0 provided we insert in the integral —sgn (a—b)|(a—c)(b—c)]|.
We will now perform this integral by the following two choices:

0One can repeat the same calculation for (4.68) and confirm this result.
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e First, we choose
1 =0(=c¢), 3 =1, 03 =0, T4 = 00, 0,=0 (4.79)

and we insert |(74 — 0)| in the integral. Recalling the form of the Tf_‘ﬂ,h (: Tl_g,lﬂ_h)
in (4.31) and the symmetry

T~ —xr, (X S 4,
e L (4.50)
which is analogous to (4.42), one has the integral in (4.77) to be
dxd
- / xﬁi T (1,2,3,4)F o(1,2,3,4) = (YF , F o) (4.81)

e On the other hand, one can also choose
=1, T =0, y=o00(=c¢), 01 =0,=0. (4.82)

In this choice, the integral (4.77) can be evaluated to be
Uy(1,3)0y(2,4)

1/°° drsdsdradiy, o 4y 13-
2 J oo T34 — O304 Vo (1,2)0,(3,4)
! h . B
Q‘AqJ(q)/—oo dr3d03dTydf, Ks((l,()),(0,0),3,4)5‘_7%_’1(374)
1
B mks (h) (4.83)

where we used (4.63) and (4.72).

Comparing the two ways of evaluating the same integral (4.77), we have [56]
!
(Y ) Foo) = R () (4.84)

where the constant aq is given by

2T

e (4.85)

ap =
Recalling the relation between T2 and T in (4.43) as well as the relation k& (h) and k£ (h)
n (4.72), we obtain

(T2 o) = (X 1 o) = Sk (h). (4.86)

1
75_}7"

For the anti-symmetric channel, one can repeat the same trick with the following OSp(1]2)-
invariant integral

1 /OO drydfydrydy drsdfsdradfy , o |(1,2)]"sgn (m50) P(1,2,)](3,4) 2"
2 ) cc Tz =012 Taa— 0302 (1) |2, p)[P|(3, 4) |2 | (4, 9) |2
x sgn (11 — y)sgn (12 — y)sgn (13 — y)sgn (14 — y) - (4.87)
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where we define
/ \Ilcl(173)qlcl(2a4>

= . 4.
]:+70 ‘Ilcl(lv 2)\chl (31 4) ( 88)

From the same two choices of “gauge”, we have
B _ @0, B
(T¥n Fr0) = (¢ = 1) ki (h) (4.89)

Note that we do not need to repeat the calculation for the case of the symmetric channel
because it is the same as that of the singlet channel. Now, using the eigenvalues of the
kernels and the overlaps, one can express the four point functions in (4.58) and (4.59) in
terms of the super-conformal eigenfunctions.

Summary. Here, we summarize the result for the four point functions and the eigenvalues
of the kernels.

e Four point function:

Fs < q B k:SB(Zn) B ]{:SB(l —2n)
=2 T S s )
Qg ; 71'2 |: 7,2n(X7 Ol _ kSB(Qn) 7,172n(X7 C) 1— kSB(l — 2n)
T ds kg (h)
/ 7 tanh 00 C)Tg(h) o (4.90)
2
ki (2n — 1) B kB (2 — 2n) ]
—_— = — A \sr ) T Ry (2—2n)
(q—l Z |: +,2n—1 X’C)l—k5(2n—1) +,2—2n(X?C)1_k£g(2_2n)
> ds kB (n)
- S tanmh PR T 4.91
/_ 272 tanwh £ Ol —EP () [ s (4.91)
2

B (o, B(1_9n
:_Z [ B ol C)M—Tfl_%(%o kgr(1 — 2n) }

(q— 1 ap 1—k&.(2n) 1— kB (1—2n)
o ds kB.(h)
- oo Toat6 O s (4.92)
/_oo 2n2tanmh = 1—kB.(h) h=11is
e Eigenvalue for € = S, A, ST
in27A —sin(7wh) I'(—=h + 2A) T (h + 2A)
Bipy — (g 1) 4
() = (g - 1) ToA)? (4.93)
B sin 2w A + sinwh I'(—h + 2A)(h 4 2A) 1 5
_ - - 4.94
i (h) sin 2 A [T(2A)]2 q— 1 ks (=h) (4.94)
1
kgp(h) = ———kg (h) (4.95)

g—17°
5 Spectrum

In this section, we will take OPE limit to read off the spectrum. Using the expression of the
conformal eigenfunction ®+ () for 0 < x < 1 [59, 65], the super-conformal eigenfunctions
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for 0 < x < 1 can be written as

12,000 = (1+ %) o0 = (14 ) wm + BOF0L 6)
12,000 = (1+ %) 00 = (14 2) B R + AWFL0] 62)
where the function F},() is defined!® by
2
n(x) = g¥;z% " 9 Fy(h, h; 2h;X) (5.3)
and the coefficient A(h) and B(h) are
A(h) = %tan(ﬂh) cot %h , B(h) = —% tan(mh) tan % (5.4)

Following [56], we will manipulate (4.90)~(4.92) in order to find the spectrum and OPE
coefficient in each channel. In this calculation, it is useful to note that

A(h) = B(1 — h) (5.5)

and
A(2n)=B(1—-2n)=1, A2n—1)=B(2-2n)=0 (neZ) (5.6)

Singlet channel. Using (5.5) and (5.6), the singlet channel four point function (4.90)
becomes

5, (1) (o 12)

- / N L (1+h<) LA(R)F() + A= ) Fy_y ()] — = D)

o 2m2 tanTh X 1—kg (h)

(5.7)
h=1+is

By changing h into 1 — & in the second term of the contour integral, one has

X[ () - () e
—/_stm[<l+f)%—(l+“;“) )

Note that the second term in the discrete summation diverges at h = 2 (i.e., k&(—1) = 1).

(5.8)
h=1+is

This divergent contribution comes from the zero mode corresponding to the broken super-
conformal symmetry. In this section, we drop the zero mode contribution in evaluating the
spectrum and OPE coefficients. Expressing the discrete sum as a residue sum, we have

_ °°R Fh<><><1+h<> KE (1)

Is _kg'(h)
h 2n 27 tan mh 1-— ]CsB(h)

ap

non-zero

5Note that the function FJ,(x) in this paper differs from that of [56] by the factor [Eggi]; .
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o0

5 h= 2n27rtan7r2h X 1-kB(1—h)

o) - (520) ).

By pulling the contour to infinity, the residue sum is cancelled. At the same time, this

picks up poles at

KBny=1, kP —-h)=kF (h—é) =1 <h> ;) (5.10)
and, we have
75 = Res L)h (1 + hC) (g)
O non-zero ksB(h) 1 h>1/2 27r tan 7 1 - ks (h)
F kY (h—1/2
kE (h—3)=1, h>1/2 27rtan 5 X 1—ks(h—1/2)

1
tan %h

at h = 1. Also, the residue sum includes the double pole at

As pointed out in [56], h = 1 does not contribute to the residue sum because cancels

the simple pole of ﬁg(h)

h = 2, which has to be carefully analyzed together with the zero mode contributions. To
read off OPE coefficients, it is convenient to express (5.11) as

h
= D> () <1 + C) X" 2Fi(h; h, 2h; X)
non-zero kSB(h)zl s h>1/2 X

+ > (cd)? (1 + (1_><h)<) X" oF1(h,h,2h;x)  (5.12)

k (h—3)=1,h>1/2

Fs
QQ

where the OPE coefficients are given by

_ 1 [rmpP 1 B

(e8h)* = 5 ——= % T(oh) B >0 for kPB(h) =1 (5.13)
_ 1 [rwP 1 1\

(cs)* = Sortan® Tk GGy T K (h— 2) =1 (5.14)

Note that (14 %)xh oF1(h,h,2h, x) in the first term of (5.12) is the super-conformal block

of (bosonic) primary of dimension h. On the other hand, (1 + (A=) h) X" 2 F1(h, h, 2h; %)
in the second term of (5.12) is an eigenfunction of the super—Casumr with eigenvalue
(h—3)(h—1), Which implies that it is related to the descendants of the fermionic primary
of dimension h — 3 [56].

Note that ks]? (h) (and, k&' (h — 1)) is increasing function (and, decreasing function)
around the zeros of k¥ (h) = 1 (and, k' (h —1) = 1, respectively). In addition, since tan ™2

2
is negative at these points, the square of the OPE coefficients are positive.

— 28 —



Anti-symmetric channel. In the same way, the four point function (4.91) in the anti-
symmetric channel can be written as

- F h EE(h
7 3 e 00, (1 1) HO
(q - 1)a0 non-zero n=1 h:2n7127‘- COt % X 1 - kA (h)
- F 1—h EB(1—h
_ Z Res h(X)h <1 + ( )C) A(B ) (5.15)
— h=2n—127 cot 7‘—7 X 1— ]{?A (1 — h)

“am e (%) i - (55 Pl

Note that we dropped h = 1 term in the second discrete sum because it corresponds to the

1
h—5+zs

zero mode contribution and has to be carefully analyzed separately (kf(0) = 1). As in the
singlet channel, we pull the contour to positive infinity, which cancels the discrete residue
sum and leads to other residue sum including the double pole at h = 1.

F B
L — Res h(X)h (1 + hC) kA (g)
(¢—1Dao  kPm)=1, h>1/227 cot T x ) 1—kB(h)
F 1—h ki (h—1/2
+  Res Il (1 i K) (212 )
kf (h—3)=1,h>1/2 2 cot T X 1—ky(h—1/2)

Expressing this in terms of the super-conformal blocks, one can read off the OPE coefficient:

Fi 1 h
o= Z (th)Q T ah (1 + XC) X" 2Fi(h, b, 2h;X)

-1 o Th
(g Jo EP(h)=1, h>1/2 2m cot 2

DS (Cf,h)2<1+(1_;L)C>Xth1(h,h72h;X) (5.17)

kF(h—3)=1,h>1/2

where the square of OPE coefficients are given by

_ ( B

(ckn)” = T oot 7 T2h) P RT >0 for kP(h)=1 (5.18)
_ 1 ImwP 1 B

(chm)? = T cot T T(@h) =172 >0 for kf'(h)=1 (5.19)

Note that the square of the OPE coefficients (cf,/LF)2 is positive because kZ (h) (and, ki (h—

1)) is an increasing function (and, a decreasing function) around the zeros of kf(h) = 1

(and, kf'(h — 1) = 1, respectively) and because cot %h is positive at the zeros.

Symmetric-traceless channel. Since the symmetric-traceless channel has the same
conformal eigenfunctions as the singlet channel, the evaluation of the spectrum and OPE
coefficients in the symmetric-traceless channel is parallel to that of the singlet channel.
Recall that the eigenvalue of the kernel in the symmetric-traceless channel is

KBIP () = — X _iPIP . (5.20)
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Thus, the singlet-traceless channel does not have divergence in the four point function.
This is consistent with the fact that the zero modes in the low energy effective action are
not coupled to the symmetric-traceless channel (See section 6.2). In the same ways as in
the symmetric-traceless channel, one can immediately obtain

i h
o= Z (Csl?r,h) <1+ C) X"oFi (h, b, 2h; x)

—1
(g ) kE(h)=1,h>1/2

DS (c&,h)2<1+W)xh2F1<h,h,2h;x> (5.21)

ki (h—1)=1,h>1/2
where (the square of) the OPE coefficients are given by
1 [T(h)]? 1

_ ( By _

( ST,h)2 _ o tan I‘(2h) [ (h)}’ >0 for kST(h) =1 (522)
B 1 [T'(h))? 1 B

(CgT,h)2 = ortan % T(2h) RE(h —1/2)] >0 for k:é“}(h) =1 (5.23)

One can confirm that they are positive.

6 Out-of-time-ordered correlators and chaos

6.1 Quadratic low energy effective action

For the contribution of the zero mode to four point function, we will first obtain the
quadratic low energy effective action and derive the two point functions of the zero modes.
Let us consider the infinitesimal super-reparametrization (3.23) with f(¢) and n(¢) around
the finite temperature solution given by

f(p) = tan [W} ;o (). (6.1)

where we use the dimensionless variable ¢ = %TT for convenience. Together with the

infinitesimal S/(\)(q) transformations given by

g=1I+ip(p)+0k(e), (6.2)
we expand the zero modes as follows:
1 —1in
ep) = 5D ene™ ™, (6.3)
nez
1 .
- —iny
) =o- D me ™", (6.4)
neZ+3
1
= e~y = TSe "% 6.5
) %%pn %\/KZP (6.5)

—_ —znap _ a a —zncp
k() = o > kne 2w\/§ Z kATSe (6.6)

neZ+= 5
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where T} is the so(q) generator in the anti-symmetric representation. With these zero
modes, the quadratic effective action can be derived from (3.54) and (3.56):

Naspi v 4iNa > 1
2 i i
ngf,)sniff = % ZnZ(n2 —1)ene—n — % Z n <n2 - 4> MnT—n (6.7)
n=2 n:%
9 Na ; zNa ;
Sekow = 2 Z n2pipt, + Z nkik?, (6.8)

From the quadratic effective actions, one can read off the two point functions of the zero

modes:
(€n€n) = NfzSJDiH n?(n;l - 1) (6.9)
: 1
{1n1-n) = =7 ]éijm Yy (6.10)
(2 ) = 5be‘]“”1 (6.11)
(kD) = 5@6]&2 (6.12)

6.2 Leading contribution: zero modes

In this section, we will evaluate the zero mode contribution to the out-of-time-ordered
correlators. For this, we consider the super-reparametrization and the SO(q) local trans-
formation of the classical solution at finite temperature. Using the super-conformal trans-
formation

flp,0) = flo+0n(p)), (6.13)
Y(p,0) = 1/ 0pf(0) n(p) + 04/ 0pf () (H;n(@)a@n(s@)) : (6.14)

one can obtain the classical solution at finite temperature from the zero temperature one.
For this, it is convenient to use the dimensionless variable ¢ (equivalently, we choose
B =2n):
T = tan - (6.15)
1

0 = 7z sec —9 (6.16)

where (7,6') is the coordinate on the super-line at zero temperature. The corresponding
super-Jacobian factor is given by

Dy = /O, f(T) = L sec . (6.17)

/2279

Hence, the classical solution at finite temperature is found to be

A sgn (12)
2 |sm £l2 %0102’2A

W (1,015 p2,02) = (6.18)
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Bosonic reparametrization zero mode. First, we evaluate the contribution of the
bosonic zero mode of the broken super-reparametrization to the four point function

1
For this, we consider infinitesimal super-reparametrization on the circle by €(y):

© — o +elp), (6.20)
1
0 — V1+€l= <1+ 26/) 6, (6.21)

and, the super-Jacobian factor is

1
Dgb =\/f' =1+ 56’. (6.22)
The variation of the classical solution (6.18) with respect to €, is found to be
2A . o P1te %9192 sin % nyi2
0e, Vo = gz\llcle mTs (1 + sin P12 tan £ —mncos — (6.23)

where we define

1 .
= = N e e 24
e() %;6 e (6.24)

It is important to note that the variation ., ¥ is proportional to the ¢ x ¢ identity matrix
(i.e., Wy ~ I). Therefore, the € zero modes give a contribution only to the singlet channel
Fs up to leading order, which is given by

F§(1,2,3,4) = ];Z (en€n)tr (66, ®u(1,2)) tr (6., P yq(3,4)) (6.25)

n

where we chose the normalization % so that F§ corresponds to the zero mode contribution

to Fs in (4.13). Using the two point function of €, in (6.9), we first evaluate F§ in the
particular ordering of ’s on the circle as follow.

P2 <p3=0<¢1 <pg=m. (6.26)

Taking analytic continuation of ¢; and o
oo 2m't o 2m’t
Y1 = 2 /8 ) P2 = 9 ,B )

one can evaluate the out-of-time-ordered correlator from (6.25) [6, 62]. At large ¢, we have

Fs(1,2,3,4) BJ (1+;9192) <1+;9394> e Ft (6.28)

(6.27)

We(1,2)04(3,4)  16mqaspin
where U, is given by
1 A sgn
Uer(p1, 01592, 02) = —tr [¥(ep1,01592,02)] = = (cpiu) 5A - (6.29)
q 2 |sin €32 — 10,6,

Note that the € zero mode contribution is composed of the terms such as 1,600,030, or

61602036,, which corresponds to the contribution to (x*x’x/x’), (b'bixx?), (X’x'b/b’) or
(b'b'bIb7) in the singlet channel, respectively. They saturate the chaos bound, which is
consistent with [65]. Moreover, they are all related to the bosonic bi-local fields, and it is
natural to get the e zero mode contribution because of fermi statistics. (See figure 1.)
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Fermionic reparametrization zero mode. We analyze the contribution of the
fermionic zero mode for the broken super-reparametrization. For this we consider the
following infinitesimal super-reparametrization:

flp,0) =+ 0n(p), (6.30)

y(p,0) = n(p) +0 (1 + ;n(w)%n(@)) ~n+0 (6.31)

where the corresponding super-Jacobian factor is

1
Dy = <1 + 2?717') +0n ~1+6n. (6.32)

Under this infinitesimal transformation, the variation of the classical solution at finite
temperature with respect to 7, is found to be

2A ot 0 0
0¥, = ‘I’czi2—e_mm2v2 [ ! ;— 2 (cot % sin oz _ 2n cos ’mpu)
T

01— 05 . P12 NP12 : 719012)
5 (tan 4 s 2n sin ~5 onn  (6.33)

where we expand 7(p) as follows.

1 —1in
() =5- >, e (6.34)
nGZ—&-%

As in the € zero mode, the variation of the classical solution is proportional to the ¢ x ¢
identity matrix. Hence, the n zero mode also contributes only to the singlet channel up to
leading order, which reads

fg(l, 2,3,4) = _];r Z (nn—n) tr (0y, ¥er(1,2)) tr (577—7L‘Pcl(37 4)) (6.35)

where the normalization % is chosen for its contribution to Fg in (4.14). In the same way,

we evaluate Fg with the particular ordering of ¢’s on the Euclidean circle in (6.26), and
then we take analytic continuation ¢; and ¢9 by (6.27). The large ¢ behavior of F¢ is
found to be

FN1,2,3,4) B 1+
U (1,2)%,(3,4)  16mq?aspir /2

(01 — i05) (03 — 104)e 5" (6.36)

Note that this contribution consist of 8103, 02603, 610, or 620,4. They contribute to the four
point functions such as (b'x'b’x7) in the singlet channel which are made of the fermionic
bi-local fields. Also, the fermi statistics would allow such a contribution while the € zero
mode contribution is not allowed at the leading order (See figure 1). Hence, the Lyapunov
exponent of those out-of-time-ordered correlators is % .
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Bosonic local SO(q) transformation zero mode. Now, we consider the zero mode
contribution from the broken local SO(g) transformation. In particular, the bosoinc zero
mode comes from the infinitesimal transformation p:

g(p,0) =h(p)=1+ip(p) (6.37)

The variation of the finite temperature classical solution with respect to p is

1 , _
Spa Wy = r/ﬂxpc,e*m“i” sin (n¢12¢2> T¢ (6.38)
where the expansion of the zero mode p(y) is given by
1 —ing 1 a —1
_ 1 __ Tae—ine | 6.39
p((p) o ; Pn€ 27T\/E ;pn A€ ( )

It is crucial to note that the variation is proportional to the generators T'y of the anti-
symmetric representation. Therefore, as in the non-SUSY SYK model with global symme-
try [62], the zero mode p give a contribution only to the anti-symmetric channel. Thus,
the zero mode contribution can be evaluated!® by

S FP(1,2,3,4) = gZ@gpin) <tr (6, W(1,2)T%] tr [5pd \11(3,4)T§§]> (6.40)

XA -n

where we also the normalization % for the consistency with Fy in (4.15). As before, the
analytic continuation (6.27) of the ordering in (6.26) gives the large time behavior of F:

5abpr(1727374) ~ —j ﬁ‘] 5ab2lt
Ue(1,2)V4(3,4)  2maso B

(6.41)

The leading contribution of the p zero mode is independent of Grassmannian variables. This
implies that only the four point function {x*x*x’x’) in the anti-symmetric channel gets the
p zero mode contribution even though the fermi statistics does not prevent the contribution
to other four point functions such as (x*x‘#’b/) or (b'b'b/b/). The corresponding Lyapunov
exponent is 0. But, the out-of-time-ordered correlator grows linearly in time, which was also
observed in the non-SUSY SYK model with global symmetry [62] as well as the SYK-like
tensor model [45].

Fermionic SO(q) local transformation zero mode. The fermionic SO(q) transfor-
mation can be parametrized by

g(p,0) =1+ 0k(T), (6.42)

and, we expand the fermionic zero mode k(p) as follows.

1 - 1 .
_ —ing _ arpa ,—ing
k(p) - g kne Py g knTye . (6.43)

n€Z+3 n€z+1i

"YRecall that Fys = 6“°Fysr.
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€ : Singlet € : Sin let\
p: Anti & '

Figure 1. Schematic diagrams for the contributions of the zero modes. The single solid line
denotes the fermion y while the single dashed line represents the auxiliary boson b. In addition,
the double wavy line represents the n zero mode for the singlet channel or the k zero mode for the
anti-symmetric channel. The double dashed line denotes the € zero mode for the singlet channel or
the p zero mode for the anti-symmetric channel. However, the bi-locals b'b’ is not coupled to the
zero mode p.

One can eaily evaluate the variation of the classical solution at finite temperature with
repsect to kg

oWy =

p1+09 |:COS <n<p12> 01 — 0o _isin (n<p12> 01 + 0o

W e "2 5 5 5 5 }Mm. (6.44)

1
TV 2%
Again, the variation is proportional to Ty, the anti-symmetric channel gets the contribution

from the zero mode k up to leading order:

a N C a
5 FR(1,2,3,4) = —m;(knkd_n> <tr [0 B (1,2)T4] tr [5,&”\11(3,4)T§}> . (6.45)

In the same way, the large time behavior of F§ is found to be

0P Fy(1,2,3,4)  BJ
Ue(1,2)¥q(3,4)  4maso

590105 + 0205 + 0104 — 020,) + O <e‘%t) . (6.46)

There is no growing term in large t, which would be expected from the bulk point of view
if exist. Namely, this contribution could be related to a boundary gaugino which would
give a negative (or, zero) Lyapunov exponent from (1.2).

Summary. Here, we present the summary of the zero mode contribution to the out-of-
time-ordered correlators.
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Channel Zero Mode Contribution
Singlet | (XXX O (DY) B (14 561602) (1 + %0304)5%”
(bixbIx?) BJ(01 — i02) (05 — i04)es"
Auti (xX'x*xIx) Jt
OFXTTB7Y, (0 T b7 ), (b x b7 X7 ) No Growth
Symmetric-traceless No Growth

Table 2. Summary of the zero mode contribution to the out-of-time-ordered correlators at large
t. We omitted the SO(g) indices in the four point functions.

6.3 Subleading contribution: non-zero modes

In this section, we will study the contributions of the non-zero mode to the out-of-time-
ordered correlators following [6]. The key idea is to replace the eigenvalue keB in the residue
sum of (4.90), (4.91) and (4.92) with other function kg ¢ which we will define soon. In non-
SUSY SYK model [6], such a function kg appeared in the diagonalization of the retarded
kernel. In our model, we found that the eigenvalues of the retarded kernel found in [65]
play the same role in evaluation of the non-zero mode contributions. The eigenvalues of
the retarded kernel in the singlet and anti-symmetric channels are given by [65]

- r(2-§)r(%-h+§+%)
kRS(h):_r(1+;)r(g—h—;+;)’ (047
rlr(eiy
kra(h) = F(1+§)F(§—h—$—%)' (6.48)

Note that we will not define kg st(h) separately because the eigenvalue kZ. is proportional to

kP (ie., k&(h) = —ﬁkz?(h)) and we can simply use kg g for the symmetric-traceless chan-
nel. The eigenvalue of the retarded kernel is related to the eigenvalues kf/ 4 (h) as follows.
1 h
k 1—h COS T (* — *)
Rl —H) _ 2/ (6.49)
kg (h) COST (2%1 + %)
: 1 h
bt 1 o () (6.50)
kg () h_l“‘%sinﬂ'(%q—%)7
: 1 h
k 1—-h h—1 SlIlﬂ'(*-*)
R’Aé ) (¢—1) i e (6.51)
ky (h) h_1+§sin7r<2iq+%>
1 h
ke a(h Cos T (f + *)
Rg‘( ) _(g—1) 22 (6.52)
ky (h) cosT (2%; — %)
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At particular value of h, they become

k& (h) = krs(1— h) (h=2,4,6,-) (6.53)
5 h—1+1
k2 (h) = —quk}{,s(h) (h=—1,-3,-5,---) (6.54)
5 h—1+1
EB(h) = — L —kpa(l—h) (h=1,3,5,---) (6.55)
(¢—1) (h - %)
) = —Fralh) (h=—2,-4,-6,-") (6.56)

Unlike non-SUSY SYK model, since the four point function of the SUSY SYK model is
expanded in terms of Ti 5, and Ti 1_pn» we need not only the relation between k‘R,s/A(l —h)
and kg/A(h) but also the relation between kg g/,(h) and k:g/A(h).

We are interested in evaluating the following out-of-time-ordered correlator:

S TR [y’ (t,61) y 7 (0,02) y ¢ (t,03) y 7 (0,04)] (6.57)

i?j

where 3% is the thermal density matrix (i.e., y = [p(ﬁ)]%) Note that we omit the SO(q)

indices, but one can easily consider this out-of-time-ordered correlator in each channel.

In [6], this out-of-time-ordered correlator can be evaluated at a particular cross ratio y =

2(1 —isinh 2%t)_l by analytic continuation from y > 1 regime. In our case, we will follow

the same calculation of the four point function at particular super-conformal cross ratios

depending on whether we evaluate two point function of bosonic or fermionic bi-local fields.
Let us consider the same configuration of the four point function as in (6.26).

T 2w T 2w

:*_7t :—*—7{; = g .
pL=5 5l ©2 53 w3 =0, g = (6.58)

/
7

At t = 0, these four points are on the thermal circle. We map (¢, 6;) to (7,6
(i =1,2,3,4) by

) on the line

T= tang (6.59)
1 1
9 = 5 sec? %9 = 7 sec% 0 (6.60)
In particular, because 74 = 0o, the super-conformal cross ratio is simplified by
040",
=2, Thgg 4 723 (6.61)
T3 Tig T13
C:_%%+%%+%% (6.62)
713

Setting 6, to be 0, one can choose either 01,0, or 03 to be zero. We found that two choices

05 = 64 = 0 and 6y = 0, are useful for our purpose.”

179, = 04 = 0 is also straightforward, and it reproduce a part of results of §2 = 4 = 0 case in large t.

But, it does not seem to capture the 3 Lyapunov exponent.
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e O3 = 04 = 0 : for this choice, the super-conformal cross ratios are found to be

9
S 6.63
X isinh =y (6.63)

. 2my
1 +ieB 0105

=1 6.64
¢ 1 — e 7t cosh %’rt (6:64)

At large t, they are asymptotic to

44 8
X g e (6.65)
e B e B
21
eB

From this cross ratio, one can read off the two point functions of bosonic bi-local fields
such as x¥'x'x?x? or x’x'b’b’. We present the large time behavior of two quantities
which appear in the calculation of the four point function:

¢ 1
2~ h0y - 6.67
VUL (6.67)
1 27
log— >~ —t+--- 6.68
—ix B (6.68)
1 ¢ 1 1 2m,
— 1= ) == (1+ =60 ] 6.69
—ix( x> 4<+212>6 ’ (009
e 05 = 04 = 0 : the super-conformal cross ratio are given by
2 LieFt’ 030
X = o, 0 ze%t At (6.70)
1 —isinh Ft 1—ie? V2 <cosh %t + 4sinh %t)
. 2my
1 B 030
(=i 371 (6.71)
1~ ie " V2 (cosh §t + isinh 5t)
The large time behavior of the cross ratios are given by
4i 2V2(1—i
X+~ (Mt )9391 (6.72)
e B e B
1 . — Tt 47,
~—(1—i)e #0103+ —— 6.73
X ﬂ( ) 105+ 3 (6.73)
]. —T¢
~——(1—1)e 80,0 6.74
C \/§< ) 1Y3 ( )
Also, for the estimation of the contour integral, it is useful to note that
_x 1
X% <1+a§> ~ V21 +i)e 5" 4+ (1 +1) (a—2>9193+--- (6.75)
X

where a is a constant. This cross ratio gives two point functions between fermionic
bi-local fields such as (b'x'b/x7) or {(x'x*x’x?).
Now, using these super-conformal cross ratios, we will evaluate the out-of-time-ordered
correlators in each channel.
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Singlet channel. For y > 1, the super-conformal eigenfunction is given by
h(\ ~
2,060 =1+ N Fen(x) (6.76)

where the conformal eigenfunction ﬁqg,h(x) (x > 1) were found in [6, 59, 65]:

~ r(-5r (& h1—h 1 (x—2)?
F _ 2 2 2 F - - )
2(X) = 2 1<27 > a2 ) 7 (6.77)
~ A (1-HT(E+1) -2 2—h h+1 3 (x—2)?
F - e F = : :
-‘r,h( ) \//7_(_ 2471 ( 92 ) 92 ) 2) X2 > (6 78)
Using ﬁ,,h(x), one can express (4.90) as
= F_ he\ kP (h
Al S A0 (14 16) K10
) ( (1—h)C> kg (1—h)
+ 1+ 6.79
Zh 2n 27Ttan X 1—kP(1—h) (6:79)
1 F_ hC\  kE(h 1-h k(1 —h
L ,h<x>h [(1+19) K0y, 0y KA ]
2w Je o 2mtan Tt X/ 1—kg(h) X 1—kg(1—h) he Lt
where we used
2 1 1
= — 6.80
tanh T jan 70 (6.80)
Now, one can replace k£’s in the residue sum with kg g by using (6.53) and (6.53).
Fs hC) krs(1—h)
s =- 1+ — :
1
o0 = ———kps(1—nh)
F_ 1— 1-h—1"RES
— 3" Res L(X)h <1 4 hx) - (6.81)
5 h=2n 27 tan 75t X

n=

Ih
1+ 1_qh_%kR,S(1 - h)

R S PR DAY CY) [<1+/;g> ksB(h)h)_(Hu_Xh)g) kP (1—h) ]

2mi Je 27Ttan“h 1—kB( 1—kB(1—-h)

We will pull the contour around poles in the residue sum to the contour h = % + is. Note

that 1 — kgs(1— h) in the denominator of the first term does not have zeros for h > 3. On
1

Lp
the other hand, 1 + l_qhik‘R,s(l — h) has one zero at h = 2 so that the second term has
q
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double pole at h = 2. Therefore, by pulling the contour, we have

Fs 1 F_p(v) <h> krs(1—h)
28 ——— a5 (1 5
0 |yonrero 2T Jo 2mtan Tt —kf(h) 1—krs(1—h)
1_p
1 F A2(X) h)¢ 1_h_lkRyS(1_h)
*omt Lo, % RN
¢ smtan 1+ o —krs(1—h)
1 h !
~ ——kprs(l1—h)
F_ 1—h 1—h— 1 RS
+Res 20 1+( )¢ T (6.82)
227rtan”h X

1+ l—qh—%kRvs(l —h)

By analytic continuation of ﬁ_,h to the regime y < 1, one can obtain its behavior at
small y:

F_n(x) ~ P(z—3) (k=) (=)™ +(h — 1—-h) (6.83)

e 03 =04 = 0:from (6.67), it is easy to see that the contour integral in (6.82) does not
contain the exponentially growing terms as in the non-SUSY SYK model. The residue
at the double pole h = 2 gives a linear combination of F_ 3(x) and 8hF,7h(X)‘h ,

27
The former leads to e # © which saturates the chaos bound. The contribution from
the latter can be written as

log } ” 1
-Fs,non—zero ~ N X (1 - g) ~ te%t (1 + 9192) (6.84)
—ix X 2

This seems to be faster than the exponential growth from the zero mode. However,
recalling that the zero mode contribution is proportional to SJ, this can be under-
stood as ‘ghg 5%, correction to the (leading) maximal Lyapunov exponent of (x*x*x?x?)
and (x'x't’b’) as explained in [6]. That is, the /3%] correction to a Lyapunov exponent
Az, leads to the following ﬂ%, sub-leading contribution to the exponential growth:

1 AW
A=A+ EASLI) o o= Mt=Dty BLJ 1Mt (6.85)

This is what we have obtained in the non-zero mode contribution.

e 02 =04 =0 : from (6.75), one can see that the contour integral does not grow
exponentially. On the other hand, the residue at double pole h = 2 is also a linear
combination of F_ 5(x) and ahF—,h(X)‘h X First, the contribution from the former

1 ¢\ 12, 140l =,
(12 ) e B 0,0, 4 6.86
—ix< X) TN R (0:56)

Note that the first term corresponds to the exponential growth of (x*xx’x?) with

becomes

the Lyapunov exponent Fﬁ while the second term comes from (b'x'b/x’) of which
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Lyapunov exponent is g On the other hand, the other contribution of the double
pole can be evaluated by

On {(—ix)lh <1 + (1><h)<>] . (6.87)

Note that the derivative should be acted on both the exponent and the factor “;h)c,
which leads to the cancellation of the terms violating the chaos bound. Then, one
can obtain

Fomongero ~ te 5\ + te5'0,0 (6.88)

where we omit the numerical coefficients. Again, the first and the second term corre-
sponds to the ﬁ—IJ correction to the Lyapunov exponent %” of (X’x*x?x’) and to the
Lyapunov exponent 7 of (b'x"bIx7), respectively.

Anti-symmetric channel. In the same way, one can evaluate the out-of-time-ordered
correlators in the anti-symmetric channel. Using f+7h in (6.78), we replace kP with kg,
in the sum by (6.55) and (6.56), and we pull the contour around the poles to the contour
h = %4—1’5. When pulling the contour, we pick up one double pole at h = 1. Hence, we have

h—1+1
L — i th 14 E kf(h) + mkR’A(l B h)
(—Dao  2mi Jo 27 cot L x /) [1=kB(h) o1t l
2 . 1- “rkra(l—h)

(a1

_1/dhf’+ﬁ<><> <1+<1—h)c> BBO-h)  ghral=)
2w Je 27rcot%h X 1—kf(1—h) 1_?11]61“(1_]1)

F 1
e m (1 + & —Xh)g> — qlfleﬁ(I f)h) (6.89)
where we used ) ' )
tanth  cot o R ) (6.90)
Noting that the function ﬁﬁh for small x behaves as
Fip(x) = s )0 (0 —)) (—ix)" + (h — 1), (6.91)

7 (1)

one can immediately deduce that the contour integral does not grow exponentially because
this is the almost same as that of the singlet channel. For the residue, we will also consider
the two choices of the cross ratios. Because of the double pole, we have the following two
contributions:

Fratd: o [Fento (14 “‘X’”L)C)]h:l (6.92)

ﬁ+71(x) does not have any exponentially growing term for either #3 = 64 = 0 or
02 = 04 = 0. Hence, it is enough to consider the second contribution.
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e O3 = 64 = 0 : for this case, the conformal ratio x is the same as one in the non-SUSY
SYK model, and we have

—iv)ih M oo(—i _5 27
on [( X) (1—|— N )LL 1 —log(—ix) Bt—i— 9192+ (6.93)

Hence, there is only a linear growth in large ¢:
JrA,non—zero ~1 (694)

This is the linear growth in the anti-symmetric channel of {(x*x*x?x?), which is consis-
tent with the p zero mode contribution in (6.41). Note that there is no growing term
proportional to f16,. This implies that the anti-symmetric channel of (b'b*x?x’) does
not grow at large ¢, it is also consistent with the p zero mode contribution in (6.41).

e 02 = 604 = 0: using (6.70) and (6.71), one has
1—h 2
Oh [(—ix)lh <1 + ()Cﬂ ~ Ty (1+7d)e 5 "9,05 + - (6.95)
X h=1 B
Hence, the growing term at large ¢ in this channel is
FA,non—zero ~t (696)

Again, this is consistent with the p and k zero mode contributions.

Symmetric-traceless channel. The evaluation of the four point function of the
symmetric-traceless channel is parallel to that of the singlet channel except for the eigen-
value of the kernel:

kB.(h) = —qilksB (h). (6.97)

Hence, its pole structure is different from that of the singlet channel. In particular, there
is no zero mode in the symmetric-traceless channel. This also agrees with the fact that the
zero modes in the effective action do not contribute to the symmetric-traceless channel.
Therefore, without dropping any term in the four point function, we obtain

Fao 1 F_n(x) he\ [ kB.(h) krst(1—h)
< dhih 1+ = e
(g—Nao 2w Je  2mtan =l x ) 1—kB(h) 1—kpst(l—h)

—h
1 F_n(x) (1—h)C\ | k21— h) T Tkrst(l = h)

; 7Th —kB(1 - il
270 27 tan T* X 1—kg(1—=h) 4 + 4 —tkrst(1 —h)
s (1 - ) |
_ _a 1—
P 1—h 1—h— 1 R,ST
 Re % <1 L )C> h (6.98)
where we pick up the simple pole at h = h, which is a solution of
L !
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Channel Non-zero Mode Contribution
t 2z
. (XXX X ), (XX BT BT) (D677 b7 —eBt
Singlet
S T
("X x7) <€’
B
OixixIxd) E
Anti eex B
(XX bIbTY, (bbEbT bT Y, (bix b x T ) No Growth
Symmetric-traceless No Growth

Table 3. Summary of the non-zero mode contribution to the out-of-time-ordered correlators at
large t. We omitted the SO(q) indices in the four point functions.

As in the singlet channel, the contour integrals do not contain growing term in large t.
Since h = h, is a simple pole, one can consider the following two terms for the residue
contribution:

(—ix)t " <1 + (1 - m)i) . (=)™ <1 + (1 - h*)i> (6.100)

e 03 =04 =0 :since 3 < h <1, (6.100) is exponentially decreasing in ¢t (See (6.63)
and (6.67) ).

e 02 =04 =0: from (6.70) and (6.71), we have

(—ix)™ (1 +(1— m)i) ~e Bt g e (3t g, (6.101)

27

(—iX)l_h* (1 4 (1 o h*)<> ~ 6*7(17h*)t +z’e*%ﬂ(%*h*)t9193 (6.102)
X

where we omitted the numerical factors. Since % < hyx < 1, they are exponentially
decreasing in .

In both cases, there is no growth in large ¢, which is consistent with the zero mode contri-
butions.

Summary. We summarize the contribution of the non-zero modes to the large time
behavior of the out-of-time-ordered correlators.

7 Conclusion

In this work, we studied N' = 1 supersymmetric SYK model with SO(q) global symmetry.
We showed that this model has the emergent super-reparametrization at strong coupling
limit, and the SO(q) global symmetry is enhanced to the g(\)(q) local symmetry. Also,
we demonstrated that the symmetry algebra is the semi-direct product of super-Virasoro
algebra and super-Kac-Moody algebra. The emergent symmetries are spontaneously broken
by the large IV classical solution. Furthermore, at finite coupling, the kinetic term breaks
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the emergent symmetries explicitly. This leads to Pseudo-Nambu-Goldstone bosons of
which effective action is super-Schwarzian action plus an action of a super-particle on the
SO(q) group manifold. The bosonic zero mode of the super-Schwarzian effective action
coupled to the bosonic bi-locals in the singlet channel to give the maximum Lyapunov
exponent %’T in the corresponding four point function. On the other hand, we showed that
the fermionic zero mode of the super-Schwarzian action is coupled to fermionic bi-locals
in the singlet channel, which leads to the % Lyapunov exponent in the out-of-time-ordered

correlator (b'y'bix7). Also, we saw that the bosonic zero mode from the broken SO(q)
symmetry gives a linear growth of the out-of-time-ordere correlator (x*x*x’x’) in the anti-
symmetric channel at large time while fermionc zero mode does not contribute to any
growth. We also evaluate the non-zero mode contributions, and we confirmed that they
provide the ﬁ%] correction to the zero mode contributions.

It is easy to consider N' = 2 supersymmetry generalization of our model with SO(q)
global symmetry based on the NV = 2 SUSY SYK model [64, 66] where the bi-local superfield
is composed of one chiral superfield and one anti-chiral superfield and the corresponding
supermatrix formulation was discussed in [66]. For the complex superfield, it would be
more natural to consider SU(q) global symmetry, but it is not straightforward because the
matrix product of bi-locals is valid only between the superspace with the sam chirality
while the flavor indices in the product should be conjugate to each other.

As pointed out in [76] for non-SUSY case, the coadjoint orbit method would be able
to reproduce the low energy effective action for the broken S/(\)(q) symmetry. Furthermore,
it would be interesting to study this effective action as a supermatrix model. Like the
Marinari-Parisi supersymmetric matrix model [77], one might be able to analyze it by
eigenvalue distribution!® [78, 79] (at least large ¢ limit), and it is interesting to show that
this effective action is also one-loop exact.

It would be interesting to verify the large IV, strong coupling results that we obtained
in this work via exact diagonalization for sufficiently large systems. In particular in this
work, we assumed that the large N solution preserves supersymmetry which can then be
checked via numerical methods. In fact, for the N' =1 SUSY SYK models [64] checked

that this was indeed the case.'?

In the maximally chaotic system, one would expect that a generic out-of-time-ordered
correlator would saturate chaos bound. The linear growth in the anti-symmetric channel
implies that the corresponding operators are not generic operator. Indeed, the bi-local
field x*x? in the anti-symmetric channel is related to the SO(g) generator, and therefore, it
might not be surprised that such a special operator does not grow with maximal Lyapunov
exponent. On the other hand, supersymmetric SYK models including our model exhibit
a new exponential growth with Lyapunov exponent % Although this does not violate the
chaos bound, it is not clear how to understand this Lyapunov exponent from the usual
bulk point of view. In the field theory, such a out-of-time-ordered correlated with Lya-

8] thank Robert de Mello Koch for pointing out this.
19T heir numerics also showed that the supersymmetry was broken non-perturbatively in the 1/N expan-
sion. This was also consistent with the fact that Witten index for this model vanishes.
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Matrix ..
Definition
Product

* (A* B)(11,m2) = /d’7'3 A(ry,73)B(13,72)
q
: (Ao B (rm) = 3 [y A1) B )
043:1
* (A% B)(71,01;72,02) = /A(T1791;T3,93) dr3dfs B(T3,03;72,62)

q
® (A® B)™2(7y,01;72,05) = Y /Aa1a3(71791;7'3,93) drsdfs B*"* (73, 03; 72, 02)

az=1

Table 4. Matrix product.

punov exponent % does not get a contribution from the bosonic zero mode of the broken
super-reparametrization because of the fermi statistics. This implies that there is an out-
of-time-ordered correlator in the bulk which is not coupled to the boundary graviton but
only to boundary gravitino. This type of correlators would not be captured by the previous
geometrical computation by shock wave [80]. It would be interesting to study the supersym-
metric generalization of the shock wave method to reproduce the Lyapunov exponent %
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A Notations and conventions
For any bi-local superfield, let us use the shorthand notation
A(1,2) = A(11,61;72,02) (A1)

Then, the functional derivative of S with respect to a bi-local superfield A(1, 2) is defined via

08
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Trace Definition
q
tr tr(A)=> A"
i=1
RN ~\(A4) = /dT A(r,T)
q
Tr Tr(4) =Y / dr Aii(7,7)
i=1
str str(A) = /drd@ A(r,0;71,0)
q ..
STr STr (4) =" / drdo AP(r,0:7.0)
i=1

Table 5. Trace.

where dp; = dr;df; (i = 1,2). Note that the delta function (61 —63)5(m12) for the superspace
is the identity matrix in the supermatrix formulation, and therefore, it is easy to see that

A(1,2) = / Or30(s) drsdls A(3,2) = / A(1,3) drsdfy O326 () (A3)

where 0;; = 6; — 0;. Using this, we will consider the functional derivative of (bosonic)
bi-local superfields A_(1,2) and B4(1,2) which are anti-symmetric and symmetric in the
bi-local superspace, respectively. i.e.,

A_(1,2) = —A_(2,1) (eg., (s, Cr) (A.4)
Bi(1,2) = B4 (2,1) (eg, G) (A.5)

Using (A.3), the variation of A_(1,2) and B4 (1,2) can be written as
§A_(1,2) = /9135(713) duz 0A1(3,4) dusbs26(7a2)
_ / d,j,4du35A+<3,4)% 0510426 (751)6(r12) — O320010(751)0(712)]  (A.6)
5B.(1,2) = [ 0rad(ria) dpa 8B (3.4) dpaBaad(rec)

1
= /d,u4d,u35B+(3,4)2 [9319425(7‘31)5(7’42) + 9329415(7’31)5(7’42)] (A7)

Based on our definition of the bi-local superfield in (A.2), one can read off the following
functional derivatives:

m = % (0510420 (731)0(Ta2) — O320410(731)0(742)] (A.8)
m = % (0510420 (731)0(Ta2) + 0320410(731)0(742)] (A.9)

Also, note that the variation of STr log W can be expressed as

§[STr log ¥] = STr (¥ ! @ §¥) = /duzqf—l(z, 1)du16%(1,2) (A.10)
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which leads to
0STr log ¥
— 2 =W(2.1 A1l
0w (1,2) (2,1) ( )

B Shadow representation

In this appendix, we will briefly review the shadow representation for both non-SUSY and
SUSY SYK models based on [56, 59]. We begin with the non-SUSY case first. For two
decoupled CFTs, let us consider a four point function (O;(71)O2(72)O3(73)O4(74)) Where
01 and O3 belong to one CFT and O3 and O4 belong to the other. Then, this correlation
function is factorized into a product of two point functions. Now, let us assume that two
CFTs are coupled by

€ / dyVi(y)Vi_n(v) (B.1)

where V), and V;_j is a primary operator in each CFT, respectively. Then, in addition to
the disconnected diagram, the (connected) four point function is given by

(O1(11)O2(72) O3(73)O4(14)).. Zﬁ/dy (01(11)O02(12)Vi(y)) (Vi_1 (1) O3(73)Oa(74))

(B.2)
One can fix the three point functions to be
M b b
<01(71)02(7'2)Vh(y)> - ’7-1 — 7_2|2A_£LT71_1T3 :gy/|)h|7_2 — y|h (B3)
M b b
(1) 0s(73)Oa(r)) = vy (B.4)

o ’7-3 _ 7-4|2A—1+h’7-3 _ y|1—h‘7-4 _ y|l—h

where M(1y, 72, 73) is responsible for the symmetry of three point function.

For the non-SUSY SYK model, one can expect two bases for four point function:
i.e., anti-symmetric basis (e.g., singlet and symmetric-traceless representation); symmetric
basis (e.g., anti-symmetric). Hence, one may write

M_(11,72,y) = sgn (112)[a + b sgn (11 — y)sgn (12 — y)] (B.5)
M (71, 72,y) = c+dsgn (11 — y)sgn (12 — y) (B.6)

where a, b, ¢, d are constants. In order to restrict M further, we will consider the symmetry
of the four point functions. In particular, we will consider the normalized four point
function of fermions in each channel:

(07 ()95 (12)957° (73) 5" (1))
(7" (T) W (7)) () (13)1] (1))

TR T (B.7)
Using SL(2, R) symmetry, we can fix the points 71, 72, 73 and 74 to express it in term of the
3 — T12734
cross ratio x = T;TM.
1=0, m=x, 3=1, y=00 (B.8)
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Then, the shadow representation gives the following two bases:

L[>~ x|"M_(0,x,y)M_(y,1,00)
& ,(v)=- [ d B.9
w0 = [P P (B.9)
1 o |X|hM+(O7X7y)M+(y> 1700)
® - B.1
+a(x) 2/_00 ly|"y — 11=hly — x|" (B-10)

Recall that the exchagne of t; and t2 corresponds to the following transformation of xy =

T12734 .
T13724

(t1,72) — (72,71) — X — % (B.11)
and, similar for (73,74). Hence, the symmetry?® of the basis is given by
_ X
Ppx(x) = £Ppx (X — 1) (B.12)

In addition, another important symmetry of the basis is the exchange of (71,72, 73,74) <>
(73,74, 71,72). This symmetry corresponds to the following relation of basis.

Pp(x) = PronF(x) (B.13)

From these two symmetries, one determine the basis completely:

By (x) 1/Ood I (B.14)
h(X) == y = :
2 ) o ClyMy =11y — x P
sgn(x) [ |x|"sgn (y)sgn (y — 1)sgn (y — x)
P () = 75 / Y y|*y — 1|1 Py — x| (B.15)
— 00

For the SUSY SYK model, the three point function analogous to (B.3) and (B.4) can be

written as
MEg(71, 72,73
[(1,2)[2A=1((1, 3) ||

MEg(71, 72, T3)sgn
[(1,2)[22=R[(1, 3) 7|

T, (W5 (11,0007 (12, 05) VP (13, 03)) = (B.16)

o~ |~

2,3)|"

T12)
2,3)|h

—

T, (W5 (11,0007 (12, 05) VI (73, 05)) = P(1,2,3) (B.17)

—~

where the function P(1,2,3) is defined by

91(7'2 — 7'3) + 92(7’3 — 7’1) + 93(7‘1 — 7’2) — 2610503

P(1,2,3) = . (B.18)
(1,2)(2,3)(3,1)[2
and the function Mp(71, 72, 73) is in general given by
Msst(71, 72, 73) = sgn (112)[a + bsgn (713)sgn (723)] (B.19)
My (11, 72,73) = a + bsgn (113)sgn (723) (B.20)

2'Due to the denominator of (B.9) and (B.9), the symmetry of the basis is changed.

— 48 —



As before, this leads to the basis for the four point functions:

/d do (1, 2)|"(3, 4)]1/2 hsgn (T34)MP(3 4,y)
Y | (L) P12, ) |P((3, ) [/ (4, y) [1/2—h

1 1(1,2)[11(3, )] /2*sgm (1) MP(3, 4, )
T+hL/@MyKlwW@yWW3wW2HMyW”” (B.22)

(B.21)

where TE 5 1s the basis for the singlet and symmetric-traceless channel and Tih is for the

anti-symmetric channel. The function M is given by

M = ay + agsgn (11 — y)sgn (12 — y) + assgn (73 — y)sgn (14 — y)
+ aygsgn (11 — y)sgn (12 — y)sgn (73 — y)sgn (14 — ) (B.23)

We want to also restrict the function M by using the symmetry of four point function of

the SUSY SYK model. Using OSp(1|2), we choose

7—12077-2:Xa7—3:177-4:ooa9320794:07C:91927 (B24)
and, the basis U:EJL is simplified to be
1 x + ¢" Mo

T8, == / dydb Y B.25
0= | WO Tl =yl =y (B.25)

1 X + ¢|"sgn (x) M8
1B, = /dyde Y B.26
=g [ W T — g (B.26)

where the function //\Z becomes

M = a1 + agsgn (y)sgn (x — y) + azsgn (1 — y) + assgn (y)sgn (x — y)sgn (1 —y) (B.27)

The symmetry of Tgh discussed in (4.42) leads to a3 = a4 = 0 for Tfh and a1 = as =0
for Tih. However, unlike the non-SUSY SYK model, the exchange of (11,61, 72,62) and
(73,03, 74,04) does not impose a constraint on the basis but gives the relation between 1B
and Y. Hence, we could not determine the basis in this way. The basis T2 , chosen in [56]
for N' =1 SUSY SYK model is equivalent to the case where ao = a3 = a4 = 0. Hence,
we take assumption?! that the other basis Tf’h would correspond to a; = as = az = 0.
Therefore, we have

| 1(1,2)[P1(3, )] /2P sgm (r22) P(3.4,)
Y2230 = [avin, g S (B)
| 1(1,2)[11(3,4)]/2Psgm (112) P(3, 4,)
Ti“LZ&Q_‘é/ﬁW%K7>mewww3wW25Myw0h
x sgn (11 — y)sgn (12 — y)sgn (13 — y)sgn (14 — y) (B.29)

21As in [59], one may claim that Vf /Fisa composite operator of two fermions with derivative operators
to restrict the form of the three point functions.
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C Effective action

In this appendix, we will derive the effective action by e-expansion of ¢. We will consider
the super-reparametrization and the SO(q) local transformation of the large N classical
solution ¥ in (3.49) by

= f(r,0), 0 =y(r,0), g(1,0) (C.1)

Note that unlike (3.23) this parametrization of the super-reparametrization is constrained
by

Df = yDy (C.2)

Taking

(0<e<1), (C.3)

the e-expansion of the transformed classical solution can be written as

1
_ D1y1Doy q
1 g1(1,2) = Ag(1)g L (2)— P2t (C.4)
If1 — f2 — y1yele
1 D1y1D2y2

1
= ——g(g (2 1 —elogQ+§62 (log Q)2 + - - -

(g — 1)) |J(f1 = f2 — y1y2)|

where ag = @71)2#% and € is defined by
q

D1y1D2y2
0= C.5
T = f2 — )] (€:5)

where f; = f(7,0;) and y; = y(7:,6;) (i = 1,2). We will analyze STr (D ® ¥;) of (C.4)
order by order in €. For this, it is useful to consider the Taylor expansion of fi — fo — y1yo
and Dyy;. Using the constraint in (C.2), we found

Diy1 = Z %Dz [(T12 — 0102)" 07, 2] (C.6)
n=0
f(11,01) = f(12,02) + Z %DQ (12 — 0102)"07% Do f (12, 02)] (C.7)
n=1

In particular, (C.7) can be simplified to be

f1— f2— 1y

1 1
= (7’12 — 0102)[])?/]2 + §D2 [(Tlg — 9192)2(D2yDy)] + 5(7’12 — 0102)2DyD3y

1 1
+ 6D2 [(7'12 — 0192)3(DyD4y + 2D2yD3y)] + 6(7—12 — 0192)3DyD5y + .- (CS)
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Leading contribution. Let us consider the super-reparametrization for now. Us-
ing (C.6) and (C.8), we have an expansion in L

D1y1Dy2 (C.9)
f1— fo— 1192
_ 1 1, Dayr 12D2y2D2y2 1 Djy; 1 D3yaDiys 1 DiysDiys
L 2 "Days [Doy2]> 6 Doyz 6 [Dayo]* 3 [Dayo)?

where L is defined by
L =115 — 010 (C.10)

To evaluate STr (D ® W), it is convenient to use supermatrix notation. Recall that a
Grassmann even bi-local superfield A can be represented by the Grassmann odd superma-

A; A:
A=|"170 (C.11)
Ag Az

trix:

Since the super-derivative matrix ® in (3.18) is a Grassmann odd supermatrix, ® ® A is
Grassmann even supermatrix. Hence, its super-trace becomes

STr® ® A = Tr [0, Ay — As] (C.12)

From (C.9), one can read off the components of its supermatrix representation. In partic-
ular, we are interested in the following two components:

D D 1
[flylyQ} = —+ T12F(72) +
1

— fo—y1y2 o Ti12

Dy1D 1 1[p} D2y,D
[1y1 b2 } :—2—{ 292 _ g 22 292] +F(m) 4+ (C.13)
J1—=fo—wny2]s Tip 2 [ Da2ye [Day2]? |,

where the ellipsis represents vanishing terms in the limit 72 — 0. Then, we have

4 2, 3 4y 2, 03
o |- ] 22
fi—fo—wnye [Dy]

(C.14)
For the SO(q) transformation, we consider the following expansion:
g(m,01)g "(r2,62) _[1, 61oDagy-g5" o 4 3 1
= | T4 222222 4 plg, . 012D3g, -
T — 0 — 0105 ot i T D292 -9y 10120592 - 95
1 _ 1 _
+§LD%92 gy + 5912LD§Q2 gyt ] - (C.15)
From this expansion, one can easily read off the components
9(11,01)g" ' (12,05) 1 o 1 )
=—1I1+1D . F e C.16
(L0009 | -t gy g5+ B () + (©16)
g(71,61)g (12, 62) 1 3 -1 /
_ I — D — D . F .
[ P —N , 7z 7_12[ 292 - 9o ]2 [ 292 9o ]2 + F'(19) +
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where the ellipsis denotes vanishing terms in the limit 719 — 0. Then, the super-trace is

given by
g(11,01)g (72, 62)
1 — T2 — 0102

STr [@ } = /dee Tr [D3g, - g5 '] (C.17)

In general, the super-reparametrization and the S/G(q) local transformation leads to

D1y1Dy2 -1

—g(mn,0 79,0

fi— f2_y1y29(1 Vg~ (2, 02)
1 Dyy2 , D3yaDiys 1 L o 1

o012 — 0222+ | T+015 |~ 4+ | Dagy- gy +[1+---]D3gy-
[L Doy EE 7 g2-9- [ |D3g5 g-
3 1, 1 4 -1

+012[14--]D5g5-gy " + 5 [L++]D2g5- g5 (C.18)

2

In the same way, we have

Dy4/D
STr [CD ® (Mg(ﬁ»@ﬂg_l(ﬁa@z)ﬂ

fi—fo— w1y
1 /Dy D2yD3y)
= [drdd |- =2 -2 tr I + Tr [D3g, - —1] C.19
Jaran |5 (32 -2, Digs 9" (©19)

Sub-leading contribution. Now, we will consider the sub-leading contribution of (C.4).
The expansion of log ) in L is given by

Di1y1D D4 D21,D3
log (Jcllm) —log L + log [1 + 912L 292 — 0 LM + - }

— fa—y1y2 Doy [Daya]?
Djy2 , D3yaD3ys
“log L+ -6 L(2 —2 4o C.20
g 512 Dot L ( )
Together with (C.9) and the expansion g,g5 ! the expansion of the sub-leading contribution
becomes
D1y1Dy2 ( D1y1Dy2 > ~1
lo 71,01 T2, b2
i fo—wve S\ fi— fo— it 9l Jg-( )
logL 1 Dj D3yoD3 1 D3 D3y2D3
_ [_ og +012< 2Y2 _ 5Day2 222) B 91210gL< 2Y2 _ 5Daye 232) +] 7
L 2 Doy [Day2] 2 Day2 [Day2]
log L _ _
e 012D2gy - g5+ — O12log LD3gy - g5 ' + -+ (C.21)

Reading off the components which are necessary in evaluating the effective action

[ Diy1D Dyy1D |
wibys o, < 1y1Dy2 > (C.22)
Lf1— fa— 12 i—Ff—wny2 /],
log
T12
D1y1D Diy1D |
wibye o ( 1y1Dy2 ) (C.23)
Lf1— fo— e fi—=Ffo—wny2 /)]s
__—ltlogmy 1 [Dgyz B D%yzDgyz] log 712 [D3y2 B 2D3y2D2y2 L
T 2 [ Dayo [Day2]? 2 [ Doy [Daya]? |, ’
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we have

Diy1D D D
_ o, [@®{ Wby ( 191Dy2 >H
fi—fa—yy2 f1— fo—wviy2

1 [Dy D2yD3y} / 1 [D4y DQyDSy]
=—€[dr - |=——-2—=| =—€ [ drdf = | — —2——-~ C.24
/ 2 [Dy Dyl* |, 2 [ Dy o | )

Sub-sub-leading contribution. In the same way, we found

D1y1Dyo [lo( D1y1Dyo

)} gr00)g~ (2.00)

fi—fo—m1y2 fi—fo—wny2
(—logL)* <D§‘yz D%mD%yz) 1 2<D%y2 D%92D§y2> ]
= |8 g logL ) +—015(~logL ) 4o | T
{ L 2085\ Dyyy 7 Doyl 2 12(~log L) Doyz  [Dayol?
(—logL)? —1 9212 1 203 —1
7 012D2g5-95" +L(~logL) D3g5-g;" +012(—logL)"D3gy g5+ (C.25)

and the contribution to the effective action vanishes in the limit 779 — O:

2
D1y1Dy2 1 [ ( D1y1Dy2 )]
D® | —m 1 _— = C.26
(fl—f2—y1y2glg2 o8 fi—fo—wny ( )

Vanishing divergence in the e-expansion. In the higher order in €, one can easily see

1
5(—6)28’1‘1'

that the most terms vanish in the limit 72 because they are proportional to 7{4(log112)™
(n,m > 0). However, there are terms proportional to (log712)” (m > 0), and it is not
immediate to see whether they vanish or not until we evaluate the super-trace. Hence,
we will collect this type of terms in all orders in €. First, there are such diverging terms
proportional to Dags - 92—1:

D;y1Dy : 1 2 (=)™
1Y1Dy2 1 1 - n
T g(11,01)g (72,02) = —012D2g5 - g ——(—logti2)" + -~
(o) ot 0g 7 0 = puagn- 0t D= S (Clomm)
(C.27)
which vanish because
trDags - gy =0 (C.28)
In addition, the rest of the divergent terms are summed up to be
Diy1D q
1Y1VY2 B -1
— | 9(n,01)g (72,0
<f1—f2—y1y2> (11, 61)g7 (72, 62)
1, (Diys  DiysDiys 3 1] a
= 912<2 —2 I+ 012D5g,5 gy | €872 + -
[2 Doy [Daya]? e
1 D} D2y2D3
—eeflogmz g, < 292 97aY2 2?) I (C.29)
2 Daya [Day2]
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Hence, only one component of the supermatrix gives a contribution to the super-trace (with

super-derivative):

D1y1Dy2 : -1
[(fl —fa— y1y2> 9(n.f)g (72792)] s

1 [D4 D2y,D3
_ _< [ 2Y2 _9 2Y2 2232] I+ [Di’gz .921]2> e€log T2
2

2 | Dayo [Days]
3
1 [D2y2 D2y2D2g;z] Teeelog iz (C.30)
2 [ Dayo Daya]? |,
and, it vanishes in the limit 75 — 0 because ¢ > 0:
1 [D3y2 D3y2D3y>
_ ] - 2 ) 2 2 I D3 1 elog 12 -0 .31
7’11—I>I}'2 <2 [D2y2 [D2y2]2 2 i [ 29292 }2 ¢ ( )
1 [D4 D2y,D3
lim [ 2222 2?;2] Teec8™2 = 0 (C.32)
=12 2 | Dayo Daya]? |,

Total. In sum, we have

N
~ 58T [D ® Vol eypansion (C.33)

N p* D2yD3 N
= —ﬁ / de9 <Dy — 2 é/ 2y) — 1 /deatr (Dgg : gil) .
4(qg—1)a0y 4 Dy 2(¢—1)a

[T

where o = # Note that the leading and the subleading terms in the e-expansion

tan

contribute to (C.33) while the higher order terms vanishes.

D Zero mode eigenfunctions

In section 6.2, we evaluate the variation of the classical solution at finite temperature with
respect to the infinitesimal super-reparametrization and the infinitesimal S/E)(q) local trans-
formation. In this analysis, we have not specify the form of each zero mode eigenfunction
because the variation of the classical solution is enough to evaluate the contribution to the
leading Lyapunov. In fact, the variation of the classical solution includes the zero mode
eigenfunctions, and we present them with their normalization. From (6.23), (6.33), (6.38)

and (6.44), one can read off the zero mode eigenfunction v, (s =2, %, 1, ;)

e Bosonic part of super-reparametrization:

1 . _
Ve =, im0 50102 i cos (ngpl - gpg) L sin (n£15£2) .
Sm(sﬂlzw) 2 tan(%?%)
(D.1)
e Fermionic part of super-reparametrization:
3/9) _  _ipeitez |01 4 0y P12 . NP12 np12
VB = emin s [ 5 (tTn — 2ncos 2)
01—
1%, (t n P12 005 T2 o sin W”) . (D.2)
2 4 2 2
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e Bosonic part of §6(q) local symmetry:

v = e~ iP5 i <n(’01;(’02> . (D.3)

e Fermionic part of §6(q) local symmetry:

V1/2) = gminige [COS (n¢l - @2) =0 . (n¢1 - @2) 2! +92] (D4

2 2 2 2

Defining the inner product by

/ dp1dpadfidhs /
V(S),V(S) —_/ v (5) 1,2 V(") 1,2), D.5
< n m > = sin ((plgcpz) %9192 n ( ) m ( ) ( )

the inner product of the zero mode eigenfunctions are given by

(Vi Vi) = 2m%nl (0 — 1)dn4m.0 (D-6)
v ® @y g 2135 D
w2 Vi) = —8nZisgn (n) [ n 7 ) On+mo (D.7)
<V,£1), Vrgzl)> = 2772|n|6n+m,0 (D'8)
1 1
(Vi?) Vi) = 2isgm (0)5n-m0 (D-9)

where others vanish.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] S. Sachdev and J. Ye, Gapless spin fluid ground state in a random, quantum Heisenberg
magnet, Phys. Rev. Lett. 70 (1993) 3339 [cond-mat/9212030] [nSPIRE].

[2] A. Kitaev, A simple model of quantum holography (part 1), talk at KITP,
http://online kitp.ucsb.edu/online/entangled15/kitaev/, University of California, Santa
Barbara, CA, U.S.A., 7 April 2015.

[3] A. Kitaev, A simple model of quantum holography (part 2), talk at KITP,
http://online kitp.ucsb.edu/online/entangled15 /kitaev2/, University of California, Santa
Barbara, CA, U.S.A., 27 May 2015.

[4] J. Polchinski and V. Rosenhaus, The spectrum in the Sachdev-Ye-Kitaev model,
JHEP 04 (2016) 001 [arXiv:1601.06768] [NSPIRE].

[6] A. Jevicki, K. Suzuki and J. Yoon, Bi-local holography in the SYK model,
JHEP 07 (2016) 007 [arXiv:1603.06246] [NnSPIRE].

[6] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-Kitaev model,
Phys. Rev. D 94 (2016) 106002 [arXiv:1604.07818] InSPIRE].

— 55 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.70.3339
https://arxiv.org/abs/cond-mat/9212030
https://inspirehep.net/search?p=find+EPRINT+cond-mat/9212030
http://online.kitp.ucsb.edu/online/entangled15/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/
https://doi.org/10.1007/JHEP04(2016)001
https://arxiv.org/abs/1601.06768
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.06768
https://doi.org/10.1007/JHEP07(2016)007
https://arxiv.org/abs/1603.06246
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.06246
https://doi.org/10.1103/PhysRevD.94.106002
https://arxiv.org/abs/1604.07818
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.07818

7]

8]

[9]

[10]

[11]

[12]

[13]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

A. Jevicki and K. Suzuki, Bi-local holography in the SYK model: perturbations,
JHEP 11 (2016) 046 [arXiv:1608.07567] [INSPIRE].

J. Maldacena, S.H. Shenker and D. Stanford, A bound on chaos, JHEP 08 (2016) 106
[arXiv:1503.01409] [INSPIRE].

A.M. Garcia-Garcia and J.J.M. Verbaarschot, Spectral and thermodynamic properties of the
Sachdev-Ye-Kitaev model, Phys. Rev. D 94 (2016) 126010 [arXiv:1610.03816] [INSPIRE].

S. Banerjee and E. Altman, Solvable model for a dynamical quantum phase transition from
fast to slow scrambling, Phys. Rev. B 95 (2017) 134302 [arXiv:1610.04619] InSPIRE].

J.S. Cotler et al., Black holes and random matrices, JHEP 05 (2017) 118
[arXiv:1611.04650] [NSPIRE].

T. Nishinaka and S. Terashima, A note on Sachdev-Ye-Kitaev like model without random
coupling, Nucl. Phys. B 926 (2018) 321 [arXiv:1611.10290] [INSPIRE].

A.M. Garcia-Garcia and J.J.M. Verbaarschot, Analytical spectral density of the
Sachdev-Ye-Kitaev model at finite N, Phys. Rev. D 96 (2017) 066012 [arXiv:1701.06593]
[INSPIRE].

R. Gurau, Quenched equals annealed at leading order in the colored SYK model,
EPL 119 (2017) 30003 [arXiv:1702.04228] [IxSPIRE].

R. Gurau, The 1€ prescription in the SYK model, arXiv:1705.08581 [INSPIRE].

D.J. Gross and V. Rosenhaus, A line of CFTs: from generalized free fields to SYK,
JHEP 07 (2017) 086 [arXiv:1706.07015] INSPIRE].

R. Bhattacharya, S. Chakrabarti, D.P. Jatkar and A. Kundu, SYK model, chaos and
conserved charge, JHEP 11 (2017) 180 [arXiv:1709.07613] [INSPIRE].

A. Kitaev and S.J. Suh, The soft mode in the Sachdev-Ye-Kitaev model and its gravity dual,
JHEP 05 (2018) 183 [arXiv:1711.08467] [INSPIRE].

A. Almbheiri and J. Polchinski, Models of AdSs backreaction and holography,
JHEP 11 (2015) 014 [arXiv:1402.6334] [NSPIRE].

A. Almheiri and B. Kang, Conformal symmetry breaking and thermodynamics of
near-extremal black holes, JHEP 10 (2016) 052 [arXiv:1606.04108] INSPIRE].

M. Mezei, S.S. Pufu and Y. Wang, A 2d/1d holographic duality, arXiv:1703.08749
[INSPIRE].

D. Grumiller, R. McNees, J. Salzer, C. Valcarcel and D. Vassilevich, Menagerie of AdS;
boundary conditions, JHEP 10 (2017) 203 [arXiv:1708.08471] INSPIRE].

K. Jensen, Chaos in AdSy holography, Phys. Rev. Lett. 117 (2016) 111601
[arXiv:1605.06098] [NSPIRE].

J. Maldacena, D. Stanford and Z. Yang, Conformal symmetry and its breaking in two
dimensional nearly anti-de-Sitter space, PTEP 2016 (2016) 12C104 [arXiv:1606.01857]
[INSPIRE].

J. Engelsoy, T.G. Mertens and H. Verlinde, An investigation of AdSs backreaction and
holography, JHEP 07 (2016) 139 [arXiv:1606.03438] [INSPIRE].

S. Forste and 1. Golla, Nearly AdSs SUGRA and the super-Schwarzian,
Phys. Lett. B 771 (2017) 157 [arXiv:1703.10969] [INSPIRE].

— 56 —


https://doi.org/10.1007/JHEP11(2016)046
https://arxiv.org/abs/1608.07567
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.07567
https://doi.org/10.1007/JHEP08(2016)106
https://arxiv.org/abs/1503.01409
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.01409
https://doi.org/10.1103/PhysRevD.94.126010
https://arxiv.org/abs/1610.03816
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.03816
https://doi.org/10.1103/PhysRevB.95.134302
https://arxiv.org/abs/1610.04619
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.04619
https://doi.org/10.1007/JHEP05(2017)118
https://arxiv.org/abs/1611.04650
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.04650
https://doi.org/10.1016/j.nuclphysb.2017.11.012
https://arxiv.org/abs/1611.10290
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.10290
https://doi.org/10.1103/PhysRevD.96.066012
https://arxiv.org/abs/1701.06593
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.06593
https://doi.org/10.1209/0295-5075/119/30003
https://arxiv.org/abs/1702.04228
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.04228
https://arxiv.org/abs/1705.08581
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.08581
https://doi.org/10.1007/JHEP07(2017)086
https://arxiv.org/abs/1706.07015
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.07015
https://doi.org/10.1007/JHEP11(2017)180
https://arxiv.org/abs/1709.07613
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.07613
https://doi.org/10.1007/JHEP05(2018)183
https://arxiv.org/abs/1711.08467
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.08467
https://doi.org/10.1007/JHEP11(2015)014
https://arxiv.org/abs/1402.6334
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.6334
https://doi.org/10.1007/JHEP10(2016)052
https://arxiv.org/abs/1606.04108
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.04108
https://arxiv.org/abs/1703.08749
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.08749
https://doi.org/10.1007/JHEP10(2017)203
https://arxiv.org/abs/1708.08471
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.08471
https://doi.org/10.1103/PhysRevLett.117.111601
https://arxiv.org/abs/1605.06098
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.06098
https://doi.org/10.1093/ptep/ptw124
https://arxiv.org/abs/1606.01857
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.01857
https://doi.org/10.1007/JHEP07(2016)139
https://arxiv.org/abs/1606.03438
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.03438
https://doi.org/10.1016/j.physletb.2017.05.039
https://arxiv.org/abs/1703.10969
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.10969

[27]

[28]

[29]

[30]

[31]

[32]
[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

G. Mandal, P. Nayak and S.R. Wadia, Coadjoint orbit action of Virasoro group and
two-dimensional quantum gravity dual to SYK /tensor models, JHEP 11 (2017) 046
[arXiv:1702.04266] [NSPIRE].

S.R. Das, A. Jevicki and K. Suzuki, Three dimensional view of the SYK/AdS duality,
JHEP 09 (2017) 017 [arXiv:1704.07208] [INSPIRE].

S.R. Das, A. Ghosh, A. Jevicki and K. Suzuki, Three dimensional view of arbitrary ¢ SYK
models, JHEP 02 (2018) 162 [arXiv:1711.09839] [INSPIRE].

D.J. Gross and V. Rosenhaus, The bulk dual of SYK: cubic couplings, JHEP 05 (2017) 092
[arXiv:1702.08016] [NSPIRE].

D.J. Gross and V. Rosenhaus, All point correlation functions in SYK, JHEP 12 (2017) 148
[arXiv:1710.08113] INSPIRE].

E. Witten, An SYK-like model without disorder, arXiv:1610.09758 [INSPIRE].

R. Gurau, The complete 1/N expansion of a SYK-like tensor model,
Nucl. Phys. B 916 (2017) 386 [arXiv:1611.04032] [InSPIRE].

LR. Klebanov and G. Tarnopolsky, Uncolored random tensors, melon diagrams and the
Sachdev-Ye-Kitaev models, Phys. Rev. D 95 (2017) 046004 [arXiv:1611.08915] [INSPIRE].

F. Ferrari, The large D limit of planar diagrams, arXiv:1701.01171 [INSPIRE].

V. Bonzom, L. Lionni and A. Tanasa, Diagrammatics of a colored SYK model and of an
SYK-like tensor model, leading and next-to-leading orders, J. Math. Phys. 58 (2017) 052301
[arXiv:1702.06944] NSPIRE].

P. Narayan and J. Yoon, SYK-like tensor models on the lattice, JHEP 08 (2017) 083
[arXiv:1705.01554] [INSPIRE].

L.R. Klebanov and G. Tarnopolsky, On large N limit of symmetric traceless tensor models,
JHEP 10 (2017) 037 [arXiv:1706.00839] [INSPIRE].

P. Diaz and S.-J. Rey, Orthogonal bases of invariants in tensor models, JHEP 02 (2018) 089
[arXiv:1706.02667] [INSPIRE].

R. Gurau, The 1/N expansion of tensor models with two symmetric tensors,
Commun. Math. Phys. 360 (2018) 985 [arXiv:1706.05328] INSPIRE].

R. de Mello Koch, R. Mello Koch, D. Gossman and L. Tribelhorn, Gauge invariants,
correlators and holography in bosonic and fermionic tensor models, JHEP 09 (2017) 011
[arXiv:1707.01455] [INSPIRE].

T. Azeyanagi, F. Ferrari and F.I. Schaposnik Massolo, Phase diagram of planar matriz
quantum mechanics, tensor and Sachdev-Ye-Kitaev models,
Phys. Rev. Lett. 120 (2018) 061602 [arXiv:1707.03431] [ixSPIRE].

S. Giombi, I.R. Klebanov and G. Tarnopolsky, Bosonic tensor models at large N and small €,
Phys. Rev. D 96 (2017) 106014 [arXiv:1707.03866] [INSPIRE].

K. Bulycheva, I.R. Klebanov, A. Milekhin and G. Tarnopolsky, Spectra of operators in large
N tensor models, Phys. Rev. D 97 (2018) 026016 [arXiv:1707.09347| INSPIRE].

S. Choudhury, A. Dey, I. Halder, L. Janagal, S. Minwalla and R. Poojary, Notes on melonic
O(N)?=1 tensor models, JHEP 06 (2018) 094 [arXiv:1707.09352] [INSPIRE].

— 57 —


https://doi.org/10.1007/JHEP11(2017)046
https://arxiv.org/abs/1702.04266
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.04266
https://doi.org/10.1007/JHEP09(2017)017
https://arxiv.org/abs/1704.07208
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.07208
https://doi.org/10.1007/JHEP02(2018)162
https://arxiv.org/abs/1711.09839
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.09839
https://doi.org/10.1007/JHEP05(2017)092
https://arxiv.org/abs/1702.08016
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.08016
https://doi.org/10.1007/JHEP12(2017)148
https://arxiv.org/abs/1710.08113
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.08113
https://arxiv.org/abs/1610.09758
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.09758
https://doi.org/10.1016/j.nuclphysb.2017.01.015
https://arxiv.org/abs/1611.04032
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.04032
https://doi.org/10.1103/PhysRevD.95.046004
https://arxiv.org/abs/1611.08915
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.08915
https://arxiv.org/abs/1701.01171
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.01171
https://doi.org/10.1063/1.4983562
https://arxiv.org/abs/1702.06944
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.06944
https://doi.org/10.1007/JHEP08(2017)083
https://arxiv.org/abs/1705.01554
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.01554
https://doi.org/10.1007/JHEP10(2017)037
https://arxiv.org/abs/1706.00839
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.00839
https://doi.org/10.1007/JHEP02(2018)089
https://arxiv.org/abs/1706.02667
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.02667
https://doi.org/10.1007/s00220-017-3055-y
https://arxiv.org/abs/1706.05328
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.05328
https://doi.org/10.1007/JHEP09(2017)011
https://arxiv.org/abs/1707.01455
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.01455
https://doi.org/10.1103/PhysRevLett.120.061602
https://arxiv.org/abs/1707.03431
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.03431
https://doi.org/10.1103/PhysRevD.96.106014
https://arxiv.org/abs/1707.03866
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.03866
https://doi.org/10.1103/PhysRevD.97.026016
https://arxiv.org/abs/1707.09347
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.09347
https://doi.org/10.1007/JHEP06(2018)094
https://arxiv.org/abs/1707.09352
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.09352

[46] F. Ferrari, V. Rivasseau and G. Valette, A new large N expansion for general matriz-tensor
models, arXiv:1709.07366 [INSPIRE].

[47] T. Azeyanagi, F. Ferrari, P. Gregori, L. Leduc and G. Valette, More on the new large D limit
of matriz models, Annals Phys. 393 (2018) 308 [arXiv:1710.07263] [INSPIRE].

[48] S. Prakash and R. Sinha, A complex fermionic tensor model in d dimensions,
JHEP 02 (2018) 086 [arXiv:1710.09357] INSPIRE].

[49] C. Krishnan, S. Sanyal and P.N. Bala Subramanian, Quantum chaos and holographic tensor
models, JHEP 03 (2017) 056 [arXiv:1612.06330] [INSPIRE].

[50] C. Krishnan, K.V.P. Kumar and S. Sanyal, Random matrices and holographic tensor models,
JHEP 06 (2017) 036 [arXiv:1703.08155] [INSPIRE].

[51] S. Chaudhuri, V.I. Giraldo-Rivera, A. Joseph, R. Loganayagam and J. Yoon, Abelian tensor
models on the lattice, Phys. Rev. D 97 (2018) 086007 [arXiv:1705.01930] [INSPIRE].

[52] C. Krishnan, K.V. Pavan Kumar and D. Rosa, Contrasting SYK-like models,
JHEP 01 (2018) 064 [arXiv:1709.06498] [INSPIRE].

[53] C. Peng, M. Spradlin and A. Volovich, A supersymmetric SYK-like tensor model,
JHEP 05 (2017) 062 [arXiv:1612.03851] [INSPIRE].

[54] M. Berkooz, P. Narayan, M. Rozali and J. Simén, Higher dimensional generalizations of the
SYK model, JHEP 01 (2017) 138 [arXiv:1610.02422] [INSPIRE].

[55] M. Berkooz, P. Narayan, M. Rozali and J. Simén, Comments on the random Thirring model,
JHEP 09 (2017) 057 [arXiv:1702.05105] INSPIRE].

[56] J. Murugan, D. Stanford and E. Witten, More on supersymmetric and 2d analogs of the
SYK model, JHEP 08 (2017) 146 [arXiv:1706.05362] [INSPIRE].

[57] S. Sachdev, Bekenstein-Hawking entropy and strange metals, Phys. Rev. X 5 (2015) 041025
[arXiv:1506.05111] [INSPIRE].

[58] R.A. Davison, W. Fu, A. Georges, Y. Gu, K. Jensen and S. Sachdev, Thermoelectric
transport in disordered metals without quasiparticles: the Sachdev-Ye-Kitaev models and
holography, Phys. Rev. B 95 (2017) 155131 [arXiv:1612.00849] [INSPIRE].

[59] K. Bulycheva, A note on the SYK model with complex fermions, JHEP 12 (2017) 069
[arXiv:1706.07411] INSPIRE].

[60] W. Cai, X.-H. Ge and G.-H. Yang, Diffusion in higher dimensional SYK model with complex
fermions, JHEP 01 (2018) 076 [arXiv:1711.07903] INSPIRE].

[61] D.J. Gross and V. Rosenhaus, A generalization of Sachdev-Ye-Kitaev, JHEP 02 (2017) 093
[arXiv:1610.01569] [INSPIRE].

[62] J. Yoon, SYK models and SYK-like tensor models with global symmetry,
JHEP 10 (2017) 183 [arXiv:1707.01740] [iNSPIRE].

[63] D. Anninos, T. Anous and R.T. D’Agnolo, Marginal deformations & rotating horizons,
JHEP 12 (2017) 095 [arXiv:1707.03380] [iNSPIRE].

[64] W. Fu, D. Gaiotto, J. Maldacena and S. Sachdev, Supersymmetric Sachdev-Ye-Kitaev
models, Phys. Rev. D 95 (2017) 026009 [Addendum ibid. D 95 (2017) 069904]
[arXiv:1610.08917] [INSPIRE].

— 58 —


https://arxiv.org/abs/1709.07366
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.07366
https://doi.org/10.1016/j.aop.2018.04.010
https://arxiv.org/abs/1710.07263
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.07263
https://doi.org/10.1007/JHEP02(2018)086
https://arxiv.org/abs/1710.09357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.09357
https://doi.org/10.1007/JHEP03(2017)056
https://arxiv.org/abs/1612.06330
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.06330
https://doi.org/10.1007/JHEP06(2017)036
https://arxiv.org/abs/1703.08155
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.08155
https://doi.org/10.1103/PhysRevD.97.086007
https://arxiv.org/abs/1705.01930
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.01930
https://doi.org/10.1007/JHEP01(2018)064
https://arxiv.org/abs/1709.06498
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.06498
https://doi.org/10.1007/JHEP05(2017)062
https://arxiv.org/abs/1612.03851
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.03851
https://doi.org/10.1007/JHEP01(2017)138
https://arxiv.org/abs/1610.02422
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.02422
https://doi.org/10.1007/JHEP09(2017)057
https://arxiv.org/abs/1702.05105
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.05105
https://doi.org/10.1007/JHEP08(2017)146
https://arxiv.org/abs/1706.05362
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.05362
https://doi.org/10.1103/PhysRevX.5.041025
https://arxiv.org/abs/1506.05111
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.05111
https://doi.org/10.1103/PhysRevB.95.155131
https://arxiv.org/abs/1612.00849
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.00849
https://doi.org/10.1007/JHEP12(2017)069
https://arxiv.org/abs/1706.07411
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.07411
https://doi.org/10.1007/JHEP01(2018)076
https://arxiv.org/abs/1711.07903
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.07903
https://doi.org/10.1007/JHEP02(2017)093
https://arxiv.org/abs/1610.01569
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.01569
https://doi.org/10.1007/JHEP10(2017)183
https://arxiv.org/abs/1707.01740
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.01740
https://doi.org/10.1007/JHEP12(2017)095
https://arxiv.org/abs/1707.03380
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.03380
https://doi.org/10.1103/PhysRevD.95.026009
https://doi.org/10.1103/PhysRevD.95.069904
https://arxiv.org/abs/1610.08917
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.08917

[65] C. Peng, M. Spradlin and A. Volovich, Correlators in the N = 2 supersymmetric SYK model,
JHEP 10 (2017) 202 [arXiv:1706.06078] [INSPIRE].

[66] J. Yoon, Supersymmetric SYK model: bi-local collective superfield/supermatriz formulation,
JHEP 10 (2017) 172 [arXiv:1706.05914] [INSPIRE].

[67] D. Anninos, T. Anous and F. Denef, Disordered quivers and cold horizons,
JHEP 12 (2016) 071 [arXiv:1603.00453] [INSPIRE].

[68] T. Li, J. Liu, Y. Xin and Y. Zhou, Supersymmetric SYK model and random matriz theory,
JHEP 06 (2017) 111 [arXiv:1702.01738] [NSPIRE].

[69] N. Sannomiya, H. Katsura and Y. Nakayama, Supersymmetry breaking and
Nambu-Goldstone fermions with cubic dispersion, Phys. Rev. D 95 (2017) 065001
[arXiv:1612.02285] [INSPIRE].

[70] E. Perlmutter, Bounding the space of holographic CFTs with chaos, JHEP 10 (2016) 069
[arXiv:1602.08272] [INSPIRE].

[71] B. Michel, J. Polchinski, V. Rosenhaus and S.J. Suh, Four-point function in the IOP matriz
model, JHEP 05 (2016) 048 [arXiv:1602.06422] [INSPIRE].

[72] A. Jevicki and B. Sakita, Collective field approach to the large N limit: Fuclidean field
theories, Nucl. Phys. B 185 (1981) 89 [INSPIRE].

[73] R. de Mello Koch and J.P. Rodrigues, Systematic 1/N corrections for bosonic and fermionic
vector models without auziliary fields, Phys. Rev. D 54 (1996) 7794 [hep-th/9605079]
[INSPIRE].

[74] G. Séarosi, AdSy holography and the SYK model, PoS(Modave2017)001 [arXiv:1711.08482]
[INSPIRE].

[75] D. Bagrets, A. Altland and A. Kamenev, Sachdev-Ye-Kitaev model as Liouville quantum
mechanics, Nucl. Phys. B 911 (2016) 191 [arXiv:1607.00694] [INSPIRE].

[76] D. Stanford and E. Witten, Fermionic localization of the Schwarzian theory,
JHEP 10 (2017) 008 [arXiv:1703.04612] [INSPIRE].

[77] E. Marinari and G. Parisi, The supersymmetric one-dimensional string,
Phys. Lett. B 240 (1990) 375 [iINSPIRE].

[78] A. Jevicki and J.P. Rodrigues, Supersymmetric collective field theory,
Phys. Lett. B 268 (1991) 53 [INSPIRE].

[79] J.P. Rodrigues and A.J. van Tonder, Marinari-Parisi and supersymmetric collective field
theory, Int. J. Mod. Phys. A 8 (1993) 2517 [hep-th/9204061] INSPIRE].

[80] S.H. Shenker and D. Stanford, Black holes and the butterfly effect, JHEP 03 (2014) 067
[arXiv:1306.0622] INSPIRE].

— 59 —


https://doi.org/10.1007/JHEP10(2017)202
https://arxiv.org/abs/1706.06078
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.06078
https://doi.org/10.1007/JHEP10(2017)172
https://arxiv.org/abs/1706.05914
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.05914
https://doi.org/10.1007/JHEP12(2016)071
https://arxiv.org/abs/1603.00453
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.00453
https://doi.org/10.1007/JHEP06(2017)111
https://arxiv.org/abs/1702.01738
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.01738
https://doi.org/10.1103/PhysRevD.95.065001
https://arxiv.org/abs/1612.02285
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.02285
https://doi.org/10.1007/JHEP10(2016)069
https://arxiv.org/abs/1602.08272
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.08272
https://doi.org/10.1007/JHEP05(2016)048
https://arxiv.org/abs/1602.06422
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.06422
https://doi.org/10.1016/0550-3213(81)90365-5
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B185,89%22
https://doi.org/10.1103/PhysRevD.54.7794
https://arxiv.org/abs/hep-th/9605079
https://inspirehep.net/search?p=find+EPRINT+hep-th/9605079
https://pos.sissa.it/contribution?id=PoS(Modave2017)001
https://arxiv.org/abs/1711.08482
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.08482
https://doi.org/10.1016/j.nuclphysb.2016.08.002
https://arxiv.org/abs/1607.00694
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.00694
https://doi.org/10.1007/JHEP10(2017)008
https://arxiv.org/abs/1703.04612
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.04612
https://doi.org/10.1016/0370-2693(90)91115-R
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B240,375%22
https://doi.org/10.1016/0370-2693(91)90921-C
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B268,53%22
https://doi.org/10.1142/S0217751X93001004
https://arxiv.org/abs/hep-th/9204061
https://inspirehep.net/search?p=find+EPRINT+hep-th/9204061
https://doi.org/10.1007/JHEP03(2014)067
https://arxiv.org/abs/1306.0622
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.0622

	Introduction
	Review
	Generalized SYK model with flavor revisited
	Supersymmetric SYK model and supermatrix formulation

	N=1 SUSY SYK model with global symmetry
	Extended supermatrix formulation
	N=1 SUSY SYK model with global symmetry
	Emergent symmetry
	Super-reparametrization and super Kac-Moody algebra
	Large N classical solution
	Low energy effective action

	Four point functions
	Quadratic action
	Conformal eigenfunctions
	Diagonalization

	Spectrum
	Out-of-time-ordered correlators and chaos
	Quadratic low energy effective action
	Leading contribution: zero modes
	Subleading contribution: non-zero modes

	Conclusion
	Notations and conventions
	Shadow representation
	Effective action
	Zero mode eigenfunctions

